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harmonic maps between Euclidean and Heisenberg spaces, between Nil
and Sol spaces. We also classify all co-harmonic linear endomorphisms
of Sol space and show that there is a subgroup of co-harmonic linear
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1. Introduction

In this paper, all objects including manifolds, metrics, maps, and vector fields are
assumed to be smooth unless it is stated otherwise.

oo-harmonic functions are solutions of the so-called oo-Laplace equation:

1 m
JAVRTRE §(V u, V |Vul?) = Z uijuiu; = 0,

t,j=1
. m _ Ou _ 0% .
where u : 2 C R™ — R, u; = 57 and u;; = 5755 The oco-Laplace equation was

first found by G. Aronsson ([1], [2]) in his study of “optimal” Lipschitz extension
of functions in the late 1960s.
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The oo-Laplace equation can be obtained as the formal limit, as p — oo, of
p-Laplace equation

—2
Apu = |Vul"~? (Au+p—2Aoou) = 0. (1)
|V ul

In recent years, there has been a growing research work in the study of the co-
Laplace equation. For more history and developments see e.g. [14], [3], [4], [5], [6],
(7], [8], [9], [12], [13], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24]. For inter-
esting applications of the co-Laplace equation in image processing see [10], [29],
in mass transfer problems see e.g. [16], and in the study of shape metamorphism
see e.g. [11].

Very recently, Ou, Troutman, and Wilhelm [28] introduced and studied oo-
harmonic maps between Riemannian manifolds as a natural generalization of co-
harmonic functions and as a map between Riemannian manifolds that satisfies
a system of PDE obtained as the formal limit, as p — oo, of p-harmonic map
equation:

[de|* 72 ()
(p—2)
According to [28], a map ¢ : (M, g) — (N, h) between Riemannian manifolds is
called an oo-harmonic map if the gradient of its energy density is in the kernel of
its tangent map, i.e., ¢ is a solution of the PDEs

1
+ §dg0 (grad |d<p\2) =

1
oo () = 5dy (grad |dg[*) =0, 2)
where |dp|* = Trace,p*h is the energy density of ¢.

[2 ]) In local coordinates, a map ¢ : (M, g) — (N, h) with

Corollary 1.1. (see
2(z),...,9"(x)) is co-harmonic if and only if

p(x) = (¢'(z), ¢
g (grady’, grad |dg0|2) =0, i=1,2,...,n. (3)

Example 1. (see [28]) Many important and familiar families of maps between
Riemannian manifolds turn out to be co-harmonic maps. In particular, all maps
of the following classes are oo-harmonic:

e oo-harmonic functions,

e totally geodesic maps,

e isometric immersions,

e Riemannian submersions,

e cigenmaps between spheres,

e projections of multiply warped products (e.g., the projection of the gener-
alized Kasner spacetimes),

e equator maps, and
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e radial projections.

For more details of the above and other examples, methods of constructing oco-
harmonic maps into Euclidean spaces and into spheres, study of a subclass of
oo-harmonic maps called oo-harmonic morphisms, study of the conformal change
of oo-Laplacian on Riemannian manifolds and other results we refer the readers
to [28].

For some classifications of linear and quadratic co-harmonic maps from and
into a sphere, quadratic co-harmonic maps between Euclidean spaces, linear and
quadratic co-harmonic maps between Nil and Euclidean spaces and between Sol
and Euclidean spaces see [30].

In this paper, we give complete classifications of linear oo-harmonic maps be-
tween Euclidean and Heisenberg spaces, between Nil and Sol spaces. We also
classify all co-harmonic linear automorphisms of Sol space and show that there is
a subgroup of co-harmonic linear automorphisms in the group of linear automor-
phisms of Sol space.

2. Linear oo-harmonic maps between Euclidean and Heisenberg spaces

2.1. Linear oo-harmonic maps from Heisenberg space into a Euclidean
space

Let H3z=(R?, g) denote Heisenberg space, a 3-dimensional homogeneous space with
a left invariant metric whose group of isometries has dimension 4. With respect
to the standard coordinates (x,y,z) in R3, the metric can be written as g =
da? + dy?® + (dz + 4dz — £dy)* whose components are given by:

2 2

Y Ty Y T T
g11 + 1 912 1 913 9’ Go2 + 1 923 5’ 933 ; (4)
2 2
Y x -ty
gll — 1’ 912 — 0’ gl3 =2 922 — 1’ 923 ==, g33 _ 1 + ) (5)
2 2 4
Now, let ¢ : Hy — R"™ with
11 a1z Q13 T
)= | Ty (6)
z

Gp1  Qp2 Gp3
be a linear map from Heisenberg space into a Euclidean space. Then, we have

Theorem 2.1. A linear map ¢ : Hy — R™ with p(X) = AX, where A is the
representation matrix with column vectors Ay, As, Az, is oco-harmonic if and only
if A3 =0, or Ay, As, and Az are proportional to each other.

Proof. A straightforward computation using (5) gives:
Vi = gof ' D

Oxzg 0rq
_ 1 1 1 2 . ,2y 4 1 1 C_
= (a1 — 50i3Y, i2 + 537, ;a3(2? +y*) + 5000 — 5an0y +az), i=1,2,..,n,
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2 o 7 1
[de|”™ = g*Ppatps’ 0

n n n n 3 n
1 2.2 1 2.2 2
= 12, apT° + Y paiT + 7 Y any’ — Y apaiy + Y Y ai,
i=1 i=1 i=1 i=1 j=14i=1

and
n n
dldel> _ dldgl®* 1 2
ox1 oz 2 > AT + > a3,
i=1 i=1
n n
dldgl®> _ dldel® _ 1 2 7
dzy Oy 2 a3y — Zailai3> ( )
i=1 i=1

dldel? _ dldgl® _
Oxs 0z :

It follows from Corollary 1.1 that ¢ is oco-harmonic if and only if

gV, Vide|) =0, i=1,2,...,n, (8)

which is equivalent to

n n n n
%(a“ Z:l 033 — ;3 Zl ajlajg)l’ + %(aiQ Z:l a323 — ;3 zjl CLjQCng)y
J= J= J=

"n. T - (9)
“+a;1 Z AjoQi3 — Ai2 Z a;1a53 = 0
j=1 j=1
fori =1,2,...,n and for any z,y. By comparing the coefficients of the polynomial
identity we have
aﬂza?g—aigzaﬂajg :0, = 1,2,...,71, (10)
j=1 j=1
aiQZa§3—ai32aj2aj3:0, i:1,2,...,n, (11)
j=1 j=1
;1 Z AjoQ53 — A2 Z a;1453 = O, 1= 1, 2, o, n. (12)
j=1 Jj=1
Noting that A; = (ay;, ..., ay)" for i = 1,2, 3 are the column vectors of A we con-
clude that the system of equations (10), (11), (12) is equivalent to Ay //As, A2/ /As,
and A;//As, or, A3 =0, from which the theorem follows. O

Remark 1. It follows from our theorem that the maximum rank of the linear
oo-harmonic map from Heisenberg space into a Euclidean space is 2.

Example 2. Let ¢ : Hy — R", with

1 1 1 .
2 2 2

¢(X) - ... ... LIRS y ) (13)
n n n i

Then, by our theorem, ¢ is an co-harmonic map with non-constant energy density

|dep|? = L As[2 (22 + y?) + |As(z — y) + 3| As|?, where |A5[? = 2D
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2.2. Linear oo-harmonic maps from a Euclidean space into Heisenberg
space

Theorem 2.2. Let ¢ : R™ — H3 with

Zy
ai;pr Q12 ... Ay To
P(X)=| an axn ... amp : (14)
azy azz ... Q3m :
Tm

be a linear map from a Fuclidean space into Heisenberg space. Then, ¢ is co-
harmonic if and only if the row vectors A, A? are proportional to each other.

Proof. A straightforward computation gives:

Vo= Ai,  i=1,2,3, (15)

; 1 1 1
|d(,0|2 _ 50[5(,01 90]591] _ Z|A2|2x2 + Z|A1|2y2 . §A1 . A2l‘y (16)

«

—A? APz + AV APy + (AR + | AR + AR,

ldgl* _

Oxy, %(a1k|A2|2 —ag Al - A%)x + %(a2k|A1|2 —a At - A%y (17)

Fag Al - A3 — ay, A% - A3, k=1,2,...,m.
It follows from Corollary 1.1 that ¢ is oco-harmonic if and only if

gV Videl)) =0, i=1,2,3, (18)
which is equivalent to

%(Ai-A1|A2|2—Ai-A2A1-A2)I—|—%(Ai-AQ‘A”Z—Ai-AlAl-AQ)y

TAAPAN AP A ATA AP =0, =123 (19)
Substituting = A' X,y = A%>X into (19) we have, for any X € R™,
(et At + 3 AH) X + ¢3 = 0, (20)
where o = %(A" DAY AZ2 - AP A%AY. A2,
¢ = %(Ai CAZJAN?E — AT ATAY . A7),
cg = AT AZAY. AP - AT AT A% A3 i=1,2,3. (21)

Since equation (20) holds for any X € R™ it can be viewed as an identity of poly-
nomials. It follows that ¢ is co-harmonic if and only if A! and A? are proportional
to each other and c¢3 = 0. One can check that c; = 0 is a consequence of A! being
proportional to A2. Therefore, we conclude that linear map ¢ from a Euclidean

space into Heisenberg space is oo-harmonic if and only if A' is proportional to
A2, O
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Remark 2. It follows from our theorem that the maximum possible rank of a
linear oo-harmonic map from a Euclidean space into Heisenberg space is 2 and
a rank 2 linear oo-harmonic map from a Euclidean space into Heisenberg space
always has non-constant energy density. We would also like to point out that in
[30] a complete classification of linear co-harmonic maps between Euclidean and
Nil spaces is given. It is well known that Nil space is isometric to Heisenberg
space. However, as the linearity of maps that we study depends on the (local)
coordinates used in R? and since the isometry between Nil and Heisenberg spaces
is given by a quadratic polynomial map, the linear maps between Euclidean and
Nil spaces and the linear maps between Euclidean and Heisenberg spaces are not
isometric invariant and should be treated differently as the following examples
show.

Example 3. We can check that o : (Hs,g) — (R3 gny) with o(X,Y,2) =
(X,Y,Z + XY/2) is an isometry from Heisenberg space onto Nil space. If we
identify these two spaces through this isometry, then the linear map ¢ : R™ — Hij;
with

T
1 -1 0 . 0 o
o(X) = 2 =2 0 . 0 . (22)
0O 0 0 . 0 :
Tm

becomes a quadratic map R™ — (R3 gyy) with 00 o(X) = (z1 — 29, 2(21 —
T9), (1 — x9)?). Tt is interesting to note that the composition o o ¢ of ¢ (which is
oo-harmonic by Theorem 2.2) with an isometry o is also co-harmonic. This follows
from a general result in [28] that the co-harmonicity of a map is invariant under
an isometric immersion of the target space of the map into another manifold.

Example 4. It is proved in [28] that any isometry is an co-harmonic morphism
which preserves oo-harmonicity in the sense that it pulls back oo-harmonic func-
tions to oo-harmonic functions. One can also check that an co-harmonic morphism
pulls back oo-harmonic maps to co-harmonic maps. It follows that the isometry
o (Hs,g) — (R? gng) with o(X,Y, Z) = (X,Y, Z + XY/2) is an oo-harmonic
morphism. By [30], the linear map ¢ : (R?, gniy) — R™ (n > 2)

0 a2 as
0 axp ax

SD(X): “ e “ e o e y ’ (23)

z
0 Qp2 An3

is oo-harmonic. Therefore, the composition ¢ o o : (Hs, g) — R™ given by

0 a2 ais
x
0 ax ass

QIOOO-(X): “ e P .« . y (24)

1
Z + SLY
0 Qp2 Aan3 2

gives an oo-harmonic map defined by polynomials of degree 2 from Heisenberg
space into a Euclidean space with constant energy density.
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3. Linear oo-harmonic maps between Nil and Sol spaces

In this section we give a complete classification of linear oo-harmonic maps be-
tween Nil and Sol spaces. It turns out that the maximum possible rank of linear
oo-harmonic maps between Nil and Sol spaces is 2 and some of them have constant
energy density while others may have non-constant energy density.

3.1. Linear co-harmonic maps from Nil space into Sol space

Let (R3, gni) and (R3, gse) denote Nil and Sol spaces, where the metrics with
respect to the standard coordinates (x, v, z) in R? are given by gy = da? +dy? +
(dz — zdy)? and g5, = e**dx? + e ?*dy?* + dz? respectively. In the following, we
use the notations ¢ = gnq, h = gse, the coordinates {z,y, z} in (R? gn;) and
the coordinates {71, 2 } in (R?, gss), then one can easily compute the following
components of Nil and Sol metrics:

gn=1, gi2=9g13=0, gao=1+ 2’ Go3 = —T, g3 = 1;

gl=1 ¢2=gB=0 ¢2=1, ¢®=z ¢B=1+422

2 hog =€ %%, hgy =1, all other h;; = 0;

't =2 h?2 =%, p¥ =1, all other h¥ = 0.

hll =€

Now we study the oo-harmonicity of linear maps between Nil and Sol spaces.
First, we give the following classification of linear co-harmonic maps from Nil
space into Sol space.

Theorem 3.1. A linear map ¢ : (R3, gni) — (R3, gso) from Nil space into Sol
space with

11 a1z A3 x
SO(X) = Qg1 G22 Q23 Yy (25)
a31 Aaz2 a33 z

15 co-harmonic if and only if ¢ takes one of the following forms:

O 12 Q13 s

QO(X) = 0 929 Q923 Yy y (26)
0 O 0 z
aji; aip 0 x

QO(X) = 21 Q929 0 Yy s (27)
0 0 O z
0 O 0 T

eoX)=(0 0 0 y |, or (28)
0 asz ass z
0 0 O T

p(X)=1 0 0 0 y (29)

asy asa 0 z
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Proof. A straightforward computation gives:

i — qoB08 0
VSOZ - gOé Org Oz
= (s, @ + i, ax® + apr +a;3), i=1,2,3,
and
3
2 ) y 2 2 2 24
|| = gaﬁSOaZSOﬁ]hij o = (aj32” + 2a12a137 + Z alj)e :
j=1
5 5 (30)
2 2 2\, —27 2 2 2
+ (a332° + 2a92a93% + Z agz;)e” =" + (azzr” + 2azpa337 + Z as;),
=1 j=1
where 2'= as1x + asoy + aszz. Also, one can check that
3
d]dep|? d|dy)? 1
—lf);;' = —lail = 2{az1al;z* + (@35 + 2a31a12a13)T + a12a13 + az 21 aj; e
]:

3
2 .2 2 2 —22 2
—2{(131(1231‘ +(2a31a22a23—a23)x+a31§ a2j—a22a23}€ Z+2(a33x+a32a33),
j=1
dlde* __ 9ldel?

Oz oy
2 .2 > 2 27 2 .2 > 2 27
= 2a33(af32® + 20100137 + Y af;)e* — 2a3y(a537% 4 2a90a938 4 Y a3;)e >,
J=1 Jj=1
dldel” ]de|®
Oxs 0z
2 .2 5 2 27 2 .2 5 2 27
= 2&33(&131‘ + 2&12&131’ + Z alj)e z— 2&33(&231' + 2&22@231’ + Z 012]-)67 z.

j=1 j=1
(31)

It follows from Corollary 1.1 that ¢ is an co-harmonic map if and only if
9(Ve' Vdgl) =0, i=123, (32)
which is equivalent to

9 4 2 3
2{a;za330752" + [(aizase + aipass)ais + 2a;3a33a12a13]%
3

3
+[22 airaskais + 2(asasy + ainass)aroars + agass Y ai;la?
k=1 j=1

3 3
+[(assass + anass) Y Cﬁj + 2 3" apasparnars + apais|e
j=1 k=1

3 3
+[3° airask Y- a3 4 anarpars]fe*
k=1 =1
—2{aizassa3;x + [(aass + apass)ads + 2a;3a33a2a03)2° (33)
3 3
+[2° aaskasy + 2(asass + aia33)anass + azass y as;]r?
k=1 j=1

3 3
+(aizas + aizass) Y af%j +2 ) Aiklsras20o3 — A;1033)T
j=1 k=1

3 3
+[X ainase Y- a3; — aianass] e + 2a;1 (a357 + aspass) =0,
k=1 j=1

i=1,23,
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3
Case (A): 3 a3; = 0. In this case, (33) becomes
=1

2@11(&%3 =+ CL%:;).%’ + 2ai1 (a12a13 + aggagg) = O, 1= 1, 2, 3.

(34)

Solving equation (34), we have a;; = 0 for i = 1,2, 3, or a;3 = ass = 0. These give

the classes of linear co-harmonic maps corresponding to (26) and (27).

3
Case (B): > a3; # 0. In this case, we use the fact that the functions
=1

17 x, x€2x7 I‘262w, $362a:’ x4€2x; x€—2x7 x26—2:c’ $3€—2x7

are linearly independent to conclude that (33) is equivalent to

ai1a§3 = 0,
a;1azzazz = 0,
ai3a33a%3 =0,
(aizass + ainass)als + 2a;3a33a12a13 = 0,
3 3

2 2 _
> Qipaszpais + 2(a3asy + apazs)ainais + azazs Y, at; =0,
k=1 j=1

3 3
2 2 _
(aizass + apass) Y af; +2 ) apazpaizars + ajpajy = 0,
j=1 k=1
3 3.,
> Qikasg Y ai; + apaiparz = 0,
k=1 j=1
2 _
aizagsass =0,
2 _
(aizasz + ainass)ass + 2a;3a33a92a23 = 0,
3 3

2 2 _
> Qip3pays + 2(ai3032 + i2a33)a20093 + azass Y az; =0, (10

k=1 j=1

T

46—2z

o~ o~ o~~~
~ ~ ~ ~— ~—

3 3
(aizazs + aigazs) Y aj; +2 Y airazragass — apnasy = 0. (11)
=1

J k=1

3 3
Z ;1 A3% Z agj — a;1a22a23 = 0. <12>
k=1 j=1

It follows from (1) of (35) that either a;; = 0 for i = 1,2, 3, or agz = 0.

Ve

3
Case (By): > a? = 0. In this case, we have a3, + a3; # 0 since we are in Case

=1
(B). It follows that the equations (7) and (12) of (35) reduce to be

3
(assass + ainasz) > ai; =0
i=1

3
(aizass + apasz) Y ng =0, =123
=1

(36)

Writing out the equation (36) with i = 3 we have that a;; = as; =0 for j =1,2,3
and we can check that these, together with a;; = 0, are solutions of the equations
(35). These correspond to the class of linear co-harmonic maps given by (28).
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Case (By): ass = 0 and hence a3, + a3, # 0 since we are in Case (B). In this case,
equation (35) reduces to

2 _
;3032073 = 0,
2 _
(ai2&32 + @i1a31)a13 + 2a,3a32a12a13 = 0,
3
2 2 _
aizazg ) a; + 2(aipasy + apas)aipars + agayz = 0,

7j=1
LA
(aigazz + ainaz) Y ai; + aparpas = 0,
=1 .
J > g i=1,2,3. (37)
;3032053 = U,
2 _
(aipasz + anazi)ass + 2a;3a32a92023 = 0,

3
2 2 _
303z Y a5; + 2(iazs + a1031)a20a23 — ajnaz = 0,

J=1

3
2 _
(aiazs + apnaz) Y ay; — apagagg =0,
]

J /

It follows from the first equation of (37) that we have either a;3 = 0 or azy = 0.
By considering following cases:

(I) aiz = 0,asy # 0,
(IT) ay3 # 0,a3z = 0, hence, az; # 0,
(IIT) ay3 = 0, ass = 0, hence, az; # 0,
we obtain that a;3 = 0,a1; = ag; = 0, for ¢+ = 1,2, 3, are solution of the equations

(35), which give the class of linear co-harmonic maps corresponding to (29). Thus,
we obtain the theorem. 4

Remark 3. It follows from our theorem that the maximum possible rank of linear
oo-harmonic maps from Nil into Sol is 2. Using the energy density formula (30)
we can check that some of them have non-constant energy density while others
have constant energy density.

3.2. Linear oo-harmonic maps from Sol space into Nil space

The linear oco-harmonic maps from Sol space into Nil space can be completely
described by the following theorem.

Theorem 3.2. A linear map ¢ : (R3, gso) — (R3, gni) from Sol space into Nil
space with

a11 a2 13 X
@(X) = Qg1 G22 @23 Yy (38)
a31 Q32 as3 z

1s oo-harmonic if and only if @ takes one of the following forms:

0 0 O 1
e(X)=| an axn 0 Ty |, (39)
az; azx 0 I3
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aj; aip 0 T
o(X) = 0 0 O e |,

az; agx 0 x3

0 0 O 1
QO(X) = 0 0 923 i) , Or

0 0 ass T3

00 a3 I
e(X)=(10 0 0 T

0 0 as3 I3

91

(40)

(41)

(42)

Proof.  Using the notations ¢ = gse, b = gni, and the coordinates {xq,xs, z3}
in (R3, gsor) and {y1, 92,93} in (R3, gni) we compute the following components of

Nil and Sol metric:

gi1 = €73, gag = € >3 ga3 =1, all other 9ij = 0;

gt = e 3 g% =2 3 =1, all other ¢ = 0.

hin =1, his=g13=0, hag = 1 +y;, hag = —y1, haz = 1;
hll — 1’ h12 — h13 — 0’ h22 _ 1’ h23 =y, h33 -1 +y%

A straightforward computation gives:

i — goB0¢" 9
V(p =49 Oxg Oz

_ —2 2 ;o
- (aile $37 ai2€ 3837 a’i3>7 1= 172737

and

) o
[deo|” = g*P@a’psThij o @
= (e723a3, 4+ e*3a3, + a35)yi — 2(e " *2aga31 + €**3axnass + aszazs)y:

3 3 3
+> a121672x3 +> %2262933 +> a“1237
i=1 i=1 i=1

where y; = a1121 + a1222 + a1373.
Also, we can check that
oldel® _
91 5 2 2 2
2(a11a35,€7%" + ay1a3,€°" + ay1a35)
—2 2
—2(a11a91a316 %3 + a11092032€*"3 + ay1a93a33),
dldgl? _
02 o o 2 2 2
— 22X X
2(a10a5,€” %" + (1205573 + a12053) Y1
—2x 2z
—2(a12a21a316 "3 + A12A92032€°" + A12023033),
and

oldgl® _
ors

2(a3,€*™ — a3,e” 3 )y;

—|—2{(CL136L§1 + 2&21&31)6_213 + (algagz — 2&22&32)62933 + algagg}yl

~2{(3

2x3

3
aZ + a13ag1az;)e” 2 + (a13a20a32 — Y a)e*™® + ajzaszazs) }.
1 i=1

)

(43)

(44)

(45)
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Using Corollary 1.1 we conclude that ¢ is co-harmonic if and only if

2 )y;

2 _—dxs 2 _dzx3
+2{ai1a11a216 + A;2A12099€

2 2y 2
2(ajza50€°" — ajza3,€

2 2 2 —2x
+(ai1a11a23 + a;3a13a3; + 2ai3a21a31)€ 3

2 2 2\ 2z
+(ai2a12a23 + ;3013059 — 2(1,-3@22@32)6 3
2 2 2
+(ana11a59 + aina12a3, + ai3013053)Y1 (46)
—4x 4
_2{ai1a11a21a316 * + azpa2aaze™?
3
2
+(as 011023033 + ;3013021031 + Q33 E aj)e
j=1
3
2
+(ia12a23a33 + Q3013022032 — Qi3 E ajy)e
j=1

—2x3

23
;1011022032 + Q2012021 A31 + Q3013093033 =0, © =1,2,3.

3
Case (A): Y- af; =0
i=1

It follows that y; = a1121 + a1922 + a13x3 = 0 and equation (46) reduces to

3
2 —2x3 __
ag Y ajze 2" =0,
j=1 _
; i=1,2,3, (47)
2 wg _
iz Y A59e™™ =0,
i=1

which has solutions a;3 = 0, or a;1 = a;5 = 0, for i = 1,2, 3. These give the linear
oo-harmonic maps defined by (39) and (41).

3
Case (B): - ai; #0.
i=1

In this case, we use equation (46) and the fact that the functions 1, te?, t?e*; te~?,
t2e 2t tett 12t te4 t2e~* are linearly independent to conclude that ¢ is oo-
harmonic if and only if

2
Qi@ =0 )
B i=1,2,3, (48)
2 _
;1411051 = U,
2 _
Q212059 = U,
2 2 2 _ s
aﬂana% —+ ai3a13a21 -+ 26%3@21@31 = U, 1 = 1, 2, 3, (49)

2 2 2 _
(212055 + ;3013059 — 20302205, = 0,

2 2 2 _
;1011059 — Q21205 + Q3013053 = 0,
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and
;1011021031 :07 )

Qi212a22a32 = 0,

3
2 _
;1011023033 + Q3013091031 + @iz Y af; =0,
i=1
3

2
Ain012023033 + (3013022037 — Uiz ) o =Y,
j=1
;1011022032 + Aj2012G21a31 + Q3013023033 = 0, )

i=1,2,3.  (50)

In this case, it is easy to check that ao; = a;3 = 0 or a;1 = a; = ag; = 0, for
i = 1,2,3, are solutions of system (48), (49) and (50). These give the linear
oo-harmonic maps defined by (40) and (42). Thus, we obtain the theorem. i

Remark 4. Again, we remark that the maximum possible rank of linear oco-
harmonic maps from Sol into Nil is 2. Using the energy density formula (45)
we can check that all rank 2 linear oo-harmonic maps from Sol into Nil have
non-constant energy density.

4. co-Harmonic linear endomorphisms of Sol space

In this final section, we study the co-harmonicity of linear endomorphisms of Sol
space. We give a complete classification of co-harmonic linear endomorphisms of
Sol space. It turns out that an oo-harmonic linear endomorphism of Sol space can
have maximum rank, i.e., there are co-harmonic linear diffeomorphisms from Sol
space onto itself which have constant energy density and which are not isometries.
We also show that there is a subgroup of oo-harmonic linear automorphisms in
the group of linear isomorphisms.

Theorem 4.1. A linear endomorphism ¢ : (R3, gs) — (R3, gser) of Sol space

with
aix G2 13 x
e(X) = an axn ax y (51)
as1 a3 0ass z

1s oo-harmonic if and only if @ takes one of the following forms:

ai 0 0 T
SO(X) = 0 ax 0 Yy ) (52)
0 0 1 z

0 a19 0 T

QO(X) = a921 0 0 ( Yy s (53)
0 0 -1 z
a1 Q12 0 i

e(X) =1 aa ax 0 Y ) ) (54)
0 0 0 z
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00 O x

p(X)=100 0 y |, (55)
0 0 as3 z
0 0 O T

o(X) = 0O 0 O y |, or (56)
agr aszy 0 z
0 0 a13 T

p(X)=1 0 0 ay Y (57)
00 O z

Proof. =~ We use g and h to denote the metrics in the domain and the target
manifolds respectively. With respect to the coordinates {x,y, 2z} in the domain
and {2)y,7 } in the target manifold, we can easily write down the following
components of metrics:

g1 = €%, gay = € %, gs3 =1, all other gij = 0;

g =%, g2 =¥, ¢* =1, all other ¢ = 0.

hll = 6257 hgg = 6_22’, h33 = 1, all other hz’j = 0,

R =% h?2 = 2% ¥ =1, all other hY = 0.

A direct computation gives:

i aﬁ@goi 0
VSD =9 Org 0xa
_ -2 2 ;o
- (aile 2'7 ai2€ z) ai3)7 v = 172737

and
o

[del” = g% s s hij o p = gaa(ax )?hii o ¢ (58)

(0%
_ 2 2z 2 =2z 2 22
= (aj,e™ + aje + a13)€

2 2 2 -2 2\, 27 2 2 2 -2 2
+(as9e"" + age”F + azs)e” " + (agpe”® + agze” = + azy),
where 2'= a3y x + azoy + azzz. Furthermore, we compute that

Oldel® _ dldy|?

or1 Oz
= 2a31(afpe® + af e + afy)e? — 2az1(a3e™ + a3e” % + ajz)e”,
oldp> _ dlde|?

Oxo oy

_ 2 2z 2 =2z 2 27 2 2z 2 =2z 2 —22

= 2a3s(ajye®® + aj e % + ajy)e”® — 2asz(azye”® + a3,e” % + azy)e” 7, (59)
Oldel® _ dlde|?

dxrs Oz

= 2{(ai, + assai,)e® + (agsai, — ai))e”** + agzaisfe*
—2{(assa3, — a3,)e* + (assa3, + a3,)e > + assazgpe”>
+2(a3,e** — aZ,e ).

By Corollary 1.1 ¢ is oo-harmonic if and only if
9(V &', VIde[*) =0, i=123, (60)
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which is equivalent to

2 4z 2 —4z
0= {&i2a32a12€ + a;1a31011€

2 2 2\ 22
+(aizaseals + ajzaiy + aizassais)e

+(a11a31a%3 - ai3a%1 + ai3a33a31)672z

+Gi1a31a%2 + a12a32a%1 + ai3a33&%3}62%

—{aipazas,e’ + apazas e (61)
+(Gi2a32a§3 - aisagz + a13a33a§2)€22
+(anaziaz; + aiza3; + aizagsas, e
103103, + AinG3003; + Qi3a33a53} e >

2 2z 2 -2z .
+ag(azye™ — az e ), i=1,2,3.

Case (A): a2, + a2, + a2, = 0. Tt follows that 2= a3z + aspy + aszzz = 0, and the
equation (61) becomes

as{(aly +a3y)e* — (af; +a3)e *} =0, i=1,2,3, (62)

which gives the solutions a1y = a13 = ao; = ag = 0, or, a;3 = 0, for 1 = 1,2, 3.
These give the linear oco-harmonic maps of the form (54) and (57).

Case (B): a3, +a3,+a3; # 0. We use equation (61) and the fact that the functions
ekit; ek, phat o=hkat, ohst o=kst, ghat o—kat. okst o=kst with L ... ks distinctive are
linearly independent to conclude that ¢ is co-harmonic if and only if

Gi3a§2 =0, (1) )
ai3a?2)1 =0, (2)
ai2a32a%2 =0, <3>
aila?)la%l =Y, <4>
Qin320%5 + i30T, + Qizazzal, =0, (5)
anazaly — aizaty + azassal; =0, (6) (63)
ai1a31075 + Q203007 + azaszal; =0, (7)
ai2a320l§2 =Y, <8>
ailaglagl = O, <9>
QinG32055 — Wi3a3y + Q303303 =0, (10)
aia31a35 + 4303, + aizazzaz; =0, (11)
1031035 + Wna3203, + azaszas; = 0. (12) )
It follows from (1) and (2) of (63) that
ai3 =0, or, az1 = a3z =0, i=1,2,3. (64)

Case (By): a;3 =0, i=1,2,3 and hence a3, + a2, # 0.
Performing (3) 4 (4) 4 (7), (8) + (9) + (12) separatively yields

(af) + aiy)(ainas: + aiaszy) =0 :
1=1,2,3, 65
(a3, + a3y)(ainas, + apass) =0, (65)
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which gives us solutions ay; = as1 = a2 = ase = 0. These give co-harmonic linear
automorphisms of the form defined in (56).

Case (By): az; = azy = 0, and hence agz # 0.

In this case, equation (63) reduces to

aiga%Q(l + CL33) = 0, )
aigafl (CL33 — 1) = 0,
2
aiagzayy; =0, .
1=1,2,3. 66

aizaz(as; —1) =0, (66)
aigagl(l + (133) = 0,

ai3a33a%3 =0, )

We solve this system by considering the following three case:
(I) as3 = 1. By (66), we have

2 _
2
ai3as, =0 .
83— 5 i=1,2,3. (67)
2 _
aizazy =0,

Letting ¢« = 3 we conclude that a1 = a13 = a9; = as3 = 0, which give the solutions
of the form (52).

(IT) as3 = —1. In this case, (66) reduces to
ai3a%1 =Y,

2
aiad, — 0, 1=1,2,3. (68)
ai3a§3 =Y,

Letting ¢« = 3 we conclude that a1, = a9 = a13 = ag3 = 0, which give the solutions

of the form (53).

(III) a3 # £1, 0. Then, (66) becomes

ai3a%2 =0, )

aiSCLzl =0,

asary =0 Ly 93, (69)
i3y, =0,

ai3a§1 = O,

agazy =0, )

Lettlng 1= 3 we get 11 = A12 = Q13 — A1 = Q99 — A3 — 0, which give the
solutions of the form (55).
Summarizing all results in the above cases we obtain the theorem. U

Corollary 4.2. Fvery element of the subgroup

A0 O T
p € GL(R?): o(X)=1 0 p 0 y | A0 (70)
00 1 2

of the linear automorphism group of Sol space is co-harmonic.
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Proof. It follows from Theorem 4.1 that every element of the subgroup is an
oo-harmonic map. A straightforward checking shows that the inverse elements
and the products of elements of the subgroup are also co-harmonic. O

Remark 5. It follows from our theorem that the maximum possible rank of linear
oo-harmonic endomorphisms of Sol space is 3, so we can have linear oco-harmonic
diffeomorphisms which have constant energy density and which are not isometries.
Using the energy density formula (58) we can check that all rank 2 linear oo-
harmonic maps from Sol into itself have non-constant energy density.
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