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1. Introduction and main results

The study of the geometry of a Riemannian manifold (M, g) through the properties
of its unit tangent sphere bundle 77 M represents a well known and interesting
research field in Riemannian geometry. Traditionally, 77 M has been equipped

with one of the following Riemannian metrics:

e cither the Sasaki metric gg, induced by the Sasaki metric gg of the tangent
bundle T'M (or the metric g = }1 gs of the standard contact metric structure

(ﬁaf]) of TlM)a or
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e the metric gog, induced by the Cheeger-Gromoll metric gog on T'M.

Since g is homothetic to gg, these Riemannian metrics share essentially the same
curvature properties. As concerns (171 M, gcg), it is isometric to the tangent sphere
bundle T;. M, with radius r = \/Li’ equipped with the metric induced by the Sasaki
metric of TM, the isometry being explicitly given by ® : Ty M — T% M: (z,u) —

(z,u/v/2).

Several curvature properties on 71 M, equipped with one of the metrics above,
turn out to correspond to very rigid properties for the base manifold M. We can
refer to [12] for a survey on the geometry of (T7M, gs). A survey on the contact
metric geometry of (73 M, 7, g) was made by the second author in [13].

In [4], the first author and M. Sarih investigated geometric properties of the
tangent bundle T'M, equipped with the most general “g-natural” metric. On unit
tangent sphere bundles, the restrictions of g-natural metrics possess a simpler
form. Precisely, it was proved in [3] that for every Riemannian metric G on Ty M
induced by a Riemannian g-natural metric G on T'M, there exist four constants
a, b, c and d, with

a>0,a:=ala+c)—b*>0, and ¢ :=a(a+c+d) —b* >0, (1.1)

such that G = a.¢g° + b.;h +c.g + d./g’, where
* k is the natural F-metric on M defined by

k(u; X, V) = g(u, X)g(u,Y), foral (u,X,)Y)eTM&TM ®TM,

* g°, g;h, ¢¥ and k* are the metrics on T M induced by the three lifts g°, g",
g" and kY, respectively (we refer to Section 2 for the definitions of F-metrics
and their lifts).

In this paper, using curvature expressions for (73 M, G) obtained in [2], we will
study contact metric conditions, expressible in terms of the curvature tensor,
of the g-natural contact metric structures (7, G) on Ty M we introduced in [1].
Throughout the paper, we shall assume that (M, g) is a Riemannian manifold of
dimension > 3. We report here the main results we obtained. They generalize
classical theorems on the standard contact metric structure of 77 M, which may
be found in Section 9.2 of [7]. Preliminary information about contact metric
manifolds and g-natural contact metric structures will be given at the beginning

of Section 4.

Theorem 1. Let G be a Riemannian g-natural metric on TyM. (TyM, 7, G) has
constant &-sectional curvature K if and only if the base manifold (M, g) has con-
stant sectional curvature ¢ either equal to g or to ‘ITJ“C > 0.

Theorem 2. Let G be a Riemannian g-natural metric on TYM. If (T1M, 7, @)
has constant p-sectional curvature, then the base manifold (M, g) is locally iso-
metric to a two-point homogeneous space.
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Theorem 3. Let (M, g) be a Riemannian manifold of constant sectional curva-
ture ¢ and dim M > 3, and G a Riemannian g-natural metric on TyM. (Ty M, 7,
G) has constant p-sectional curvature K if and only one of the following cases

occurs:

(i) c=0,b=%y/(a+c)(a—3) and d = ==, In this case, K =5.

- 2i4f5. In this case, K = (2 + v/5)2.

(i) c#£0,a=1,b=d=0and c= —

=

Theorem 4. Let G be a Riemannian g-natural metric on TyM. (TyM,7,G) is a
(k,u)—spacejf and only if (M, g) has constant sectional curvature ¢. In this case,
if (TYM, 7, G) is not Sasakian, then

1

1
b —
1602

" 2a

[—a*@ +2(a — b*)e+d(2(a+c) + d)] w (d—ac). (1.2)

Theorem 5. A g-natural contact metric structure (1, G) on T1M 1is locally sym-

metric if and only if (ﬁ,é) = (77,9) is the standard contact metric structure of
T\M and (M, g) is flat.

The paper is organized in the following way. In Section 2 we shall recall the
definition and properties of g-natural metrics on T'M. Section 3 will be devoted
to Riemannian g-natural metrics on 73 M and their curvature tensor. Finally,
Theorems 1-5 and further curvature results will be proved in Section 4.

2. Basic formulae on tangent bundles

Let (M, g) be an n-dimensional Riemannian manifold and V its Levi-Civita con-
nection. At any point (z,u) of its tangent bundle T'M, the tangent space of T'M
splits into the horizontal and vertical subspaces with respect to V:

For any vector X € M,, there exists a unique vector X" € H(z,u) (the horizontal
lift of X to (x,u) € TM), such that 7, X" = X, where 7 : TM — M is the
natural projection. The vertical lift of a vector X € M, to (z,u) € TM is a
vector XV € V(zu) such that XV(df) = X f, for all functions f on M. Here we
consider 1-forms df on M as functions on TM (i.e., (df)(x,u) = uf). The map
X — X" is an isomorphism between the vector spaces M, and H(z,u)- Similarly,
the map X — X" is an isomorphism between M, and V(, ). Each tangent vector
Z e (I'M)(z,uy can be written in the form Z = X"+ Y", where X,Y € M, are
uniquely determined vectors. Horizontal and vertical lifts of vector fields on M
can be defined in an obvious way and are uniquely defined vector fields on T'M.

The Sasaki metric ¢g° has been the most investigated among all possible Rieman-
nian metrics on T'M. However, in many different contexts such metric showed
a very ‘rigid” behaviour. Moreover, ¢g° represents only one possible choice in-
side a wide family of Riemannian metrics on T'M, known as Riemannian g-
natural metrics, which depend on several independent smooth functions from
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R* to R. As their name suggests, those metrics arise from a very “natural”
construction starting from a Riemannian metric g over M. The introduction of
g-natural metrics moves from the description of all first order natural operators
D : S3T* ~~ (S*T*)T, transforming Riemannian metrics on manifolds into met-
rics on their tangent bundles, where S77* and S*T* denote the bundle functors
of all Riemannian metrics and all symmetric (0, 2)-tensors over n-manifolds re-
spectively. For more details about the concept of naturality and related notions,
we can refer to [16].

We shall call g-natural metric a metric G on T'M, coming from ¢ by a first order
natural operator 537 ~~ (S*I™*)T [4]. Given an arbitrary g-natural metric G on
the tangent bundle TM of a Riemannian manifold (M, g), there are six smooth
functions oy, 3; : Rt — R, i = 1,2, 3, such that for every u, X, Y € M,, we have

G(l:vu) (Xh7 Yh) = (al + O‘3)(r2)gr(X7 Y) + (ﬁl + B3)<r2)g:v(X7 u)gz(Y> u)?
G(:c,u) (Xh7 YU) = Q9 (T2>gm<X’ Y) + 52<T2)gx(X7 u)gr(Y7 u),
G(%u) (XU7 Yh) = Q3 (Tz)ga:<X7 Y) + ﬁQ(TQ)gw(X7 u)gm(Y, u),
Gaw(XVY") = a1(r?)ga(X,Y) + 1(r?)g.(X, u)g. (Y, u),

2.1
where 7?2 = g,(u,u). For n = 1, the same holds with 3; =0, i =1,2,3. Put 2y
o (1) = a;(t) + tGi(1),
o aft) = (t)(ar + as)(t) — a3(t),
o ¢(t) = 1(t) (b1 + ¢3)(t) — B3(t),
for all t € RT. Then, a g-natural metric G on T'M is Riemannian if and only if
the following inequalities hold:

Oél(t) > 0, ¢1<t) > 0, Oé(t) > 0, ¢(t) > 0, (22)

for all t € RT. (For n = 1, system (2.2) reduces to a4 (t) > 0 and «(t) > 0, for all

teRT)

Convention 1.  a) In the sequel, when we consider an arbitrary Riemannian
g-natural metric G on T'M, we implicitly suppose that it is defined by the
functions «;, B; : Rt — R, i = 1,2, 3, satisfying (2.1)—(2.2).

b) Unless otherwise stated, all real functions «;, 5;, ¢;, a and ¢ and their
derivatives are evaluated at r% := g, (u, u).

c) We shall denote respectively by R and ) the curvature tensor and the Ricci
operator of a Riemannian manifold (M, g). The tensor R is taken with the
sign convention

R(X,Y)Z =VxVyZ -VyVxZ —Vxy|Z,
for all vector fields X,Y, Z on M.

Next, as it is well known, the tangent sphere bundle of radius p > 0 over a
Riemannian manifold (M, g) is the hypersurface T,M = {(z,u) € TM|g,(u,u) =
p*}. The tangent space of T,M, at a point (x,u) € T,M, is given by

(T,M) @y ={X"+Y"/X € M,,Y € {u}* C M,}. (2.3)
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When p=1, ' M is called the unit tangent (sphere) bundle.

Let G = a.g° + b.g" + c.g" + 3.k’ be a Riemannian g-natural metric on TM
and G the metric on T3 M induced by G. Then, G only depends on a,b, ¢ and
d := (1), and these coefficients satisfy (1.1) (see also [3]).

Using the Schmidt’s orthonormalization process, a simple calculation shows
that the vector field on T'M defined by

Ngc,u) = m [—bu” + (a+ ¢+ d).u'], (2.4)
for all (z,u) € TM, is normal to T} M and unitary at any point of 73 M. Here ¢
is, by definition, the quantity ¢(1) = a(a + ¢ + d) — b*.

Now, we define the “tangential lift” X'¢ — with respect to G — of a vector
X € M, to (x,u) € Ty M as the tangential projection of the vertical lift of X to
(x,u) — with respect to N¢ — that is,

Xte = XV _ G(I,U)(Xv7Ngc,u)) N(i,u) — XV /a+c+dgx<X ) N(x - (2.5)

If X € M, is orthogonal to u, then X' = X",

The tangent space (T1M) () of TyM at (z,u) is spanned by vectors of the
form X" and Y'¢, where X, Y € M,. Hence, the Riemannian metric G on T, M,
induced from G, is completely determined by the identities

G (X" Y") = (a+0)gu(X,Y) + dga(X,u)g=(Y, u),
(S(m,u) (Xha YtG) = ng(X7 Y)7 (26)
Gw (X' Y0) = ag,(X,)Y)— a+c+dgx(X u)g.(Y, u),

for all (x,u) € TyM and X, Y € M,. It should be noted that, by (3.4), horizontal
and vertical lifts are orthogonal with respect to G if and only if b = 0.

Convention 2. For any (z,u) € T1M, the tangential lift to (z,u) of the vector
u is given by u'¢ = - +I; — u”, that is, it is a horizontal vector. Hence, the tangent
space (11 M)y coincides with the set

(XM yvie /X € M,,Y € {u}* C M,}. (2.7)

Then, the operation of tangential lift from M, to a point (z,u) € T1M will be
always applied only to vectors of M, which are orthogonal to w.

The Levi-Civita connection and the curvature tensor of (T3 M, G) were respectively
calculated by the authors in [1] and [2]. In particular, we have the following

Proposition 1. [2] Let (M,g) be a Riemannian manifold and let G = a.g® +
b.g" + c.g” + B.kY, where a, b and ¢ are constants and $ : [0,00) — R is a
function satisfying (1.1). Denote by V and R the Levi-Civita connection and
the Riemannian curvature tensor of (M, q), respectively. If we denote by R the
Riemannian curvature tensor of (T1M,G), then:
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R(X" Y™ zZ"

= {R (X,Y)Z + £2(VuR)(X,Y)Z — (V2R)(X,Y )u] +

CIR(R(Y, Z)u,u) X
<mxzwmy—ﬂuc¥mmwm+ﬁm< wWR(Y,u)Z

~R(Y, ) ( w)Z + R(X,u)R(Z w)Y — R(Y,u)R(Z,u)X]
2OV 0(Z,u) R(X, Y Yu+ g(Y, u) R(X, 1) Z — g(X,u)R(Y, u)Z]

+2 [[ ;jj’;g R(Y,u)Z,u) +d g(Y,u)g(Z,u)] RuX

ab?

— | _edil o (R(X, w) Z,u) + d g(X, u)g(Z, u)} R.Y
ik |- e(RY, 0 Z,u) + dg(Yowg(Z,u)| X

— [ (R(X,0)Z,w) + dg(X, u)g(Z,u)| Y
+ e {—4abg (VL R) (X, Y) Z,u) + a? [g(R(Y, Z)u, R(X, u)u)
—g(R(X, Z)u, R(Y, w)u) = 29(R(X, Y )u, R(Z,u)u)] + <L [g(R(Y,u)Z
+R(Z,u)Y, R(X, u)u) — g(R(X,u)Z + R(Z,u)X, R(Y, u)u)]
. [ad(bZ @) 4 2b2(c(zl(fc+f§)2) 1 4b%a } 9(X, w)g(R(Y, ) Z, u)
—g(Y,u)g(R(X,u)Z,u)] — Ba(a +¢)g(R(X,Y)Z, u)
+(a+o)d [9(X,u)g(Y, Z) — g(Y,u)g(X, Z)]}u}"
+ {2 (VuR)(X,Y)Z + 52V, R)(X, Y Ju — £ [R(R(Y, Z)u,u) X
—R(R(X, Z)u,u)Y —2R(R(X,Y)u,u)Z — R(X, R(Y u)Z)u
—R(X,R(Z,u)Y)u+ R(Y,R(X,u)Z)u+ R(Y, R(Z,u) X )u]
— W R(X, u)R(Y,u)Z — R(Y,u)R(X,u)Z + R(X,u)R(Z,u)Y
—R(Y,u)R(Z,u)X] — BV [0(Z w)R(X,Y )u+ g(Y, u)R(X,u)Z

—g(X,u)R(Y,u)Z] + bP—a) [“d+b2 (R(Y,u)Z,u)

202 a+c+d g
—dg(Y,u)g(Z,w) R,X — 2= [88282 o(R(X, u)Z,u) — d g(X, u)g(Z, u)]

R,Y 4 _latabd [9(R(Y,u)Z,u)X — g(R(X,u)Z, U)Y]}tc )

2a(a+c+d)

R(X" Yte)Zh
= {—% (VxR)(Y,u)Z + £[R(X,Y)Z + R(Z,Y)X]
+22 [R(X, u)R(Y,u)Z — R(Y,u) R(X,u)Z — R(Y,u)R(Z,u)X]
+obd [ (X, w)R(Y,u)Z — g(Z,u)R(X,Y )u]
—rtetera lalad + 0%) g(R(Y,u) Z,u) + ad g(Y, Z)| R, X
+WLﬁﬁﬂu%¥mzm dg(X, wg(Z,u)] R.Y
~Iaaierd 1@ lag(R(Y,u)Z,u) + (2(a+c) +d)g(Y, Z)]| X
+2 [ 2(ﬁtid) g(R(X,u)Z,u) +dg(X,u)g(Z, u)] Y
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W o(X,Y)Z + m{ 2a? g((Vx R)(Y, u) Z, )
b ~ [ (R(Y,u)Z, R(X,u)u) — g(R(X,u)Z + R(Z,u) X, R(Y,u)u)]
+ab [ a+¢ + a+c+d] g(X,u)g(R(Y,u)Z, u)
—2ab [2g(R(X Y)Z,u)+ g(R(Z,Y)X, u)]
+bd [(3 - a+c+d) g(X,u)g(Y,Z)+29(Z,u)g(X, Y)] } u}h
+ {2 (VeR)(Y,0)Z + £ RO R(Y, u)Z)u — %5 [R(X, w)R(Y, ) Z

~R(Y,u)R(X,u)Z — R(Y,u)R(Z,u)X] — R(; Y)Z + A R(X, Z)Y
+ 24O [o(X, w)R(Y, u)Z — g(Z,u)R(X, Y )u]

a—b? la(ad + b?) g(R(Y,u)Z,u) + ad g(Y, Z)| R, X

" 4a2(atc+d)

4 [ 8 (R(X, u)Z,w) + d g(X, u)g(Z,w)| R
+4a‘(‘;1?fd) [ag(R(Y,u)Z,u) + (2(a+ c) + d) g(Y, Z)] X
5 120° (2 — 7%5) 9(R(X,u)Z,u) —d(4(a+ c) + d) g(X,u)g(Z,u)]Y

+laxad gy Y)Z} ‘.
(iii)
R(X'e,Y"0) 7' = foees {0 [g(Y, Z)RuX — g(X, Z)R,Y]
—bla+)g(Y. 2)X — g(X, 2)Y]}" + {—ab? [g(Y. Z)R,X — g(X, Z)R.Y]
+Ha+o)a+¢) +ad gV, Z2)X — g(X, Z)Y] }'e },

for all x € M, (z,u) € T1M and all arbitrary vectors X,Y,7Z € M, satisfying
Convention 2, where R,X = R(X,u)u denotes the Jacobi operator associated
to u.

3. Curvature of g-natural contact metric structures

We briefly recall that a contact manifold is a (2n — 1)-dimensional manifold M
admitting a global 1-form 7 (a contact form) such that nA (dn)"~! # 0 everywhere
on M. Given 7, there exists a unique vector field &, called the characteristic vector
field, such that n(§) = 1 and dn(§, ) = 0. Furthermore, a Riemannian metric g is
said to be an associated metric if there exists a tensor ¢, of type (1,1), such that

n=g&"), dyp=g(¢), @=-I+n®E¢. (3.1)

(n,9,&,9), or (n,g), is called a contact metric structure and (M,n,g) a contact
metric manifold.

Sasakian contact metric structures are characterized by the property that the
covariant derivative of its tensor ¢ satisfies

(Vz)W = g(2, W)€ —n(W)Z, (3.2)

for all Z, W vector fields on M. A K-contact manifold is a contact metric manifold
(M,n,g) whose characteristic vector field £ is a Killing vector field with respect
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to g. Any Sasakian manifold is K-contact and the converse also holds for three-
dimensional spaces. The tensor h = %Eggo, where £ denotes the Lie derivative,
plays a very important role in describing the geometry of a contact metric manifold
(M,n, g). K-contact spaces are characterized by equation h = 0. h is symmetric
and satisfies

Vé=—p—ph, hp=—ph, hé=0. (3.3)

In [1], we investigated under which conditions a Riemannian g-natural metric on
Ty M may be seen as a Riemannian metric associated to a very “natural” contact
form. Given an arbitrary Riemannian g-natural metric G = a.¢°+b.¢"+c.g° +d. kv

over T3 M, the unit vector field N(m W = m[ bl + (a+ ¢+ d).uv], for all

(x,u) € TM, is normal to T3 M at any point (cf. Section 2). The tangent space
to TYM at (z,u) splits as

(Ty M) (2n) = Span(§) ® { X" X L u} @ {X'¢|X L u},

where we put .
f(x,u) = Tuha (34)

r being a positive constant. It should be noted the special role played by u”

the decomposition of (171 M)(,.), and its geometrical meaning: for any vector u =
> u'(0/02'), € My, we have uf,, = >, u'(0/dx")¢, , that is, u" is the geodesic
flow on TM. Henceforth, it is a “natural” choice to assume a vector parallel to
u”, as the characteristic vector field of a suitable contact metric structure. We
consider the triple (7, @, €), where € is defined as in (3.4), 7 is the 1-form dual to
¢ through G, and @ is completely determined by G(Z, gW) = (di})(Z, W), for all

Z, W vector fields on T1 M. Then, simply calculations show that

AXM) = 1g(X,u),
A(X1) ='brg(X, u) } (3:5)

and
P(XM) = [ bX" + (a+ c)X'te + a+c+dg(X w)u] } (3.6)
P(X'te) = [ aXh +bXto + ++dg(X u)u h} '
for all X € M,. If (and only if)
1
— =4a=a+c+d (3.7)

r

holds, then 77 is well-defined and it is a contact form on 77 M, homothetic — with
homothety factor r — to the classical contact form on T3 M (see, for example, [7]
for a definition).

From (1.1) and (3.7) it follows d = (a+c)(4a—1)—4b*. So, among Riemannian
g-natural metrics on 71 M, the ones satisfying (3.7) are contact metrics associated
to the contact structures described by (3.4)—(3.6). In this way, we have proved
the following:
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Theorem 6. [1] The set (G, 17, @, &), described by (3.4) - (3.7), is a family of con-
tact metric structures over Ty M, depending on three real parameters a, b and c.

More details can be found in [1]|, where we also proved that the class of g-natural
contact metric structures on 77 M is invariant under D—homothetic~def0rmations.

At any point (x,u) of the contact metric manifold (71M,7,G), the tensor
h = %Egg?) is described as follows:

!
I

MXM) = Ll—(a+e)(X — g(X,wu) + a(R,X)" — 2b(R, X)'] ,
(X'e)= L [-2bX"+b(1+ a+‘j+d) g(X, u)u" + (a+ c) X' — a(R,X)'],

(3.8)
for all X € M,, where R, X = R(X,u)u denotes the Jacobi operator associated
to u.

Remark 1. Some contact metric properties of (T} M, 7, G) turn out to be related
to the base manifold being an Osserman space. We briefly recall here that a
Riemannian manifold (M, g) is called globally Osserman if the eigenvalues of the
Jacobi operator R, are independent of both the unit tangent vector u € M, and
the point x € M. The well-known Osserman conjecture states that any globally
Osserman manifold is locally isometric to a two-point homogeneous space, that
is, either a flat space or a rank-one symmetric space. The complete list of rank-
one symmetric spaces is formed by RP", S*, CP", HP", CayP? and their non-
compact duals. Actually, the Osserman conjecture has been proved to be true for
all manifolds of dimension n # 16 ([15], [20], [21]). Moreover, also in dimension
16, if (M, g) is a Riemannian manifold such that R, admits at most two distinct
eigenvalues (besides 0), then it is locally isometric to a two-point homogeneous
space [22].

3.1. g-natural contact structures of constant £-sectional curvature

Let (M,n,3) be a contact metric manifold. The sectional curvature of plane
sections containing the characteristic vector field &, is called &-sectional curvature
(see Section 11.1 of [7]). Clearly, if 7 is a plane section containing &, we can
determine the sectional curvature of 7 at a point © € M as K(Z,&,), where Z
is a vector of m,, orthogonal to &,. As it was proved in [19] (see also Theorem
7.2 of [7]), a contact metric manifold is K-contact if and only if it has constant
&-sectional curvature equal to 1.

Proof of Theorem 1. We first suppose that (71 M, 7, G) has constant &-sectional
curvature K. Let (x,u) be a point of Ty M and Y a unit vector orthogonal to u.
From (i) of Proposition 1, we get
Lo . h
R(g(x,u)a Yh)ﬁ(r,u) =r? {_%(VUR)(K u)u + %Rzy - (1 + %)RUY B %Y}
t
2 {bQ—"‘(VuR)(Y, wyu — L2y 4 %RUY} ‘.

2a
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Therefore, taking into account (2.6), the sectional curvature of the plane spanned
by &) and Y’ is given by

(& h r2 a(b —3a) 2

R (G V") = 2o {bg((VuR) (Y, ), V) + “E 230 (R2Y,Y)
+

[(1+8) (a+¢) - E4] g(R,Y,Y) +w} (3.9)

da

In the same way, from (ii) of Proposition 1 and taking into account (2.6), we find
that the sectional curvature of the plane spanned by &) and Y'¢ is given by

2

K (Eaa, V') = 2 { £9(R2Y,Y) = S2g(RY.Y) + (d+42) ). (3.10)

a

Since (T1M, 7}, G) has constant &-sectional curvature K, from (3.9) and (3.10) we
then have

bo(VuR)(Y, ), Y) + “E= g Ry )
- [(1+%) (a+ )_—} GQ(R Yay)-l-%zéla(a—f-c)l(, (3.11)
%Q(PLZK Y) - _Q(R Y, Y) <d+ %) = 405@[?,

for all orthogonal unit vectors v and Y. In particular, if Y is an eigenvector for
the Jacobi operator R,, then R,Y = AY and the second equation of (3.11) gives

a®*A? — 2a2d\ + d(4a + ad) = 1600k, (3.12)

from which it follows that R, has constant eigenvalues, both independent of u
and the point x at M. Therefore, (M, g) is a globally Osserman space. Moreover,
(3.12) also implies that R, has at most two distinct eigenvalues and so, (M, g)
is locally isometric to a two-point homogeneous space [22]. In particular, (M, g)
is locally symmetric. So, from (3.11) we get that the eigenvalues A of R, must
satisfy

a(b® — 30)A2 + 2[(2a + ad)(a + ¢) — 4} A + (a + ¢)d? = 16a2(a + ¢) K,
@B\ — 2a2d\ + d(4o + ad) = 1602aK .
(3.13)
Taking into account (1.1), we can calculate K from both equations of (3.13) and
compare these two expressions. In this way, we easily find

a*)? —ala+c+d)X+d(a+c)=0,

which implies that the only possible values for A are A\; = a+c and \y =

If A\; (respectively, \o) is the only nontrivial eigenvalue of the Jacobi operator
R, then (M, g) has constant sectional curvature equal to A; (respectively, As).
On the other hand, when R, admits both eigenvalues A1 and Ag, then for A = %3,

(3.12) gives daaK = d+ dete=d “Jrc 9 while for \ = 4.(3.12) implies 4aaK = d. Since

the value of K is uniquely determmed7 we necessarily have a +c—d = 0, that is,
d = a+ c and so, \; = Ay and (M, g) has again constant sectional curvature.



M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural ... 165

Conversely, assume that (M, g) has constant sectional curvature equal to g (re-

spectively, “=¢). Then, (3.9) and (3.10) imply at once that (TyM, 7, () has con-

stant £-sectional curvature K= ﬁ (respectively, K = ﬁ + %). O

In [26], D. Perrone investigated three-dimensional contact metric manifolds (M3,
7, g) of constant &-sectional curvature. In particular, he characterized such spaces
as contact metric manifolds of constant scalar torsion ||7|| satisfying Ver = 0
26], where the torsion T := L¢g is the Lie derivative of g in the direction of the
characteristic vector field &.

It is also interesting to remark that, among three-dimensional contact metric
manifolds satisfying V7 = 27¢, K-contact spaces are the only ones having con-
stant £-sectional curvature ([26], Corollary 4.6). When M is compact, Ve = 27¢
is a necessary and sufficient condition for an associated metric g € A, in order to
be a critical point for the functional

Lig) = [ Ric(e)av
M

where Ric(§) = 0(¢,€) and g is the Ricci tensor of M [23]. On any contact

metric manifold (M, n, g), the torsion 7 is related to the tensor h by the formula

T = 2g(he-, ), from which it follows

V§T = 2g((v§h)90’ ')7

and so, equations above can be expressed in terms of the tensor h. g-natural
contact metric structures on 77 M satisfying these equations were classified in [1].
Taking into account Theorems 7 and 8 of [1] and Theorem 1 above, the following
results follow easily.

Proposition 2. If (TyM,7,G) has constant &-sectional curvature, then @gﬁ =0.

Corollary 1. Let G be a Riemannian g-natural metric on Ty M, such that @gﬁ =

2%95. Then, (T1 M, 7, é) has constant &-sectional curvature if and only if it is K-
contact.

3.2. g-natural contact structures of constant ¢-sectional curvature

Let (M,n,3,&, ) be a contact metric manifold and Z € kern. The o-sectional
curvature determined by Z is the sectional curvature K(Z, pZ) along the plane
spanned by Z and ¢Z. The @-sectional curvature of a Sasakian manifold deter-
mines the curvature completely. A Sasakian space form is a Sasakian manifold of
constant p-sectional curvature. We refer to Section 7.3 of [7] for further details
and results.

As concerns the standard contact metric structure of the unit tangent sphere
bundle, the following result holds:

Theorem 7. [17] If (M, g) has constant sectional curvature ¢ and dim M > 3,
the standard contact metric structure of Ty M has constant p-sectional curvature

(equal to (2 £ +/5)?) if and only if ¢ = 2 £ /5.
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Theorem 7 has been generalized for g-natural contact metric structures by The-
orem 3. Before proving Theorems 2 and 3, we need to calculate the ¢-sectional

curvature of (71 M, 7, G). Note first that, when X is a tangent vector orthogonal
to u, then, by (3.5), both X" and X'¢ belong to ker 7. We have the following

Lemma 1. Let (7,G) be a g-natural contact metric structure on T1M, (z,u) a
point of TYM and X a unit vector tangent to M, orthogonal to w. Then,

K(X" ¢X") = K(X'¢,pX"7)
df, 4 L [ad+26
4( at+c+d ala+c+d

) g(Rxu, u) (3.14)

o a+c+d)]| 2a
3 2 2
a 5 _a’(ad+10%) 2

where Rxu = R(u, X)X.

Proof of Lemma 1. Since X is orthogonal to u, from (3.6) we have
G(XM) = 5= [-bX" + (a+ ¢)X'¢] | p(X'¢) = ;= [—aX" +bX'e] . (3.15)
Using (3.15), and taking into account that X is a unit vector, we get

K(X" X" = K(X', pXt0) = —LG(R(X", Xto) X", X1). (3.16)

Since X and u are orthogonal, we get R(X" X'¢)Xh = Yh 4 W' where we put

YV =- a—2(V R)(X,u)X — ﬁR(X )Rx5
T 20 Y > U 402 y W) LLxoU
ab )
— X
- 4a2(a+ c+ d) [a(ad+ b )g(RXU,U) ad]Ru
bd
T A L) 2 d] X
da(a+ c+d) lag(Rxu,u) +2(a +¢) +d]
b(ad + v?) bd
- 9(R X—-——X
204(a+c+d)g( X =5
a’d

+ 4042(CL T+ d) [2ag((vXR)<X7 U)X, U) - abg(RXu, RUX)] u,

ab a?
W= Z(VXR)(X’ u) X + @R(X’ Rxu)u (3.17)

ab

* da2(a+c+d)

a’b?

+ ER(X, u)RXu
bV —a

* 4a%(a+c+d)

[a(ad + b*)g(Rxu,u) — ad] R, X

[a(ad + b*)g(Rxu,u) + ad] R, X
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B ab®(ad + b?)
2a2(a+ c+d)
(a+c)d
do(a+c+d)
B2 d (a+c)d
—2——F— X+ ——7"—X.

+2a< a—l—c—l—d)g(qu’u) T

Taking into account (2.6) and Proposition 1, we have

g(RXUJ U>RuX

l[ag(Rxu,u) 4+ 2(a+ ¢) + d| X

G(R(X" X' X" Xte) = G(Y" + W'e gX'e) = bg(Y, X) + ag(W, X).

After some lengthy but very standard calculations, from (3.2) we then obtain

-~ d
X' X)X Xy =d |1 - ——
GIR(XT, X70)XE, X9) d{ 4(a+c+d)]
ad + 2b* n bt
20a+c+d) 2ala+c+d)

[g(Rxu, )]

) g(Rxu,u) (3.18)

a? a?(ad + b*)

— —g(R? i St

4ag< X )+ do(a+c+d)

(3.14) now follows at once from (3.16) and (3.18), which completes the proof of
Lemma 1. U

Proof of Theorem 2. Suppose that (T} M, 7, G) has constant ¢-sectional curvature
K. Note that (3.14) holds for any orthogonal unit vectors v and X. We now use
(3.14) in the special case when wu is an eigenvector of Ry, that is, Rxu = Au. We
get

d (ad4-2b%)a+-b* a? 2 __
d (1 - 4(a+c+d)> + 2a(a+c+d) A+ 4(a+c+d))\ = —ak

and so, using (3.7),
aa® X +2 [aad 4+ b%) + b*] A+ [ad(da+ 4c — 3d) + 4o (a+ c+ d)K] = 0. (3.19)

Hence, for any unit vector X tangent to M at a point p, the eigenvalues A of Rx
satisfy the second order equation (3.19), having constant coefficients independent
from the point. Therefore, (M, g) is a globally Osserman space. Moreover, the
Jacobi operator Rx has at most two (constant) nontrivial eigenvalues and so,
(M, g) is locally isometric to a two-point homogeneous space. This completes the
proof of Theorem 2. O

Note that the converse of Theorem 2 would provide an interesting characterization
of two-point homogeneous spaces in terms of their unit tangent sphere bundles.
However, the calculations involved are really hard. A partial result, which anyway
extends Theorem 7 to an arbitrary g-natural contact metric structure, is given by
Theorem 3.

Proof of Theorem 3. Using the fact that (M, g) has constant sectional curvature ¢,
very long calculations lead to conclude that, for an arbitrary unit vector u tangent
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to M at = and an arbitrary unit vector Z = X" 4+ Y6 of the contact distribution
ker7 at (x,u) € Ty M, the p-sectional curvature of the plane generated by Z and
pZ, is given by

K(Z,¢Z) :ﬁ {Al[(a +0)g(X, X) — 1]g.(X, X) + Az9.(X,Y)?

+A3.gz <X7 X)gx<X> Y) + A4gx(X7 Y)

+ a’ @+ ! ad+2bQ+ﬁ ¢
d(a+c+d) a+c+d «

“’(“ﬁla@)]}’

Ay = o+ sty (<802 — dada — @+ 0)d

+2b* (1 - %)) ¢ letde gy d )

a a+c+d

A= (1-2) @420 (2 - 745) (¥ —a)e

+a+c)a(l+ 745), (3.21)

Ag— 2aba 2 b <6oz2 + a(a(a + c) + 4ad) + 2%) ¢

(3.20)

where

a+ctd a(a+c+d)

_2(CLJ;C)ba (1 4 a+¢cl+d) ’

A4 _ a?(ad+b*)b 9 b —

2(a+ct+d)a a+c+dc'

Suppose now that 77 M has constant ¢-sectional curvature K and so, the value of
K(Z,$Z) is the same for all the unit tangent vectors Z = X"+ Y. Therefore, in
(3.21) we must have A; = 0 for all 7, since they are coefficients of terms depending
on X and Y. By (3.21) we then have

2 \
2027 + (—8042 — 4ada — a*(a + c)d + 2b* (1 — b_>) c
a

—2(a+c)a(a+c+2d) =0,

6
b {2a20z02 -2 (6(12 + a(a(a+ ¢) + 4ad) + 2%) ¢

—4(a+c)a(a+c+2d)} =0,

be {a*(ad + b*)e — 2a¢} = 0. )



M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural ... 169

From the last equation in (3.22), it follows that one of the following cases must
oceur:

a) ¢ = 0. Taking into account a + ¢ > 0 and « > 0, in this case (3.22) reduces to

at+c+2d=0.

8
there exists a two-parameters family of g-natural contact structures on the unit

tangent sphere bundle of a Fuclidean space, for which the ¢-sectional curvature
is a constant K. Taking into account d = —%<and b = +£y/(a+c¢)(a—3), it
follows directly from (3.20) that K = 5.

b) ¢ # 0. Suppose first that b = 0. Then, (3.22) becomes

Hence, we have d = —%¢ and, by (3.7), b = £4/(a+c)(a—3). Note that

20°¢° + (—8a® — dada — a*(a + c)d) ¢ — 2(a+ c)a (a + ¢+ 2d) = 0,

30 d
11— )& —20a(2- —% e
a( za)c ao‘( a+c+d)c L (3.23)

d
1+ ——— ] =0.
+(a+c)oz< +a—|—c—|—d) )

Since, by (3.7), a + ¢+ d = 4a, we can rewrite (3.23) in the following way:

G _ S0) e - 2(atet2dy 0
1° (a+c+8d)c (a+c) ( 10 =0,

a’c? —(a+c—d)e—(a+c) (3.24)
(a+c+2d> 0
4o J

Subtracting the two equations in (3.24), we then get

ala — 1) — 2de =0,

1 13
4 2a(4a—1)"

If a = 1 and d = 0 (which also includes the case of the standard contact metric
structure of Ty M), then, by (3.24) we find K = (2 4 v/5)2. On the other hand, if
a #+ %, we get a contradiction. In fact, using ¢ = % in the first equation of
(3.24), we find a = —2 < 0, which can not occur.

Next, we shall assume b # 0. Through some very long calculations, we even-
tually find that this case does not occur. In fact, the fourth equation in (3.22)
implies a?(ad + b*)c = 2a¢. Note that ad + b* # 0, because a¢ > 0 by (1.1).
Therefore, we obtain

that is, since ¢ # 0, either a = ; and d =0, or ¢ =

209
°= Ead ) (3.25)
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We use (3.25) in the first and third equations of (3.22) and we get

2 g
ad(ad+b%)?  4a3(ad+b?)

2 )
[8042 +4ada+ a*(a+c)d—2b* (1 - b—)}

«Q
_&iﬁz(y%i)za
a 4o

Oé2¢2 ¢ 208
— 60 4d)g + —
ad(ad+0%)2  4a3(ad + b?) [ o Faalatctddyg + « }

e (i, 4)

(3.26)

a 4o

/

so that, subtracting the second equation of (3.26) from the first one, we easily
obtain

¢ = 2b%. (3.27)
Therefore, taking into account (3.7), (3.25) and (3.26), we find
2 _ 4a®(atc) _ (a+c)(12a2+8a—3)
0t =g d= 3+4a 7 (3.28)
a = 3a(a+c) ‘= 16(a+c) ’
3+4a (4a+3)(4a+4a—1)"
Next, comparing the first two equations in (3.22), we find
2 3a3h? 1 b?
R S ¢ = — |8a® + 4ada + a*(a +c)d — 2b* [ 1 — —
4 200 Sa e
(3.29)
+4a (8a — 2d) (b* — a)} C.
Taking into account (3.28), after some calculations (3.29) becomes
0? (20% —a+ 1) ¢ = 5 (—2176a° + 517202 + 14160 — 333),  (3.30)

where we also used the fact that ¢ # 0. Since (2@2 —a+ }1) # 0, starting from
(3.28) and (3.30) we eventually get

—8706a° + 11984a* + 28528a* — 3144a® — 1596a + 45 = 0. (3.31)

Next, using (3.28) and (3.31), from the first equation of (3.26) we obtain

22079868576000a* + 28745654903552a° — 395638851955242

(3.32)
— 1621058224320a — 70597445616 = 0.

Applying the Descartes rule for the sign of the roots of the polynomials in (3.31)
and (3.32), we can deduce that the polynomial in (3.31) admits at most three
positive roots, while the one in (3.32) admits at most one positive root. We

checked that positive solutions of (3.31) belong to ]0, 15[ U 55, [ U ]2, 400, while
the positive solution of (3.32) belongs to ], oz[. Therefore, (3.31) and (3.32) are
never satisfied simultaneously and so, this case can not occur O
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3.3. g-natural contact structures of Ty M whose tensor | annihilates the
vertical distribution

The (1,1)-tensor field [ on M, defined by I(X) = R(X,¢,¢) for all X € X(M),
naturally appears in the study of the geometry of (M,n,g). For example, K-
contact spaces are characterized by the equation [ = —p?. If [ = 0, then sectional
curvatures of all planes containing ¢ are equal to zero. We may refer to [24] for
these and further results on [. Note that there are many contact metric manifolds
satisfying [ = 0 ([7], p. 153).

D. Blair [5] proved that T} M, equipped with its standard contact metric struc-
ture (7, g), satisfies (U = 0 for all vertical vector field U on T M if and only if
the base manifold (M, g) is flat. Moreover, in this case £ is a nullity vector field,
that is, R(Z,W)¢ = 0 for all Z, W € X(T1M). We extend these results to any
g-natural contact metric structure (77, G) over Ty M, proving the following

Theorem 8. Let G be a Riemannian g-natural metric on TyM. (TyM, 7, G) sat-
isfies lU = R(U,€)€ = 0 for all vertical vector fields U on TyM if and only if
d = 0 and the base manifold (M, g) is flat. Moreover, in this case R(Z,W)E =0
for all vector fields Z,W on T1 M.

Proof. Assume first that (71M, 7, G) satisfies [U = 0 for all vertical vector fields
U on T1M. Then, in particular,

R(Y' €(4.0)Ewm) = 0, (3.33)
for all Y orthogonal to u, at any point (x,u) € TyM. Using formula (ii) of
Proposition 1 to express R(Y"'?, £;.u))€@w), (3.33) implies

h
[~ (VuR)(YVwu — £RY + v -
2 2 t .

{8 (VLR uju— £ RY + e Ry — daratdy 1

4o

In (3.34), the tangential part is the tangential lift of a vector Z orthogonal to u.
Hence, Z'¢ = Z¥ and the horizontal and vertical parts of (3.34) both vanish. So,
we get

—L (VLR (Y, w)u— 2LR,Y + &Y =0, } (3.35)
L (VuR)(Y,uu — 4 R2Y 4“2 R,y — dlerdtdy — g,
From the first formula in (3.35), taking into account a > 0, we obtain
(VuR)(Y,u)u = 2(dY — aR,Y). (3.36)
Using (3.36) in the second formula of (3.35), we easily get

a®R%Y — 2a*dR,Y + d(ad + 40)Y =0, (3.37)
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for all Y orthogonal to u. (3.37) implies at once that R, has at most two distinct
(constant) eigenvalues. Therefore, (M, g) is globally Osserman and, since there
are at most two distinct eigenvalues for R,, (M, g) is locally isometric to a two-
point homogeneous space [22]. In particular, (M, g) is locally symmetric. So,
VR =0 and (3.36) implies either b =0 or R,Y = 4V, for all Y orthogonal to w.
We treat these two cases separately.

If R,Y = 2Y for all Y orthogonal to u, then (M, g) has constant sectional
curvature ¢ = g From (3.37) we then get at once 4ad = 0. By (1.1), @ > 0 and
so, d = 0. Moreover, (M, g) has constant sectional curvature ¢ = g = 0, that is,
it is flat.

Next, assume b = 0. If (M, g) has constant sectional curvature, we find a
special case of the previous one. In fact, we find at once that d = 0 and (M, g)
is flat. Thus, in the sequel we assume (M, g) is locally isometric to a two-point
homogeneous space of non-constant sectional curvature, and we prove that this
case can not occur. Since b = 0, by (1.1) we have a = a(a+¢) and (3.37) becomes

a®’R%Y —2adR,Y +d(d+4(a+c))Y =0,
for all Y orthogonal to u. Hence, the eigenvalues A of R, satisfy
a’)? — 2ad\ + d(d + 4(a+¢)) = 0. (3.38)

Since (M, g) is locally isometric to a two-point homogeneous space of non-constant
sectional curvature, R, has two (constant) eigenvalues Aj, Ay with Ay = 4\ or
conversely [15]. We now calculate the eigenvalues of R, from (3.38) and we obtain

A = SRdlere) oy di2y/dlate) (3.39)

Imposing that Ay = 4\; or conversely, we easily find that either d = 0 or d =
—%(a+c¢). If d = 0, then (3.39) implies A\, = Ay = 0, that is, (M, g) is flat,
against the assumption that (M, g) has not constant sectional curvature. On the
other hand, if d = —13%(a + ¢), then (3.7) gives 5 =a+c+d=—-%(a+c) <0,
which is a contradiction.

Conversely, assume now that d = 0 and (M, g) is flat. Then, (3.34) gives at once

that R(f, th)f = 0 for all Y orthogonal to u, that is, [U = 0 for any vertical
vector U.

Finally, we assume d = 0 and (M, g) is flat and use Proposition 1 to calculate
R(Z,W)E for any vector fields Z, W on Ty M. Because of (3. 4), equations (i)
and (ii) in Proposition 1 give at once R(X" Y")E = R(X",Y'¢)¢ = 0 for all X
and Y € X(M) (satisfying Convention 1). Next, by equations (ii) and (iii) in
Proposition 1, we find

G(R(X'e,Y'e)E, Zm) = —G(X'e, R(,Y'¢) Z") = 0,
G(R(X'e Yte)¢, 7o) = —G(E, R(X'e,Y'6)Zte) = 0,

for all XY, Z vector fields on T M (satisfying Convention 1).
Therefore, R(Z,W)¢ =0 for all Z, W € X(T\ M) O
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3.4. g-natural contact structures for which 71 M is a (k, pu)-space

A (k,p)-space (M,n, ) is a contact metric manifold whose characteristic vector
field & belongs to the so-called (k, pu)-nullity distribution, that is, satisfies

R(Z,W)§ = k(nW)Z —n(Z)W) + p(n(W)hZ —n(Z)hWV), (3.40)

for some real constants k& and p and for all vector fields Z,W on M. We can
refer to [7] for a survey on (k, uu)-spaces. Here we just recall that they generalize
Sasakian manifolds, and that non-Sasakian (k, u)-spaces have been completely
classified [9]. Note that on any (k, u)-space we have k < 1, and k& = 1 if and only
if (M,n, ) is Sasakian. Moreover, any (k, u)-space is a strongly pseudo-convex
C'R-manifold [7]. Recall that a strongly pseudo-convexr CR-structure on a manifold
M is a contact form 7 together with an integrable complex structure J on the
contact subbundle D := kern (i.e., a bundle map J : D — D such that J? = —1I),
such that the associated Levi form L,, defined by

Ly(X,Y)=—dn(X,JY), X,Y €D,

is definite positive. In this case, (M,n,.J) is called a strongly pseudo-conver man-
ifold.
The following result was proved in [1]:

Theorem 9. [1] Let G be a Riemannian g-natural metric on TyM. (T1M, 7, G)
gives rise to a strongly pseudo-convex CR-structure if and only if the base manifold
(M, g) has constant sectional curvature.

It was proved in [8] that 71 M, equipped with its standard contact metric struc-
ture (1, g), is a (k, p)-space if and only if the base manifold (M, g) has constant
curvature ¢. In this case, k = ¢(2 — ¢) and u = —2¢.

Proof of Theorem 4. Assume first that (T3M,7,G) is a (k,pu)-space. Then,
(TyM, 7, G) gives rise to a strongly pseudo-convex CR-structure and so, by The-
orem 9, the base manifold (M, g) has constant sectional curvature ¢.

To prove the converse, we use Proposition 1 to calculate R(X h,Yh)f(xyu),
R(X" Y')E(, ) and R(X'e, Y!0)E, ) for all (v,u) € TIM and X,Y € M,, and
we see if there exist some values of k and p for which (3.40) is satisfied. When both
X and Y are orthogonal to u, standard calculations show that R(X", Y™ () =
R(X", Y)E(, 0 = R(X',Y0) ¢, = 0 and so, (3.40) is trivially satisfied. Since
we only need to consider tangential lifts of vectors orthogonal to u (see Convention
2), it will be enough to consider R(X", £)¢ and R(X'c,£)E. Moreover, because of
the symmetries of the curvature tensor, we clearly can assume X" orthogonal to
é(m,u); that is, X orthogonal to u.

From (i) of Proposition 1, taking into account (3.4) and the fact that (M, g)
has constant sectional curvature ¢, we have

2

R(X", €0n))E(om) = Z—a [—3a¢ + (4o + 2ad)c + d°] X"

7”2
+ — [abe® — bde] X'¢
(0%

(3.41)
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for any vector X orthogonal to u. On the other hand, from (3.8) we get at once

k[ﬁ(f(z,u))Xh - ﬁ(Xh)é(z,u)]+“[ﬁ(é(x,u))hXh - ﬁ(Xh)hg(a:,u)]

C — c 3.42
ac (a—l—c)ﬂ Xh—E/JXtG. (3.42)

= |k
+ 4o 2x

Comparing (3.41) with (3.42) and taking into account (3.7), we get

L {-30%¢ + (4o + 2ad)c + & — 160%k — dalac — (a + O} X (3 4o)

162
L (abe® — bde + 2bep) Xte = 0.

402

Since X is orthogonal to u, X'¢ = X" and so, the horizontal and vertical parts of
(3.43) both vanish, that is,

—3a*c + (4a + 2ad)é + d* = 160k + 4ajac — (a + c)],u,} (5.4
3.44

5abc* — bde = —2abép.

In the same way, from (ii) of Proposition 1 and from (3.8), we respectively get

_ _ B 2

R(Xtc’ g(x,u))f(x,u) = % [abé — bd] Xh

2 (3.45)
r 2.2 2\ = te
1 [a*E® — 2(ad + 20%)c + d(4(a + ¢) + d)] X
and
k[ﬁ(é(x,u))XtG - ﬁ(XtG)g(z,u)]—’_u[ﬁ(é(m,u))hXtG - ﬁ(XtG)hé(x,u)]
o (3.46)
= — i,uXh—l— b — wu Xta
2a 4o
Comparing (3.45) and (3.46), taking into account (3.7) we find
abc — bd = —2abp,
(3.47)

a*e® — 2(20* — ad)é + d[4(a + ¢) + d] = 160k — 4afaé — (a + )]p.
Therefore, (TyM, 7, G) is a (k, p)-space if both (3.44) and (3.47) hold. The first
equation of (3.47) implies that either b = 0 or p = 5-(d—ac). When p = 5~(d—ac),
from (3.47) we also get

k= oz [—0*¢ 4+ 2(a — b*)e+ d(2(a + ¢) + d)]
and so, (1.2) is satisfied. If b = 0, from (3.44) and (3.47) we find again (1.2),
unless a¢ — (a + ¢) = 0, that is, ¢ = 2¢. In this last case, k¥ = 1 and pu is
undetermined. In fact, by Theorem 2 of [1], we have that b = 0 and ¢ = “=< if

and only if (7T1M, 7, G) is Sasakian. O



M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural ... 175

In [9], E. Boeckx showed that non-Sasakian (k, uu)-spaces are determined, up to
isometries, by the value of the invariant

1—p/2
fon = =

Using (1.2), we can determine I(;, for all g-natural contact metric structures
corresponding to non-Sasakian (k, u)-spaces. Taking into account Theorem 4,
standard calculations lead to the following

Theorem 10. Let (M, g) be a Riemannian manifold of constant sectional curva-
ture ¢, and (/{,~ i) any real pair with k < 1. There exists a g-natural contact metric
structure (1, G) such that (TyM,7,G) is a (k, p)-space if and only if

(i) either I,y > —1 and (I(zk, o —1e>0, or

(ii) I(k:,,u) =1 andc=0.
In particular, all non-Sasakian (k, p)-spaces such that I,y > —1, can be real-
ized as g-natural contact metric structures on a Riemannian manifold (M, g) of
(suitable) constant sectional curvature.

3.5. Locally symmetric g-natural contact structures

Locally symmetric spaces are one of the main topics in Riemannian geometry. In
the framework of contact metric geometry, local symmetry has been extensively
investigated, obtaining many rigidity results. As concerns the unit tangent sphere
bundle, Blair proved the following

Theorem 11. [6] (T1M,n, g) is locally symmetric if and only if either (M, g) is
flat or it is a surface of constant sectional curvature 1.

Theorem 11 has been extended by replacing local symmetry by semi-symmetry
([10], [14]). Recently, Boeckx and Cho [11] showed definitively the rigidity of the
hypothesis of local symmetry in contact Riemannian geometry, by proving the
following

Theorem 12. [11] A locally symmetric contact metric space is either Sasakian
and of constant curvature 1, or locally isometric to the unit tangent sphere bundle
of a Fuclidean space with its standard contact metric structure.

Proof of Theorem 5. Because of Theorem 12, it is enough to show that (7} M, 77, G)
can not be a Sasakian space of constant curvature 1. As the authors proved in [1],

1M, 7, G) is Sasakian if and only if b = 0 an , g) has constant sectional cur-
Ty M, 17, G) is Sasakian if and only if b = 0 and (M, g) h tant sectional
vature ¢ = “T*C > 0. Moreover, (71 M,7,G) has now constant sectional curvature
1 and so,

R(V,W)Z = G(W, 2)V — G(V, Z)W, (3.48)

for all V, W, Z tangent vectors to T1 M at the same point of T3 M. Consider now a
point (z,u) of Ty M and two unit vectors X, Y orthogonal to u and to each other.
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We calculate R(X',Y'@)Y*e both using (3.48) and formula (iii) of Proposition
1, and we easily obtain

(a+c)atd)+ad
20(a+c+d)

aX'e = R(Xte Yloyyte = (3.49)
where we used the fact that b = 0. Taking into account (3.7), from (3.49) we
obtain @ = 1 and so, again by (3.7), d = 3(c+ 1).

Next, from (3.48) and (ii) of Proposition 1 we also get

_ 2
0= R(X" X'o)yh = {Z—aR(X, ROX, )Y yu + 22t

R(X,Y)X

«

(a+c)d a’d
Y - ——— X,u)Y, WX .
+ 5 4a(a+c+d)g<R( ,u)Y,u)R (3.50)
ad(a + c)

Taatcrd

g(R(X,u)Y, u)X} ’ :

Since (M, g) has constant sectional curvature ¢, (3.50) easily yields

(a+c)(d—a—rc)
200

y'e =, (3.51)

for any Y (orthogonal to u and X). Therefore, since a + ¢ > 0, we necessarily
have d —a — ¢ = 0, that is, d = a + ¢ = 1 4+ ¢. On the other hand, we already
found d = 3(c+ 1) and so, a + ¢ =1 + ¢ = 0, which contradicts (1.1). O

D. Perrone [25] proved that a locally symmetric contact metric manifold (M, 7, g,
€, p) satisfies V¢h = 0. g-natural contact metric structures satisfying @571 =0
have been classified in [1]. Taking into account the proof of Theorem 8 of [1] and
Theorem 5 above, we prove the following

Corollary 2. A g-natural contact metric structure (1, é) on T1 M satisfies @Jz =
0 but is not locally symmetric if and only if

o cither (M, g) is flat and d = 0 but G # g, or

e (M, g) has constant curvature ¢ > 0 and G = a.g°+(¢—1)a.g°+ca(4a—1).k?,
or

o (M, g) is locally isometric to a compact rank-one symmetric space (of non-
constant sectional curvature and Jacobi eigenvalues (p,4p) with p > 0), and
either G = a.g° + (p— 1)a.§7’4pa.l;:;’ or G=ua.g" + (4p — Da.g® +pa.lgv.
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