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1. INTRODUCTION

Let the symbols V¢ and V stand for the generalized D-conformally deformed con-
nection and the Riemann connection respectively. Also, let R, S Q< r® and R,
S, @, r respectively stand for curvature tensor, Ricci tensor, Ricci operator, scalar
curvature with respect to V% and V respectively. In this study, we consider an al-
most contact metric manifold (M?"1 ¢, £, 1, g) that consists of a (1, 1)-tensor field
¢, a vector field £ and a 1-form 7 called respectively the structure endomorphism,
the characteristic vector field and the contact form. recently, the authors ([14]) has
introduced a new type of space named hyper generalized weaky symmetric manifold.
Such type of manifold are also studied in ([11]).

Ricci flow was first introduced by R. S. Hamilton ([16]) in 1982. This concept
generalized to the idea of Riemann flow ([19], [18]). In analogous with the definition
of Ricci soliton, Hirica and Udrigte ([17]) introduced and studied Riemann soliton.
The Riemann flow is an evolution equation for metrics on a Riemannian manifold
defined as follows

%G(t) = —2R(g(t), te[o.1],

where G = % g®g, ® is the Kulkarni-Nomizu product and R is the Riemann curvature
tensor associated to the metric g. For (0, 2)-tensors A and B, the Kulkarni-Nomizu
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product (A ® B) is given by

(A® B)(Y,V,U,Z) = A(Y,2)B(V,U)+ A(V,U)B(Y. 2)
—A(Y,U)B(V, Z) — A(V, Z)B(Y, U). 1)

Recently, the present authors studied the Riemann solitons in the frame of (LC'S),,-
manifolds ([7]) and a-cosymplectic manifolds ([8]). The Riemann soliton is a smooth
manifold M together with Riemannian metric g that satisfies

2R+ (g® £wg) = 2k(g® g), (2)

where W is a potential vector field, £y denotes the Lie-derivative along the vector
field W and « is a constant. The Riemann soliton also corresponds to the Riemann
flow as a fixed point, and on the space of Riemannian metric modulo diffeomorphism
they can be seen as a dynamic system. A Riemann soliton is called expanding, steady
and shrinking when x < 0, kK = 0 and x > 0 respectively.

A (2n + 1)-dimensional Kenmotsu manifold is said to be hyper generalized pseudo
symmetric (which will be abbreviated hereafter as [H(GPS),, V]) if it admits the
equation

(VxR)(Y,V,U, Z)
= 2a(X)R(Y,V,U, Z)+ a(Y)R(X,V,U, Z)
+a(V)R(Y, X, U, Z)+ a(U)R(Y,V, X, Z)
+a(Z)R(Y,V,U, X)+2B8(X)(gAS)Y,V,U,2Z)
+B(Y) (g ASIX, V.U, Z) + B(V) (g A S)(Y, X, U, Z)
+8U) (gAY, V, X, Z)+ B(Z) (9N S)(Y,V,U, X), (3)

where

(GAS)Y, VU, Z2) = g(Y,2)S(V,U) +¢(V,U)S(Y, Z)
—9(Y,U)S(V, 2) —g(V, 2)5(Y, U), (4)

and «, 8 being non-zero 1-forms defined as g(X,0;) = a(X) and g(X, 03) = B(X).

We organize our present paper as follows: After Introduction, in Section 2,
we briefly recall some known results for Kenmotsu manifolds and generelized D-
conformally deformed of a Kenmotsu manifold and claimed some properties of the
deformed Kenmotsu manifold. In Section 3, we discuss the properties of a genere-
lized D-conformally deformed Kenmotsu manifold under hyper generalized pseudo
symmetric curvature condition equipped with Riemann solitions. We determine a
necessary condition for shrinking, steady and expanding of the soliton.
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2. PRELIMINARIES

According to the definition of Blair ([1]), an almost contact structure (¢, £, ) on a
(2n + 1)-dimensional Riemannian manifold satisfies the following conditions

¢ =-I+nQE, (5)
9(X, §) = n(X), (6)
(&) =1, (7)
¢ =0, no¢p =0, rank p =n — 1. (8)
Moreover, if ¢ is a Riemannian metric on M?"*! satisfying
9(oV,¢U) = g(V.U) = n(V)n(U), (9)
9oV, U) = —g(V, oU), (10)

for any vector fields X, Y on M?"*1 then the manifold M2 ! ([1]) is said to admit
an almost contact metric structure (¢, £, 1, g).

Definition 1. (/5]) If in an almost contact metric structure (¢, &, n, g) on M*"+1,
the Riemann connection V of g satisfies (Vxd)Y = g(¢X,Y)§ —n(Y)oX, for any
vector fields X, Y on M?"t1 then the structure is called Kenmotsu.

Proposition 1. ([5], [12]) If (M*"*1 ¢, &, n, g) is a Kenmotsu manifold, then for
any vector fields X, Y, Z on M?"*!, the following relations hold

Vx€&=X—n(X)§, (
(Vxn)Y = g(X,Y) = n(X)n(Y), (
n(R(X,Y)Z) = g(X, Z)n(Y) = g(Y, Z)n(X), (13
R(&X)Y =n(Y)X - g(X,Y)E, (
R(X,Y)§ = n(X)Y —n(Y)X. (
S(X,8) = =2nn(X), (16
Definition 2. (/6]) If a contact metric manifold M*"*1 with the almost contact

metric structure (¢, &, 1, g) is transformed into (¢¢, €2, n?, g%), where

1
¢l = ¢, €d=5€, nt=pn, ¢*=q9+ P> —qn®n, (17)

where p and q are constants such that p # 0 and q > 0, then the transformation is
called a generalized D-conformal deformation.
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Note that the generalized D-conformal deformation give rise to conformal defor-
mation (for p? = ¢) and D-homothetic deformation (for p = g = constant) ([15], [9],
[13]). The generalized D-conformal deformation are studied by various authors in
([21]; [22], [20], [23]).

The relation between the Levi-Civita connections V of g and V¢ of ¢? is given
by ([6])

(P> —q)

VY = Vi + (60X, 6Y ), (18)

for any vector fields X, Y on M?"+!,
In view of (17), (18) and definition of Riemannian curvature tensor, Ricci tensor,
scalar curvature, we get the following;:

Proposition 2. ([6]) If a Kenmotsu structure (¢, €, 1, g) on M1 is transformed
into (¢%, €4, n?, g%) under a generalized D-conformal deformation, then R, R%, S,
S r and r¢ are related by

2 _
Rz = RZ -2 Dg0x,02)Y - g(ov02)X), (19
SUX,Y)=S(X,Y) + Q”O';_q)g(gbx, ¢Y), (20)
r o 2n(2n+ 1)(p? —
,r,d — 5 + ( +p2)(p Q)’ (21)

for any vector fields X, Y, Z on M?"t1,

Now we shall bring out some properties of a generalized D-conformally deformed
structure (¢9, €4, n?, g%) of a Kenmotsu manifold M?2"*+! as follows:

Proposition 3. Under a generalized D-conformal deformation of a Kenmotsu struc-
ture (¢, €, n, g) on M*"*1 is transformed into (¢2, €%, n¢, g%), then for any vector
fields X, Y, Z on M?"t1, we have

¢t =-T+n'®e, (22)

nl(¢h) =1, (23)

¢%e =0, n?o¢? =0, (24)

94 (67X, ¢%Y) = gU(X,Y) — ' (X)n*(Y), (25)
g% (X, &%) = n*(X), (26)
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Vhe! = X = (X)) (27)
(VY = "X Y) = (X (V) (28)
SUX.6) = —2(X), (29)
HRUXY)Z) = 516" (X 200 (Y) = (Y. 2 (), (30)
RUELX)Y = ()X = /(X V)¢ (31)
RIUXYIE = (XY = o'(1)X] (32)
Now using (28) and (29), we obtain
(VLS. =~ g (X,Y) + S, Y], (33)

for any vector fields X Y and Z on M?"+1.

3. MAIN RESULTS

We shall first define a hyper generalized pseudo symmetric space on a generalized
D-conformally deformed Kenmotsu manifold (M?2"+1, ¢4, ¢4, nd, g%).

Definition 3. A generalized D-conformally deformed Kenmotsu manifold (M2"+1, ¢d,
€4t g% is said to be hyper generalized pseudo symmetric if it satisfies the condi-
tion

(VXRO)(Y,V.U.2)

= 224 X)RYY,V,U, Z)+ o*(Y)RY(X,V,U, 2)

+a'(V)RU(Y, X, U, Z)+ oY (U)RYY,V, X, 2)

+a(Z)RUY,V,U, X)+28%X)(g* A SH)(Y,V,U, Z)
BUY) (9" NSH(X, V.U, Z) + BUV) (97 A SH(Y. X, U, Z)

+BU(U) (9" A SN,V X, 2) + 8U(Z) (¢ A SH(Y, V.U X). (34)

—+

where

(@' ASHY VU, Z) = gUY, 2)SUV,U) + ¢*(V,U)SUY, Z)
—g' (Y. 0)8(V.2) - g"(V, 2)S*(Y,U),  (35)
and A% are non-zero 1-forms defined by AY(X) = g*(X, 0;), fori=1,2.
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Now, making use of (35) in (34) we obtained

(VxRHY(Y,V,U, Z)
= 204 X)RYY,V,U, Z)+ o (Y)RUX,V,U, Z)
AWVYRYY, X, U, Z)+ (U)RYY,V, X, Z)
—i—ad( VRAY,V,U, X)+284X)[¢%(Y, 2)SV,U)
SUY, Z) — g4y, U)SUV, Z)
5¢ YU)]+ﬁd( )g'(X, 2)S*(V,U)
Z) — g%(X, U)Sd(V Z)
)]+ﬁd( ) [9%(Y, 2)S%(X, U)
Z) — g (Y,U)S%(X, Z)
)]+ﬂd( ) [9%(Y, Z2)SU(V, X)
Sd(Y Z) — g}Y, X)SUV, Z) — g% (V, Z)SUY, X)]
(Y, )Sd(V U) + g4V, U)Sd(Y X)
—g(Y,U)SYV, X) — g}V, X)S4(Y,U)]. (36)

95
U
/-\A/-\

Now, contracting over Y and Z in (36), we get

(V&SH(V.0)

= 224 X)SUV,U) + a¥(V)SUX,U)
+ad(RU(X, V)U) +28%(QX)g"(V,U)
+a(RYX,U)V) + oX(U)S4X, V)
+28%(X) 208UV, U) + ¢! (V,U)]

+84V) [(2n — 2)SU X, U) + rg"(X, V)]
+84U) [(2n - 2)5Y(X, V) + rig?(X, V)]
—BHQV)g!(X,U) — BUQI )¢ (X, V). (37)
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Now setting U = ¢% and using (29), (31), (32) in the foregoing equation, we obtain
(V&S (v, €%
2n
= *pﬁ[QOéd(X)Ud(V) +ad(V)nh(X)] + a?(¢)SU(X, V)

+p12[gd<x, V)ad(e?) — 22(V)ad(X) + nt(X)ad(V)

n2 nn —
#2000 = 2 v) + g - Oy

+84&%) [2(n — 1)SUV, X) + rigd(V, X)]
+264QUX) (V) — BHQIV)RH(X) + f];ﬁ%fd)gd(v, X)  (38)

which yields by using (33)

1.2n g d
p[p (X,V)+ 58X, V)]
- (27;2* D ad(x) + 289X (r 4;)+2Bd(QdX)] W)
— Dadvy + @t = M0 =Dy iy i ggivydx)

30X V) + (€SI V) + eV, )
+84(ET) [2(n — DSV, X) + rlg? (V. X)]. (39)
We get now putting successively X =V = ¢4,V = ¢% and X = ¢4 in (39), we get

respectively that

2n(2n — 1) 2n o

= =18 = e, (40)
20D ) 4 2800000 - 1) 4 28@0)
=R ety - g (enypd - 222Uy L agaqigtix). an)
and
B Doty + ot - =Dy - i@y
= (O et - (art - 22 ), (12)
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By virtue of (40), (41) and (42), the equation (39) yields
S4(X, V)
o (FNEN + T+ BB + 2
U S el 2 - 1)Ul

)gdw, X)

(10n=1) d/¢d d _ 20n2—14n\ pd/ ¢d
Pz a®(&%) — (5r —T)B(f) d d
B G T T R R

and (40) gives (e
a
BUED)

a_2n
2
Next using (44) in (43) we have

[ + (2n —1)]. (44)

S4(X,V)
@2n+1) d/ed 4n2 nd(¢ed on
() + e + 2F
- | T e |9V
at(eh) + YY)
(; + (€0 + 20 - 1>5d<5d>> R o

Thus we can state the following:

Theorem 1. Let (M?"+1 ¢ ¢4 n? g%) be a hyper generalized pseudo symmetric
generalized D-conformally deformed Kenmotsu manifold. Then such a manifold is
always an n-Einstein provided % + ad(€h) 4+ 2(n — 1)p(&?) # 0.

Theorem 2. The scalar curvature of a hyper generalized pseudo symmetric gener-

alized D-conformally deformed Kenmotsu manifold is %[271 -1+ %].

4. RIEMANN SOLITONS IN THE DEFORMED MANIFOLD WITH POTENTIAL VECTOR
FIELD &7

In this section we consider a generalized D-conformally deformed Kenmotsu man-
ifold (¢?, €2, n?, g?) admitting a Riemann soliton. Then taking (1) and (2) into
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account, we obtain
2R (Y, V,U, Z) + g* (Y, Z) (£¢ag®) (V,U)
+9* (V,U) (£¢ag?) (Y, 2)
—g* (V,U) (£¢ag") (V, Z) — g* (V, Z) (£¢ag®) (Y, U)
= 2 [¢" (v, 2) g (V.U) — ¢ (v.U) g (V. 2)] . (46)

Now by contrction over Y and Z we get

1 1 2nk — div(&?
L) (VU) 4 5 st vy = 2RI gy 1y )
and then 4
rd = 2n[(2n + 1)k — ?”]. (48)
Comparing (44) with (48) we have
p’r(2n+1) = gjgj; +4np+ (2n —1). (49)

This leads to the following:

Theorem 3. Assume that a Kenmotsu structure (¢, €, n, g) on M?"*1 is trans-
formed into (¢¢, €1, n¢, g?) under a generalized D-conformally deformation which is
a hyper generalized pseudo symmetric space. Then the Riemann soliton is expanding,

steady and shrinking as 2n(2p + 1) + % <=>1.
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