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CERTAIN SUBCLASS OF MEROMORPHIC FUNCTIONS
INVOLVING BESSEL OPERATOR

A.S. SHINDE, R.N. INGLE, P.T REDDY

ABSTRACT. In this paper, we introduce and study a new subclass of meromor-
phically uniformly convex functions with positive coefficients defined by a bessel
operator and obtain coefficient estimates, growth and distortion theorem, radius
of convexity,integral transforms, convex linear combinations, convolution properties
and d—neighborhoods for the defined class.
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1. INTRODUCTION

Let X denote the class of meromorphic functions of the form

f(z) = ! + Z amz", (1)
m=1

Tz
which are regular in domain
U={z:2€Cand 0 < |z| <1}

Also, let 3, denote the subclass of ¥ of functions of the form (1) with a,, > 0.
A function f € ¥ is said to be meromorphically starlike of order « if it satisfies

/
Re {zf (Z)} >«
f(2)
for some a(0 < a < 1) and for all z € U. Further, a function f € ¥ is said to be
meromorphically convex of order « if it satisfies

Re {—1 - Z}f:g) } > a
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for some (0 < a < 1) and for all z € U.

Some subclasses of ¥ were described and investigated by Pommerenke [5], Miller
[3], Mogra et al. [4] and see also [7, 8].

We recollect here the generalized Bessel function of first kind of order v (see [1]),
denoted by

_5 (=9 2\ 2mey
wz) = mz::() mIT(y +m + 2L) <§> (e l)

(where I" stands for the Gamma Euler function), which is the particular solution of
the second-order linear homogeneous differential equation (see, for details, [9] )

220" (2) 4 bzw'(2) + [e2? =42 + (1 = b)y|w(z) =0

where ¢,v,b € C. We introduce the function ¢ defined, in terms of the generalized
Bessel function w by

p(z)=2"T (fy + b—|2—1) z*(H%)w(\/E),

By using the well-known Pochhammer symbol (z), defined, for # € C and in
terms of the Euler gamma function, by

(2), = e+p) { 1, (n=0);

I'(z) zx+1)(z+2)---(z+m—-1), (u=meN={1,23---}).

We obtain the following series representation for the function ¢(z)

m+1 b 1 B
o(2) = +Z4m“(7(n+)1)()m+1zm< +L¢ZO_{0 })

For functions f € ¥ given by (1) and g € ¥ given by
_1 + i by 2™
= - 2 i

we define the Hadamard product of f and g by

(f*xg)(z f—i—Zammzm.
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Corresponding to the function ¢ define the Bessel operator S ¢ by the following
Hadamard product
IR CY

SR = (e N =+ 3 ot

4 m m

z

Z =
LS b, Jame™ ©)
== m,T, ¢, )amz",
z m:1 ) P}
where ¢p(m,7,¢,) = %.
It easy to verify from the definition (2) that
2S5 f ()] = TS, F(2) — (r+ 18,50 £(2), 3)

Motivated by Venkateswarlu et al. [7, 8], now we define a new subclass ¥, (7, ¢, o, 3)
of ¥y,

Definition 1. For —1 < a <1 and > 1, we let X),(7, ¢, o, B) be the subclass of 3,
consisting of the form (1) and satisfying the analytic criterion

LG 2(S,°1(2))
R{ &#u>+'}>ﬁ S o f(2)

+1‘, (4)

S Cf(z) is given by (2)

The main object of the paper is to study some usual properties of the geomet-
ric function theory such as coefficient bounds, growth and distortion properties,
radius of convexity, convex linear combination and convolution properties, integral
operators and d—neighbourhoods for the class X,(7, ¢, a, 3).

2. COEFFICIENT INEQUALITY

In this section we obtain the coefficient bounds of function f(z) for the class £,(7, ¢, o, §).

Theorem 1. A function f(z) of the form (1) is in Xp(7, ¢, o, B) if

> d(m, 7)) [(1+B8)(m+1)+1-0] |am| < (1-a) (<1< a<1land B >1). (5)

m=1

Proof. 1t sufficient to show that

SLCN | e A8

g 5.7()

5.f(2) F1p<0-a)
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WehaveB‘W+l‘+Re{W+l}

) S, 1(2)
sa+6>f?ﬁ%”+4
(1+8) > ém 7 c)(m+ Dlan]|="]
S m:loO
ﬁ - mZ:I ¢(m7 T, C, )|am|‘zm’

Letting z — 1 along the real axis, we obtain

(143) 3 6(m.7.c.)(m+ Dla|

<
= )
1- Z QZ)(mvT)C?)’am‘
m=1

The above expression is bounded by (1 — «) if

> ¢(m,e)[(L+B)(m+1)+1-a] lam| < (1—a).

m=1
Hence the theorem is completed.

Corollary 2. Let the function f(z) defined by (1) be in the class X,(7, c,a, 5). Then

am < 1-o) (m>1). (6)

i’:; p(m,7,¢,)[(1+B)(m+1)+1—q

Equality holds for the function of the form

o 1 (1 B Oé) Zm
fm(z) = z + d(m, e )1+ B)(m+1)+1—a] = (7)

3. DISTORTION THEOREMS

In this section we obtain distortion bounds for the class X,(7, ¢, a, 5).

Theorem 3. Let the function f(z) defined by (1) be in the class Xp(T, ¢, a, 3). Then
for 0 < |z| =r <1,
1 (1-a) 1 (1—-a)

r T amoBre—a S MO o S oB s Al

(8)
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with equality for the function

—1 (1-a) zat z=rr
(z) = s o(1,7,¢)34+ 28 — q] ! T ©)

Proof. Suppose f(z) is in X,(7, ¢, o, 3). In view of Theorem 1, we have

6(1,7,¢)[3 + 28 — a élam < n;ild)(m,ﬂc,)[(l LB (m+ D) +1—a] <(1-a)

o
which evidently ylelds TnZZI Qo S m

Consequently, we obtain

1l = |

IN
[
_|_
=
(]
S
3

1 l—«o

- 1 >
Ao, 1f(:) = |2+ 3 ans| 2 2] = 3 anlof”

m=1 m=1

1 o0

> ——r am

T
m=1

1 1«

>
T A roB+28—af
Hence the results (8) follow.

Theorem 4. Let the function f(z) defined by (1) be in the class ¥p(7, ¢, o, §). Then
forO<|z|=7r <1,

1 1—« 1 l1—«

ply s e e R U OO e ey Yo

The result is sharp, the extremal function being of the form (7)

Proof. From Theorem 1, we have
(L 7,0)3+28—a] 3 mam < 3] ¢(m,7,c)[(1+B)(m+1)+1-a] <(1-aq)
m=1 m=1



A.S. Shinde, R.N. Ingle, P.T Reddy — Subclass of Meromorphic Functions ...

o
which evidently yields > may, <
m=1
Consequently, we obtain

l—«a
#(1,7,0)[3+28—0]

1 > -
') < |5+ mapr™!
m=1
1 0
< ) + Z My,
m=1
1 (1-a)
— 2 9,1, 0)34+28—a]

Also, |f'(2)| >

1 (o]
o E may,r™

m=1
1 (o]
Z 3~ Z mam
" m=1
1 11—«
(

ST G0 oB 28 —a]
This completes the proof.

4. CLASS PRESERVING INTEGRAL OPERATORS
In this section we consider the class preserving integral operator of the form (1).

Theorem 5. Let the function f(z) defined by (1) be in the class Xp(7, ¢, a, B). Then

z

ot [ 1\ m
f(z) =wvz 1/75 f(t)dt:z+z_:l1j+vnz—|—jl amz™ (v >0) (10)
0 m=

is in Xp (6, B), where

(m+1)(1+8)+av(l-p5)+(1—-a)
(w+m+1)(1+8)+(1—a)

o(r,c,a, B,v) =

The result is sharp for f(z) = % + %z.

Proof. Suppose f(z) =

W=

oo
+ > ap2™isin Xy(7, ¢, o, B). We have
=1

f(z) =vzv! (j;t“f(t)dt =14 mzzzl Tt m2™ (v > 0).
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It is sufficient to show that

i ¢(m,1,c,)[(1+B)(m+1) +1— ] v

<1.
1-90 U+m—|—1am_1 (12)
Since f(z) is in X,(7, ¢, v, 3), we have
[(1 1-—
l-«
Thus (12) will be satisfied if
(1+5) m+1 +1-4 v 1+8)(m+1)+1—a
Z [( ) ]U+m+1 _mzl [ )(1 a) I
Solvmg for 0, we obtain
1 1 1-— 1-—
s LEAmE) rav =g +(=a) oo "

- (v+m+1)(1-08)+(1—a)

A simple computation will show that G(m) is increasing and G(m) > G(1). Using
this, the result follows.

5. CONVEX LINEAR COMBINATIONS AND CONVOLUTION PROPERTIES

In this section we obtain sharp for f(z) is meromorphically convex of order ¢ and
necessary and sufficient condition for f(z) is in the class ¥,(7, ¢, @, ) and also proved
that convolution is in the class.

Theorem 6. If the function f(2) =1+ Y amz™ is in Sy(7,c,a, B) then f(z) is
)

meromorphically convex of order §(0 <

(1 —5)¢(m77,c,)[(1+ﬂ)(1+m)+1—a]}mil'

r(r,c,a, 3,0) = inf { (= o)m(m+2—3)

m>1
The result is sharp.

Proof. Let f(z) be in X,(7,¢, o, 8). Then, by Theorem 1, we have

> dm, 7 e)[(L+B)1+m) +1 - allam| < (1 - a). (15)
m=1
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It is sufficient to show that ‘2 + ZJ{,IES') < (1=296) for |z| < r =r(r,c,a,B,5), where

r(1,c,a, B,0) is specified in the statement of the theorem. Then

(o]

, 5 m(m+ Va3 m(m + a2+
‘2 + Zf (Z) _ |m=1 < m=1
/ o0 — o0
1'(z) ;721 + > magzm ! 1= 3 mapy|z|™t!
m=1 m=1
This will be bounded by (1 —4) if

> m(m +2 - 5) m—+1
Dol <L (16)

m=1

By (15), it follows that (16) is true if

m(m +2 - 9) 2+ < ¢(m,7,¢,)[(1+B)(m +1) +1 - o

>
= al (m21)

l—«

or |z| <

{a—®Mmmmmu+ﬁwn+n+1_@}é3 -

(1 —a)ym(m+2—9)
Setting |z| = r(7,¢,a, 8,9) in (17), the result follows. The result is sharp for the
function

(1-a)

1 m
fm(2) = 2 + d(m,m,c)[(1+B)(m+1)+1— a]z (m = 1).

Theorem 7. Let fo(2) = L and fn(z) =2 + qb(m,‘r,c,)[(1&5)?371—%1)—&—1—04] 2™ (m > 1).
Then f(z) = % + > apz™ is in the class ¥,(7, ¢, o, B) if and only if it can be
m=1
expressed in the form f(z) = wofo(z) + > wmfm(z), where wy > 0,wp, > 0,m > 1
m=1

[ee]
and wo + Y wm = 1.

m=1

Proof. Let f(z) = wofo(z) + > wmfm(z) with wg > 0,wy, > 0,m > 1 and wo +
m=1
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o0
> wpy = 1. Then
m=1

f( _WOfO +z:ffumfm

_ - w (1—0[) Zm
=2 S+ Z:: m g e 1+ B)(m+ 1) +1—a]
e (m,T,c, 1+ﬁ)(m+1)+1—a]w (1-a)
& Z (1-a) " p(m, T, )[(1+B)(m+1)+1—a

00
:Zwmzl—wal.
m=1

By Theorem 1, f(z) is in the class 3, (7, ¢, «, ).
Conversely suppose that the function f(z) is in the class X,(7, ¢, o, ), since

o < (1—-a)
"= p(m, T, e)[(1+B)(m+1)+1—q]

> m,T,c,)|(1 m—+1 11—«
wmzqu( )[( ﬂ(Llﬁ_)(a)Jr )+ ]

2™ (m>1).

o0
a, and wozl—Zwm.

m=1 m=1

It follows that f(z) = wofo(2) + Z Wi fm(2).
This completes the proof of the theorem

For the functions f(2) = 24+ 3 an2™ and g(z) = L + Z b 2™ belongs to X,
m=1
we denoted by (f * g)(z) the convolution of f(z) and g(z) nd defined as

(f*g *‘i‘zammz

Theorem 8. If the function f(z) =1+ Z am2™ and g(z) = L+ 3 bpz™ are in
m=1

the class ¥p,(T,c, a0, B) then (f * g)(z) is in the class ¥p(7, ¢, , B).

Proof. Suppose f(z) and g(z) are in X,(7, ¢, o, 5). By Theorem 1, we have

Z(me, DA+ B)(m+1)+1—af

<1
(1—a) Am =
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and f: (ﬁ(m,r,c,)[(l-i-ﬁ)(m—i-1)—i—1—Oz]bmS L

1-a)

Since f(z) and g(z) are regular are in E, so is (f * g)(z). Further more

i d(m, T, ¢,)[(1 —(Fl,é’_)(oflz;—k 1)+1 —a]ambm

2 (plm,,e)(1+B8)(m+1)+1—a])?
: Z{ 1-a) } @mbim

— ¢(m,7,¢,)[(1+B)(m+1)+1—a]
= (Z (1—a) am)

(i ¢(m,7,¢,)[(1 (+1/3_)($+ 1)+1- a]bm)

Hence, by Theorem 1, (f * g)(2) is in the class ¥,(7, ¢, o, B).

6. NEIGHBORHOODS FOR THE CLASS ¥,(7, ¢, o, 5,7)

In this section we define the d—neighborhood of a function f(z) and establish a
relation between d—neighborhood and X,(7, ¢, o, 8, 7) class of a function.

Definition 2. A function f € X, is said to in the class X,(7,c, o, B,7) if there
exists a function g € Xp(7, ¢, o, B) such that

‘—1‘ (1-7) (z€E,0<~y<1). (18)
Following the earlier works on neighborhoods of analytic functions by Goodman

[2] and Ruschweyh [6]. We defined the —neighborhood of a function f € ¥, by

[e.9]

Ns(f) = {gGEp | g(z 7+mez : Zm|am—bm|§5}. (19)

m=1

Theorem 9. If g € ¥,(7,¢,a, 5) and

03428 —alo(l,7,¢)
B B4+28 —a]op(l,7,¢) — 14+«

then Ns(g) C ,(1, ¢, B,7).

v = (20)

10
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Proof. Let f € Ns(g). Then we find from (19) that

[e.9]

> mlam —bp| <6 (21)

m=1

o0
which implies the coefficient of inequality > |am —bpn| < (m € N).

m=1
Since g S Ep(T7 C,OK,,B)7 we have mz:1 bm = M%
So that
i |am — b
'f(z) _1‘<m1 < OB3+28—alg(l,T ) 1~
9(2)

1_ § by, T B+28—-alo(l,T,c) — 1+«
m=1

provided « is given by (20).
Hence, by Definition 2 , f € ¥,(7,¢, o, 8,7) for v given by (20), which completes
the proof of theorem.
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