Acta Universitatis Apulensis No. 62/2020
ISSN: 1582-5329 pp. 81-91
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2020.62.07

A SUBCLASS OF P-VALENTLY CLOSE-TO-CONVEX FUNCTIONS
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ABSTRACT. In the present paper we introduce and investigate an intresting

subclass IC;gk) (A, B, «) analytic and p-valently close-to-convex functions in the open

unit disk U. For functions belonging to ICI(,k) (A, B, a), we derive several properties
including coefficient estimates, sufficient condition, distortion theorem. The connec-

tion with earliar works are also pointed out.
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1. INTRODUCTION AND DEFINITIONS

Let A, denote the class of all functions of the form

f(z) =P+ Z ap+nzp+n (p € N)a (1)

n=1

which are analytic in the open unit disc U = {z € C : |z| < 1}. In particular,
we write A7 = A. For any two analytic functions f and g in U, we say that f is
subordinate to g in U, written as f < g if there exists a Schwarz function w such that
f(z) = g(w(z)), for z € U. In particular, if g is univalent in U, then f is subordinate
to g iff f(0) = g(0) and f(U) C g(U).

For -1 < B < A < 1, Janowski [6] introduced a class P[A, B] consisting of
analytic functions of the form

pi(2) =1+ bz +bo2® + -,
which satisfies

1+ Az
1+ Bz

p1(z) < (z € U).
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Further for -1 < B < A <1 and 0 < a < p, Aouf [1] studied the class P[A, B, p, o
consisting of analytic functions of the form

p(z)=ptecrzte -,
satisfying
p+[pB+(A-B)(p—a)lz
1+ Bz

A simple calculation shows that if p € P[A, B, p,a] then there exist p; € P[A, B]
such that

p(z) < (z € ).

p(z) = (p— a)pi(2) + a.
Let Sy(A, B, a) be the class of the function of f € A, satisfying

2f (2)
€ P|A,B,p,« zeU
[ e piappal (zeU)
and Cp(A, B, a) be the class of the function of f € A, for which
1+Z//(Z)€P[ABpa] (z € U)
fl(z) ) YL *

The classes Sp(A, B,a) and Cy(A, B, a) include several well known subclasses of
p-valent starlike and convex functions as special cases. Specially for the class
Sp(A, B,a), we see that Sp(1,—-1,a) = S;(a), Sf(a) = §*(a), §;(0) = S, and
S1(A, B,0) = §*(A, B). Note that S;(«a), the class of p-valent starlike function of
order «, was studied by Goluzina [5], and S*(A, B) was introduced by Janowaski
[6]. Several properties including coefficient bounds for the class Sp(A, B, a) are ear-
lier studied and investigated by Aouf [1] and Sahoo and Sharma [10]. In a similar
manner a class K,(A, B, ) for p-valent close-to-convex function can be defined as:

A function f € A, is said to belong to the class K,(A, B, «) if it satisfies the
inclusion relation

f ()
) € P[A, B, p,a] (z € 1), (2)

where g € S;.

Recently, Bulut [2] discussed a class Kt (v, p) for analytic and p-valently close-to-

convex functions. A function f € A, is said to be in the class ICgk) (v,p) if there

exist a function g € S;(UC_TI)Z’) (k € N is a fixed integer) such that
(kfl)erlf’( )
z z
Re| ——— ) > zelU; 0<y<p),
( e ) 7 7 <p)
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where gj, is defined by the equality

k—1
= H e Pg(e¥z); e= . (3)
v=0

makes Z?,fﬁ%p a p-valant starlike function which in

Here assuming g € S;(@)

turn implies the close-to-convexity of f. Recently several similar classes of ICgk) (v,p)
for analytic function have been defined and investigated, some of them we refer to
3,7, 8,12, 13, 14, 15, 16].

Motivated essentially by the works of Bulut [2] and Aouf [1], we introduce here

a new class ICZ(;k)(A,B,oz) for p-valently close-to-convex functions in the following
manner:

Definition 1. For 0 < a <1 and -1 < B < A <1, a function f € A, is said to be

in the class Kék) (A, B,«), if there exist a function g € S*((k Up PY (k € N is a fized
integer) such that
Z(k—l)p—i—lf’(z)

€ P[A,B,p,«
e [ ]

or equivalently

ZE=1pH £ () _P+[PB+(A-B)p—a):
gr(2) 1+ Bz ’

where gy, is defined by the equality (3).

For k=1, the class ICI(,k)(A, B, o) reduces to the class of functions K,(A, B, o). It

may be pointed out here that, the class Kék)(A, B, «) generalizes several previously
studied function classes. We deem it proper to demonstrate briefly the relevant con-
nectlons with some of the well-known classes. Indeed, we have

(i) K (1 ~La) = K(a) (see [2])

(i) K (1 -1,0) = Ks (see [4])

(iii) K (1 -1 a) = Ks(a) (see [8])

() K M1, -1,0) = /d’“)(a) (see [11])
(v) k(8. m, @) = KM (,0,8) (see [12)).

In the present investigation, we derive several properties including coefficient
estimates, sufficient condition and distortion theorem for function belonging to the
class /CI(?’C) (A, B, ).
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2. MAIN RESULTS

In order to prove our main results for the function class IC,(,k) (A, B, a), we need the
following lemma:

Lemma 1. [2] If

N, e gr (P
g(z) =2 + ; bpin2l T € Sp( ’ )
and
kol 2meL
z) = H e Py(e2); e=e*k,
v=0
then -
9k (2) .
G(2) = gopy =+ > Byt e Sy, (5)
n=1

Theorem 2. Let 0 < a <1, -1 < B< A<, f given by (1) and g € S;((k;kl)p)
are such that the condition (4) holds. Then for n > 1, we have

|(p + n)ap-i-n - po+n|2 —(A- 3)2(1’7 - a)2

m—1

{(B2=1)(p+n)2lapsn = 2(B{pB+(A=B)(p—a)}=p) (p+1) ayn Byl

n=1
2
+[(pB+(A=B)p— )’ = Bypeal}. (6)
Proof. Let f € /CI(?’C) (A, B, a), then by definition of subordination, we have

2f'(z) _p+[pB+ (A= B)p—a)uw(z)

G(z) 1+ Bw(z) (z€0),

where w is an analytic functions in U with w(z) < 1 for z € U and G is given by (5).
From the above equality, we obtain

2f'(2) = pG(2) = [(pB+ (A= B)p - 0))G(2) - Bz ()|w(z) . (7)

Now, we put w(z) = Y 7, wyz", and substitute the series expansions (1) and (5),
and cancel the factor zP on both sides, we obtain

oo
Z p+n ap+n poJrn]zn
n=1
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= { [pB+(A—B)(p—a)] (zp—l—z By’ —B (pzp+2(p+n)ap+nzp+”) } Z wp 2"
n=1 n=1 n=1
(8)

Equating the coefficient of 2™ in (8), gives us
(p + m)aerm - po+m

= (A—B)(p— @)wm + ((pB+ (A= B)(p — @) Bpy1 — B(p + 1)aps1) wm—1 + ...

+ ((pB + (A= B)(p—a)Bpym—1— Bp+m— 1)ap+m—1)w1
m—1
=(A-B)(p— a)wnm + Z ((pB +(A—-B)(p— a))Bern — B(p+ n)aern)wmfn
n=1
which shows that (p +m)ap+m — pBptm on the right hand side of (8) depends only
on ap41, Bpi1, apt2, Bpt2, oy Gptm—1, Bpym—1, of left-hand side. Hence, for n > 1,
we can write

m—1
(A=B)(p—a)+ Y (0B + (A= B)(p— a)) Bpin — B(p + n)apin) =" anz
n=1
Z p+n ap—i—n po+n 2"+ Z Ap2". (9)

n=m-+1

Using the fact that |w(z)| < 1 for all z € U in (9), it reduce to inequality

m—1
(A=B)p—a)+ Y _ ((pB+ (A= B)(p—))Bypsn — Blp+n)apn)z"
n=1
> Z ((p +n)apin — po+n)z" + Z A"
n=1 n=m+1

On squaring the above inequality and integrating along |z| = r < 1, we obtain

/271'
0

2

m—1
(A — B)( )+ Z (pB+ (A—B)(p— ))Bern—B(pﬂ—n)aern)T”eme db

n=1

2
do .

m

2
~ / Z ((p—l—n)aern po+n) n Zna + Z A r"e ind
0

n=1 n=m+1
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Using the Paraseval’s inequality, we get

m—1
(A= B)p—a)l?+ D |(pB + (A~ B)(p — @) Bppn — B(p + n)apsn| 1"

n=1

m 0o
2
> Z ‘(p + n)apin — po—i—n‘ " 4 Z ’An|2r2n'
n=1 n=m-+1

Letting » — 1 in this inequality, we reach to

m—1

Z (p+n) aern_poan’ < [(A=B)(p—o)| +Z | pB+(A-B)(p— a))Bp+n_B(p+n)ap+n|2~

n=1

Hence we deduce that

|(p+ n)apsn — po-i-n‘Q —(A=B)*(p—a)?
< Z{ _1 p—l—n) |ap+n‘ —2(B{pB—|— (A=B)(p—a)} - p)(p+n)’ap+n By in|

+[(pB+ (A= B)(p - a))’ —p2HBp+n!2},

and thus we obtain the inequality (6). Which completes the proof of Theorem 2.

Theorem 3. For 0 < a <1, -1< B <A<, f given by (1) and g € S;((k?)p)
such that

(1=B)> (p+n)|apn| +[p+pB+(A=B)(p—a)] > _ |Bpial < (A= B)(p—a), (10)
n=1 n=1

then f € lclgk)(A,B,a).
Proof. For f given by (1) and G defined by (5), we set

A=|2f (2) = pG()| = B + (A= B)(p - )]G(2) - B=f'(2)|

oo oo
- ’ Z(p + n)ap+nzp+n -Dp Z Bp+nzp+n‘

n=1 n=1

—{ ’—B (pzp+i(p+n)ap+nzp+”) +[pB+(A-B)(p—a)] (zp+i Byin2"t) ’ }

n=1 n=1
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o0
Z P+ 1)|apnl|z P +pZ | Byynll2P™

n=1

- ((A—B)(p—a)|2|p+3 > wrn)lap |z ~[pB+(A=B)(p—a)] ) IBp+nHz|”+")

n=1 n=1

—(A=B)(p—a)|z["+(1-B) Zern |ap-4nl| 2”7 +[p+pB+(A-B)(p—a) Z|3p+n\|2|p+"

n=1

= (~(-B)w B) S (p4lapenl+ppB+ (A= B)(p-a)] Y By ) 217
n=1

n=1

From the inequality (10), we obtain that A < 0.
Thus we have

2f'(2) = pG(2)| < |IPB + (A= B)(p — 0)|G(2) - B2 (2)].
Hence f € /CZE,"“) (A, B, ). This completes the proof of Theorem 3.

Theorem 4. If f € lCék)(A,B,oz), then for |z| =r (0 <r < 1), we have

[p— (pB+ (A —B)(p—a))r|r?~!
(1—Br)(1+1r)%

[T lp= @B+ (A= B)(p—a)r)r?" "[p+ B+ (A-B)p—a)r]r"!
@ | T Eae i<l +Bna-ow i

Proof. If f € IC]()k) (A, B, o), then there exist a function g € S;((k?)p) such that (4)
holds.
(1) Since G given by (5) is p-valently starlike function. Hence from [1, Theorem 1],

[p+ B+ (A—B)(p—a))rjr’!

s GEls 1+ Bl )

(4)

(11)

we have
(lz2| =7 (0<r<1)). (13)

then from (4), we have

[p— (pB+ (A—B)(p—a))r] [p+ (pB+ (A—B)(p—a))r]
(- B <) = (11 Br)

(z € U).
(14)
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Thus from (13) and (14), we get the inequalities (11).
(#3) Let z = re¥ (0 < 7 < 1). If I denotes the closed line-segment in the complex
¢—plane from ¢ = 0 and ¢ = z, i.e. [ = [0, re?], then we have

f(z) = /Z F(Q)d¢ = /O ' f (re?)edr.

Thus, by using the upper estimate in (11), we have

' " — —a))r]rPt
£(2)] =] /l F(©dc| < /0 I (re?)|dr < /0 [P+<p3(1+ f; 7)1(31)(—297)%)) I

which yields the right hand of the inequality in (12).

In order to prove the lower bound in (12), let 29 € U with |z9| =7 (0 < r < 1), such
that |£(z0)| = min{|f(2)] : |2 = r}.

It is sufficient to prove that the left-hand side inequality holds for this point zp.
Moreover, we have

= f(z0)| (2l =7 (0 <7 <1)).

The image of the closed line-segment lg = [0, f(20)] by f~! is a piece of arc T’
included in the closed disc U, = {z: 2 € C and |z| <r (0 <r < 1)}, that is,
I' = f~!(lp) C U,. Hence, in accordance with (11),we obtain

sl = [ laul = [ 1 Q> [ LGB AP,

This finishes the proof of the inequality (12).

Remark 1. Note that the results obtained in above Theorems generalize several
previously studied results, and we will show some of the interesting particular cases
as follows:

(i)For A = 1 and B = -1, Theorem 2, 3 and 4 give recent results by Bulut [2].
(ii)Forp = 1, A = 1 and B = -1, Theorem 2, 3 and 4 provide results by seker [11].
(iii)For p = 1, A = 3 and B = —f~, Theorem 2, 8 and 4 provide results by seker
and Cho [12].

Let f(z) = 92 1a,2™ and g(z) = X922 1b,2" be two analytic functions defined in
D. Then there Hadamard product (or convolution) is the function (f % g)(z) defined
by
(f *9)(2) = EpZyanbnz".

The classes of starlike and convex functions are closed under convolution with convex
function. The following lemma is required for our next result.
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Lemma 5. [9] Let ¢ and ¢ be convezr in U and suppose f < 1, then
fxo=1vx0.
Theorem 6. If f ICSC) (A, B, ), then there exists

p+[pB+(A—-B)(p—a)z
9(2) < 1+ Bz

such that for all s and t with |s| <1 and |t] <1,

=1 (s2)q(t2) 1—tz\2p
sP=1f (t2)q(sz2) = (1 — sz) '

Proof. Let f € ICI(,k) (A, B, «), then there exist g € S;((k_kl)p). Suppose

_ ()
Q(Z) - G(Z) )
where G given by (5). Then by (3), we have

P B+ (A= B)p-a)l:

q(2)

1+ Bz
Logarithmic derivative of (16), implies
2f(2) 24 (2) G (2)
fz) az) G(2)

Since G € Sy, so that

From (17) and (18), we have

1" ’ 2
) @), W

f(z) a2 l—z

For s and t such that |s| <1 and |t| < 1, the function

7 s t
h(z) = — d
(2) /0 1—su l—tuu

is convex in U. Applying Lemma 5, we have

) 6)
& d)

2pz
1—-2

+1—p)*h(z)-<

* h(z).
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Given any function k analytic in U, with k(0) = 0, we have

ke = [k e

z

which implies that

(5217 (s2)qlt2)
o3| e F e halon)

which is equivalent to (15). This completes the proof of Theorem 6.

} - log{l_t'zrp,

1—sz
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