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JACOBI SPECTRAL GALERKIN METHODS FOR THE
EIGENVALUE PROBLEM OF A COMPACT INTEGRAL
OPERATOR
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ABSTRACT. In this paper, we propose Jacobi spectral Galerkin methods for solv-
ing the eigenvalue problem of a compact integral operator with the smooth kernel.
We calculate the error bounds of approximated eigenelements with exacteigen ele-
ments both in weighted L? and infinity norm. We propose discrete Jacobi spectral
Galerkin method where the integral operator and the inner product are approxi-
mated by using the quadrature formula with Jacobi weight. We evaluate the error
bounds of approximated eigenelements with exact eigenelements in both the infinity
and weighted norms. Numerical examples are presented to illustrate the theoretical
results.
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1. INTRODUCTION

The eigenvalue problem of a compact integral operator defined on Banach spaces
plays an important role in Engineering, Mathematical physics. Since the problem
can not be solved explicitly, there are many numerical methods have been developed
by many authors [1, 2, 3, 9, 13]. Projection methods are the important methods to
solve this problem numerically. In [8], the eigenvalue problem of a compact integral
operator have been solved by using piecewise polynomial methods. In piecewise
polynomial based projection methods the number of partition should be increased
to get more accurate approximate solution. Hence, one has to solve a large system
of equations which take lots of time to compute. Recently, spectral methods are in
attention of many researchers. Legendre and Jacobi spectral projection methods for
eigenvalue problem have been developed by [10, 11, 12].
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Jacobi spectral collocation and Jacobi spectral Galerkin methods have been ap-
plied on different types of integral equations[5, 4, 6]. In this paper we will provide
a Jacobi spectral Galerkin method method for solving the eigenvalue problem of a
compact integral operator with smooth kernel. By using the sufficiently accurate
quadrature rule, the Jacobi spectral Galerkin methods give rise to discrete Jacobi
spectral Galerkin methods. We will discuss on the convergence analysis of exact
eigenelements with approximated eigenelements in both weighted L? and infinity
norm.

Throughout this paper, we assume c is the generic constant.

2. JACOBI SPECTRAL GALERKIN METHODS:

In this section, we will discuss on the Jacobi spectral Galerkin methods for solving
eigenvalue problem of a compact linear integral operator with smooth kernels.
Define a weighted space

L2, s[~1,1] = {v : v is measurable and ||v|,as < 00},

where

0[] o = < / 11 wa’ﬂ(x)UQ(x)dx>é .

Consider the following integral operator K defined on X = L2, ;[-1,1] or L>°[—1,1]
by

1

Ku(z) :/ k(xz,t)u(t) dt, € [-1,1], (1)
-1

where k(.,.) € C([—1,1] x [-1,1]). Then K : X — X is a compact operator.

We are interested to find u # 0 € X and A € C\{0} such that

Ku = Au, |lu]| = 1. (2)

Assume X # 0 be the eigenvalue of IC with algebraic multiplicity m and ascent [. Let
I’ C p(K) be a simple closed rectifiable curve such that o ()N int T = {A\}, 0 ¢ int T,
where int " denotes the interior of T'.

Let us demonstrate the numerical implementation of the Jacobi spectral Galerkin
approach to solve (2). Denote X,, a space consisting of polynomials defined on
[—1,1] with degree not more than n. Let ¢;(x), j = 0,1,---,n be the j-th Jacobi
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polynomial corresponding to the weight function w®?(z) = (1 — 2)*(1 + x)? with
o, > —1. As a result

Xp = Span{ﬁbo(f)v ¢1(x)’ e ’¢n($)}
Our aim is to find u, € X,, and \,, such that

(K, Un) a8 = A (Uny Un)ors, Yo € Xy, (3)

where (u,v), 05 = f_ll w*P(x)u(z)v(z)dr is the continuous inner product. Set
un(z) = 3°%_ga;d;(z). Substituting it into equation (3) and taking v, = ¢;(),

we obtain
n

n
D ai(Kej, di)ues =An D aj(ds, §i)uas- (4)
j=0 Jj=0
Now, we will give some useful lemmas and notations, which play a significant role in

the convergence analysis later. First we define the orthogonal projection operator
PP . X — X,, which satisfies

(PoBU, 0 paus = (U Up)pars, Yu € X, v, € Xp. (5)
Define
H", 5[-1,1] = {v: D*v e L2, 5[-1,1], 0 < k < m},
equipped with the norm

n !
k
lollan, -1 = (Z ID vuzja,ﬁ)
k=0

with DFy = Z%’ When w®?(z) = 1, L2, s[-1,1], H™ ;[—1,1] and [|.|[,e.s are
denoted simply by L2, H™[—1,1] and |||, respectively.

In bounding the above approximation error, only some of the L? norms appearing in
the right hand side of above norm enter into play. Thus it is convenient to introduce
the seminorm

m

e = 2 1Dkl
k=min(m,n+1)

Now the spectral method for the eigenvalue problem (2) is defined as follows: find
upn, € X,, and A\, € C\{0}, such that

PP Ky = Aty ||| = 1. (6)
The iterated eigenvector is defined by u,, = ﬁlCun.

We quote the following properties of Py  from [4, 5, 6, 7].
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Lemma 1. Suppose that v € H, ;[—1,1] and m > 1. Then the following holds.

O(logn) —l1<a,f<—3;
. a,B _ a,B — ’ ’ 2
@) [P lloo = maxuj,=1 [Pn"ullc = { O(nztmax{aBly  otherwise.

(ii) For any u € C[—1, 1], there exists a positive constant & independent of n such that
1P P ull s < €ElJt]oo
(iii) For a, 8> —1, and 1 <1 <'m,
lo = PrPo]lyes < e ol 1),

_1_
lo =Pl < en® 2 olgme .

(iv) For -1 < o, 5 <0,,

3_
[ = PPv| Lo < cni "olam, -1

Next we discuss the convergence of approximated eigenvalues and eigenvectors
to the exact eigenvalues and eigenvectors of the integral operator K. To do this, we
set the following notations.

Set k(z,t) = ky(t) for x,t € [-1,1].

1 1
am
Kl = | | gmkettuae]  <d| [ o] < s @)

in which, we have implemented the fact that

1 2
2
| [ e, < clullos.

Lemma 2. ([1]) Let X be a Banach space and S C X is a relatively compact set.
Assume that T and T, are bounded linear operators from X to X satisfying || Tn|| < ¢,
for alln € N, and for each x € S,

|7Tn —T| =0 as n— oo,
where ¢ is a constant independent of n. Then || T, — T || = 0 uniformly for all x € S.

We first show that the spectral projection operator Py P converges to K in
both weighted L? norm and infinity norm.

Theorem 3. PEPK is norm-convergent to KC in weighted Liw3 norm and infinity
norm.
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Proof. Using Lemma-1 and equation (7), we obtain
I = Pl < ™Kl 1y < el
I(Z = Pe?)Kull e < end ™™ |Kulgr (1 1y < end ™ s
From these estimates, it follows that || (Z—P5"?)K||yes — 0 and [(Z—PyP)K| e —
0 for sufficiently large n.
Theorem 4. KPy" is norm-convergent to K in weighted Lia,ﬁ norm.

Proof. Using Cauchy-Schwarz inequality, it can be easily shown that

1/2
1Kulloo < lullaers I1E o111

~ w—o—B8"
Replacing u by (Z — Py B Ju in above equation, we obtain

12y 1T — PPy

T = PP Yullyos < enfulgrn 1oy

1T = PP )ullyes <
<

This shows that KPS is point-wise converges to K on C[—1,1]. Let B = {u € X :
|lu|| < 1} be a closed unit ball in C[—1,1]. Since K is compact operator, the set
S = {Ku : u € B} is a relatively compact set in C[—1,1]. Now using Lemma-2, we
have
IK(PR? = D)Kllyes = sup{[IK(PR” —I)Kullyos : u € BY
= sup{||K(PY? — T)ul|yas : u € S} = 0 as n — oc.

Again for a relatively compact set Sy = {KP3u : u € B}, we conclude that

PR = K)KPR s = sup{[|K(Py? = T)KPul|yos : u € B}
= sup{||K(P2F — T)ul|yos : u € Sa} — 0 as n — oo.

This gives KPPy B g v-convergent to K. This completes the proof.

Since KPy s norm-convergent to K, in Liaﬁ, the spectrum of KPPy, # inside
I' consists of m eigenvalues, say A, 1, An2, -, Apm counted accordingly to their
algebraic multiplicities inside I'. Let

>\n,1 + >\n,2 +--- 4+ )\n,m
m

A =
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denote their arithmetic mean and we approximate A by Xn Let P and 735 be the
spectral projections of K and Py 8 IC, respectively, associated with their correspond-
ing spectral inside T'.

To discuss the closeness of eigenfunctions of the integral operator X and those
of the approximate operators Py B K, we recall the concept of the gap between the
spectral subspaces. For nonzero subspaces Y; and Yo of X, and for ¢ = w®? or oo,
let

0q(Y1,Y2) = sup{disty(y, Y2) : y € Y1, [|yllq = 1},

then

~

6Q(Y17 YQ) = max{éq(Yl, Y2)7 6Q(Y27 Yl)}7

denotes the gap between the spectral subspaces in weighted norm and infinity norm.
We quote the following theorems, which helps us to calculate the error bounds
of eigenvalue, eigenvector and iterated eigenvectors.

Theorem 5. ([9, 10]) Then for sufficiently large n and for i = 1,2,--- ,m, there
exists a constant ¢ independent of n such that

A= Aa| < (KPP — )| oo
A= Anil! < e [|(KPEE — K)K | yoos -

Theorem 6. (]9, 10]) Let R(P®) and R(P3) be the ranges of the spectral projections

PS and P, respectively. Then for sufficiently large n, there exists a constant c for

q = w*P or oo, independent of n such that

3(R(PY), R(PY)) < cl|(PLPK — K)K|lq,
5(KR(PZ), R(P%)) < c (KPP — K)K|lq.

In particular, for any u, € R(P3) and i, = Ku,, we have

lun = Punllg < el|(PRPK — K)Klq,
i, = Pnllg < ell(KP7 = K)Kllg.

3. CONVERGENCE RATES FOR JACOBI SPECTRAL GALERKIN METHOD:

In this section, we will discuss on the convergence rates of eigen elements by using
Jacobi spectral Galerkin method. To do this, we need the following results.
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Theorem 7. Let K be a compact integral operator with kernel k(x,t) € H'. s [—1,1]x
[—1,1] and P be the projection defined by (5). Then the followings hold.

1K = PePyos = Om™), K= PP = O(ni™™),
KPP = DKl yes = O(™*™), KPP = D)Ko = On~>™).

Proof. The first two estimates can be proved by using Theorem-3 directly. Now we
will prove the last two estimates. Using Lemma-1 and estimate (7), we obtain

KT — PoP)Kullw = wp‘/ (2, 8)(T — P8)Ku(t)dt
[~1,1]
- &m‘/ B (yu=B (1) k(x, £) (T — POF)KCu(t)dt
[~1,1]

cl(k(x,t), (T — Prf)Ku(t)) yoos]
(T = PRP)ka(), (T = PP )KCu(.)) yoos|

< el = PRYke(lwes (T = PrP) Kul| o s
< C”7m|k:c(~)|H:”’” 1" UCU’HT”" [~1,1]
< en k(. )|Hm" —1pllullges-
Hence,
HK@f%Wangmﬂﬂmwm$%4”
Again using the above estimate, we obtain
ICP? = D)Kullyes = N Lllues KPP = T)Kullo

< cn_Qm\km!H;”:fﬂ[fl,uHu”waﬁ'

This completes the proof.

In the following theorems, we give the superconvergence rates for eigenvalues
and eigenvectors.

Theorem 8. Then for sufficiently large n and for i = 1,2,--- ,m, there exists a
constant ¢ independent of n such that

A= Ap| = O(n2™),
A= Auilt = O(n=2m).
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Proof. By using Theorem-5 and Theorem-7, for ¢ = 1,2,--- ,m, it follows that
A=Al < ell(KPEF = KK lyyes = O(n*™),
A= Anil' < el(KPRF = K)K s = O(n™2™).

This completes the proof.

Theorem 9. Let R(P®) and R(PS) be the ranges of the spectral projections P° and
77,‘?, respectively. Then for sufficiently large n, there exists a constant ¢ independent
of n such that

0yes (R(PY), R(P)) = O(n™™),
St (R(PY), KR(PS)) = O(n=2™).

In particular, for any u, € R(PY), we have
tun = Ptn| yos = O(n™™),
1KCun = P K| yos = O(n=™).
Proof. It follows from Theorem-6 and Theorem-8 that
0yes (R(P), R(PY)) < c[(PRPK = K)Kl|yos = O(n™™),
Oyes(R(P®), KR(P)) < cl| (KPR = K)K [ yos = O(n™2").
In particular, for any u,, € R(P2), we have
[tn = Punllyes < ¢ [(PRPK = K)K||yos = O(n™™),
[ — PYnllyes < e [(KPF? = K)Kllyas = On7™).
This completes the proof.

In the following theorem we give the superconvergence rates for the eigenvectors
and iterated eigenvectors in the infinity norm.

Theorem 10. Let R(P®) and R(PZ) be the ranges of the spectral projections P°

and P2, respectively. Then for sufficiently large n, there exists a constant c inde-

pendent of n such that

3 (R(PE), R(P%)) = O(ni~™),
oo (KR(PS), R(PF)) = O(n~>™).

In particular, for any u, € R(P3), we have

tn — Pt = O(n3~™),
|1 Ktin — PO Ktin||oo = O(n=2M).
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Proof. Tt follows from Theorem-6 and estimate (8) that,
boe(R(PY). R(PY) < e[(PR K — K)K]loo = O(ni™™).
In particular, for any u, € R(P2), we have
lun = Pounlloc < e[[(PRPK ~ K)K]Joe = O(ni™™).
Now using Theorem-6 and estimate (8), we obtain
00 (KR(P;), R(P)) < c||(KPY = K)Kl|oo = O(n ™).
In particular, for any u, € R(P2), we have
[t = PStnlloo = [IKun — PP Kunloo < ¢l|(KP" = K)K|loo = O(n™>™),

This completes the proof.

4. DISCRETE JACOBI SPECTRAL GALERKIN METHODS

In this section, we will describe the discrete Jacobi spectral Galerkin methods for the
eigenvalue problem of a compact integral operator with smooth kernel. For a given
positive integer n, we denote {(9:’6 }r_o the points of the Gauss-Jacobi quadrature
formula, which are the roots of the Jacobi polynomial {Js‘f1 (2)}22, and {wz"ﬁ } are
the corresponding weights. By using Gauss-Jacobi quadrature rule with n+1 points,

the integral operator is approximated as
n
Kn(@) =Y k@, 00 yu(07 " ywp?. (8)
k=0

On the other hand, instead of the continuous inner product, the discrete inner
product will be implemented in (3) and (4) which is defined by

n

(U, V) o 5, = Zu(&?’ﬁ)v(ﬂg’ﬁ)w,‘:ﬁ, u,v € Xy, 9)
k=0

where {92‘”8 }_, and {wg’ﬂ }_, are the (n+1)-degree Jacobi Gauss points and their
corresponding Jacobi weights.
The discrete Jacobi spectral Galerkin method is to find

Un(x) = @i¢5(x), Tn(z) € Xy, (10)
7=0
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such that }
<’Cnana Un>waw37n = )\n<ana Un>w0tﬁ7n7 (11)

where {a;}7_ are determined by

n

n
D @ (Kntss idwes = An > j{hs, Gi)yes py i =1,2,3,-+- . (12)
§=0 j=0
Using these notation we can reformulate the equation (2) into the operator form
PEBK ity = Aplin. (13)
Using Cauchy-Schwarz inequality and Lemma-1 with [|ul[ a5, < [|t|yye.s, we obtain

1Knulloo = sup [Kyu(z)]

sup ‘ Z k(x, egﬁ)u(egﬁ)w,‘jﬁ
T k=0

sup ‘(k%7 U)o g
xX

||kft”wav5,n||u”wa»5,n
[kl wasllullwes < cllullyas- (14)

VANVAN

Lemma 11. Suppose that v € H, 5[~1,1] with o, > =1, m > 1 and ¢ € X,.
Then the following holds.

|l et - (15)

’<U7 ¢>wa’ﬁ - <’U, ¢>w0‘75,n’ < Cnim’v|H;na’B (—1,1]

Theorem 12. Assume that the kernel function k(.,.) € H, 5[=1,1] x [=1,1] with
a,f > —1 and u(.) € C"[-1,1] for m € N. If two parameters o and ( satisfy the
conditions o, B > —1, then there exists positive constants ¢ such that

1K = Kpulloo < en™ k(@ ) am, -1 alluflyes = O0T™). (16)

Proof. By the definition of I and IC,,, we have

1 n

(Ku)(@) — (Kow)(z) = / k(o u)dt — S k(@ ) u(0) v
-1 k=0

= (k(z,.), u()) = (k(z, ), ul))n
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where (.,.) represents the continuous inner product with respect to s and (.,.),
represents the discrete inner product defined by the Gauss-Legendre quadrature
formula. By using Lemma-11, we have

[(Ku)(z) = (Kpu)(@)] = [k, ), ul)) = (K, Jul.))n]

< C”_m\k(%-)|H:ayﬂ[—1,1]HU(-)Hwaﬂ-
Taking supremum over = € [—1, 1], we obtain
K~ Kgtloe < en™ ke Y, r.) s

This completes the proof.
Theorem 13. Pﬁ’BlCn and /CnPf{”B is v-convergent to K in weighted L? norm.

Proof. We have ||P2’ Knllyes < p1lKnllso-

From Theorem-12, we see that {K,,} converges to K pointwise. Hence, {K,,} is point-
wise bounded and since X is Banach space, and by Uniform Boundedness principle
we have {K,} is uniformly bounded. This shows that |P2’KC, ||y is uniformly
bounded.

By using the Theorem-12 and Lemma-1, we obtain

(PP K = Kl oo PR (Ko = K)tllys + 1P = T) Kty
¢l 0Cn = K)ulloo + y2n™ ™| (Ku) ™|

cnmeuHm’wa,ﬁ + cn*m||Dik:Hm700HUHOO — 0, as n — oo.

ININ TN

This gives that Py, B KCp, is pointwise convergent to /C.

Let B = {u € X: |lu]| <1} be a closed unit ball in C[—1, 1]. Since K is compact
operator, the set S = {Ku : v € B} is a relatively compact set in C[—1, 1]. Then we
have

(PP = K)Klyos = sup{ (P Kn = K)Kutll o : u € B}
= sup{[|[(P2PK, — K)ul|yos : u € S} — 0 as n — oco.

Since Pg’ﬁ is bounded in weighted L? norm and K, is compact, S; = {Pﬁ”ﬁlCnu :
u € B} is a relatively compact set. Thus

(PP K = KPR Kallyes = sup{[|(PrPKn — K)PR K]l o = u € B}
= sup{[|(P¥’K, — K)u||yop : v € S} = 0 as n — oc.
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Combining all these results leads to the first result that Py & Ky, is v-convergent to
K.

For the proof of the second result, using Theorem-12 and Lemma-1, we obtain
10Ca PR =K)ullos < [1KCallwens | (PP =T ull oo + | (K=Kt yyo.6 = 0 @s = o0
This shows that K, P2? is pointwise converges to K on C[—1,1]. Now, we have

1P = IO lwes = sup{||(KnPy” = K)Ku||yos - u € B}

= sup{||(K,P>F — IC)una,g cu €S —0asn— .
Again for a relatively compact set Sy = {K,, P Putue B}, we conclude that
(PR = KK Pr o = SHP{H(’CnPﬁ’ﬁ — KK PyPul| yos : u € B
= sup{[|(K, P2 — K)ul|yos : u € Sa} — 0 as n — oo.

This gives K, Py P s v-convergent to . This completes the proof.

Since P K, and IC nPr B are v-convergent to K, for all small n, the spectrum
of Pn”g K, and K ’Pn inside I' consists of m eigenvalues, say )\n,l, )\n72, ces >\ n.p
counted accordingly to their algebraic multiplicities inside I'. Let

xn,l + xn,2 + -+ 5\n,p
p

An =

denote their arithmetic mean and we approximate A by )\ Let 775 be the spectral
projections of ’Pn’ﬁlC associated with their corresponding spectral inside I'.

Theorem 14. [1, 9] Let R(P?) and R(PS) be the ranges of the spectral projections
PS5 and PS , respectively. Then for sufficiently large n, there exists a constant c
independent of n such that

bt (R(P), R(PF)) < | (K = PR Kon)K s

0so(R(PS), R(P?)) < ¢ (K = PPKp)K| oo

In particular for any @, € R(P5), we have
[t — Pt ||yt < €l|(K = PEPKR) K|yt
i — P tn]|oc < €l (K = PRoKCn)Klloo-

Theorem 15. [1, 9] Then for sufficiently large n, there exists a constant ¢ indepen-
dent of n such that

A= | < cll(K = KnPEAYK| ot

|
A = Anil' < el (K = Ka P )|y
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To discuss the convergence rates for the approximated eigenvalues and eigenvectors
to the exact eigenvalues and eigenvectors, we need the following theorems.

Theorem 16. Let K be a compact integral operator with kernel k(x,t) € H'. s [—1,1]x
[—1,1]. Then the followings hold.

(K = Kn)Klloo = O(n™™),

[(PEF = T)K||oo = O(ni ™),
(P = T)K|| s = O(n™™).

Proof. Using Cauchy-Schwarz inequality, we get

IKul|oo = sup

T

/_ 1 k(e ()

1

1 - a
/w26!’f(t)wwg(t)k(x,t)u(t)dt‘

-1

sup
x

/2

IN

H— 11 WSOk, Ou(t) )

o s flull o < elfulloo-

IN

Replacing u by Ku in equation (16) and using the above inequality, we obtain

(K = Kn)Kulloo < en™™|[[Kullgas < en™™ |1 gos |Kulloo < en™ [|ufloo-

This completes the proof of first estimate. Now replacing v by Ku in Lemma-1 for
a, 3 > —1 and then using estimate (7)

3_ 3_
I(Z = Pa)Kulloo < end™™ |Kulgmn 11y < end™"|[uflyes.

Thus, we obtain the required second estimate. The third estimate can be proved
similarly. This completes the proof.

Theorem 17. Let K be a compact operator with a kernel k(.,.) € H", 5[~1,1] x
[—1,1] with a, 8 > —1 and m > 1 . Then the followings hold:

cn” " logn, —1<a,ﬁ<%1,

(K — PPKR)K||oo < 1
n’T2

M v =max(a, ), otherwise.

(K — PP o) K|y = O(n™™).
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Proof. Using Theorem-16, we obtain

I(K = PPKn)Klloe < 1K = PRl + PRPK = PPk )Kl|oc
< (K = PRPE)Klloo + [P ool (K = Kn)K oo
< e (T = P)Klloo + €ll(K = Kn)Klloo

" clogn, —1<a,5<%1,
1 .
en” 2, v = max(a, B), otherwise

clogn —l<a,B< 3
<en M+cen™ il’ P 2
en’"2, v = max(a, §), otherwise
< cn” ™ logn, —1<a,ﬁ<%1,
< 1 .
n’t27"™ v = max(a, B), otherwise.

Similarly

1 = PR ) Kl oo 1 = PP Ko + 1P Nl 1€ = Kon) K|y
el(Z = PP)Klles + €l (K = K) Kl s
en” " | U|ges [[lles + el 1gan | (K = Kn)Klloo

en™" [ullyas + en™™ Ll ges L3051 l-e-sllull oo

ININ N TN

This completes the proof.
Theorem 18. The following holds:
1€ = Ko PP Yull yos = O(n™™).
Proof. By replacing u by (Z — Py, B )Ju in the equation (14), we obtain

10 — KPR Yull o 1€ = Kn)ulloo + 1Kn(Z — PR )ulloo
1 pllulluwes + el (Z = PPyl e

VANVAN

kG,

< e ullyes +n " fulg -1y
This completes the proof.

In the following theorems, we give the superconvergence rates for eigenvalues
and eigenvectors.

Theorem 19. Then for sufficiently large n and for i = 1,2,--- | p, there exists a
constant ¢ independent of n such that
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Proof. By using Theorem-18, for ¢ = 1,2, --- ,p, it follows that

~

A=Al < e (K = Ka PP Yl yos = O(n™™),
A= Anil’ < el (K = KaPrP)ullyos = O(n~™).
This completes the proof.

In the following theorem we give the error bound for iterated eigenvectors both
in weighted norm and infinity norm.

Theorem 20. Let R(PS) and R(PS) be the ranges of the spectral projections P
and 73;?, respectively. Then for sufficiently large n, there exists a constant ¢ inde-

pendent of n such that

cn” " logn, —l<apf< _71,
nl/—i-%—m

3 (R(PF), R(PY)) = {

~

bues(R(Pp), R(P)) = O(n™™).

,v =max(«a, ), otherwise.

In particular, for any a, € R(ﬁf), we have

- -1

. g- cn” " logn —-1<a,fb< 5
[ = P Uplloc =9 41,0 ’ 2
n'T27" v =max(«, 8), otherwise.

[ = P | pers = O(n™™).
Proof. 1t follows from Theorem-17 that,

5 P —ml 1 -1
5oc (R(PE), R(PS)) < el (PR K~ K)Kllow | s 00 <ab<3
n’T2=™ v = max(a, 8), otherwise.

308 (R(PF), R(P)) < cl[(PPICr — K)K | ypors = O(n™™).

In particular, for any @, € R(PS), we have

cn” ™ logn, —1<a,ﬁ<%1,

1 .
n’*t2™ v = max(a, 8), otherwise.

i — P tinlloo < e [P Kn — K)Klloo = {
i = P an|yos < ¢ [[(Pr Ko = K)K]|yos = O(n™™),

This completes the proof.
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5. NUMERICAL RESULTS

In this section we discuss the numerical results. Consider the eigenvalue problem,

Ku= M, 0#XeC, ||ulloc =1,

for the following integral operator

1
Ku(s) = /_1 k(s,t)u(t) dt, se[-1,1],

for various smooth kernels k(s, t).
Kernel-1: k(s,t) = e*
Table 1: Jacobi spectral Galerkin Method:

n A = Anl [un = PEunlyos | lun = Piunllo | [Tn = PEtnlyes | @0 — PUnllo
21 9.1979¢ — 04 9.2876e — 04 1.9686e — 03 9.4567e — 04 4.3768e — 03
3 | 3.3402¢ — 06 6.1603e — 06 1.5495¢e — 05 1.2365e — 06 1.3567e — 05
4 | 3.3401e — 08 6.7236e — 06 1.6913e — 05 7.4584e — 08 3.4879%¢ — 07
5 | 8.8817e¢ — 10 2.5101e — 08 7.1200e — 08 5.2346e — 10 9.4628e — 09
6| 5.7731e — 11 2.6765e¢ — 08 7.5920e — 08 3.1987e — 11 1.3267e — 10
7|3.5527e — 12 6.4303e — 11 1.9935¢ — 10 1.6548e — 12 7.3498e — 11

Table 2: Discrete Jacobi spectral (Galerkin Method:

n A - ;\n‘ [t — PsanHwﬂ’ﬁ ([ tin — PsﬂnHoo
2| 3.9433e — 04 2.6037¢ — 03 5.2672e — 03
3 | 1.5924e — 06 1.7873e — 05 4.4062¢ — 05
4 | 1.5923e — 08 1.9378e — 05 4.7771e — 05
5 | 2.8866e — 09 6.9078e — 08 1.9338e — 07
6 | 4.4409¢ — 10 7.3415e — 08 2.0552e — 07
716.6613e — 11 3.2738¢ — 10 8.0601e — 10
Kernel-2: k(s,t) = \/ﬁ

Table 3: Jacobi spectral Galerkin Method:

n A= Anl [un = PSunlyos | llun = Pounllco | [[Tn = PEtnlyas | [un = PUn|l
2| 1.4378e — 03 1.4363e — 02 2.8451e — 02 5.5127e — 02 1.0987e — 02
3| 1.5382e — 05 5.1162e — 04 1.2761e — 03 1.2536e — 04 4.5785e — 03
4 | 1.5383e — 06 5.5428e — 04 1.3825e¢ — 03 9.2516e — 06 8.4582e — 05
5 | 1.7868e — 07 2.0182e — 06 7.6691e — 06 1.2637e — 07 1.3208e — 06
6 | 3.7866e — 08 2.1439e — 06 8.1470e — 06 4.1698e — 08 5.6812e — 07
719.3129¢ — 09 9.7241e — 07 2.8152e — 06 1.3546e — 09 1.8653e — 08
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Table 4: Discrete Jacobi spectral (Galerkin Method:

A — ;\n‘ [ tn — PsanHwaaﬁ [[tn — PsﬁnHoo
8.0874e — 04 |  3.0659¢ — 03 6.5684e — 03
5.8207e — 05 8.9986¢e — 05 1.7609¢ — 04
5.8071e — 06 | 9.77486e — 05 1.9127e — 04
1.8754e — 07 1.8742e — 05 5.2990e — 05
9.8755¢ — 08 1.9938e — 05 5.6370e — 05
1.4869¢ — 08 2.4150e — 07 2.7581e — 07

N OO W N3
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