Acta Universitatis Apulensis No. 61/2020
ISSN: 1582-5329 pp. 81-90
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2019.61.07

ON A CLASS OF FUNCTIONS ASSOCIATED WITH SALAGEAN
INTEGRAL OPERATOR
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ABSTRACT. In this paper we define a new class of analytic functions using
the Sélagean integral operator. We also discuss the geometric significance, radius
problem, coefficient estimates and convolution properties for functions belonging
to this class. The geometric significance, radius problem, coefficient estimates and
convolution properties have been discussed for functions belonging to this class.
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1. INTRODUCTION

Let A denote the class of functions of the form:
f2) =24 ap¥, (1)
k=2

which are analytic and univalent in the open unit disk U = {z € C: |z] < 1}. The
subclass of A consisting of functions for which the domain f(U) is starlike with
respect to 0, is denoted by S*. An analytic description of S* is

. Cpif(2) }
S _{feA.%f(Z) >0,z€U;.

Denote by

zf"(2)
f(z)
the class of normalized convex functions in U.

Denote by P(«a) the class of functions with real part greater than a. For av = 0, the
class P(«) reduces to the class of functions with positive real part.

C:{feA:ER +1>0,zeU}
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Definition 1. Let f and g be analytic functions in U.

We say that the function f is subordinate to the function g, if there exists a function
w, which is analytic in U and w(0) = 0, |w(z)] < 1,z € U, such that f(z) =
g(w(z)),Vz € U. We denote by ”<” the subordination relation.

o
Let g € A where g(z) = z + Zbkzk . The Hadamard product (convolution) is

k=2
defined by

(f*9)(= —Z+Zakbkz = (9= f)(2)

k=2

Definition 2. [5]
For fe A,n e Ng=NU{0},N={1,2,...}, the operator I" is defined by

1°f(z) = f(2),
I'f(2) =If(2 / f )t tdt,.
I"f(z) =1 (I"'f(2)),2z€U

Remark 1. If f € A and f(2) =z + Zakzk, then
k=2

—z+2ak k

2z €U, (n€Ny) and z (I"f(2)) :I”_lf(z).

Thulasiram et. al. [6] defined and studied a new class of functions G (A, 3), for
0<A<1land0<p <1 as follows:

2f'(2) + A2 [ ()
f(2)

f e G(\p) if and only if §R( >>,B, Vz e U,

which can also be written as

F(2)4ARE) 14 (1-28)2
<
f(z) 1—2
Hussain et. al. [1] defined and studied a new class of functions
Gy (n,A,B) : A — A using the Salagean differential operator. Motivated by their
work we define a new class of functions Ry (n, A, B) : A — A using the Salagean
integral operator.

€ G (A, B) if and only if , VzeUl.
f y
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Definition 3. Let f € A. Then for 0 < A< 1lnéeNyand -1 < B< AL, we
introduce a new class of analytic functions Ry (n, A, B).

f € Ry (n,A, B) if and only if
(1= X)I"FLf (2) + M f (2) » 1+ Az
It2f (2) 1+B2 ~

Remark 2. [2] If we use the definition of subordination and properties for the
Schwarz function, we can define the class Ry (n, A, B) the same way, for f € A,

el. (2)

—1 1-AB
f € Ry (n, A, B) if and only if Ap(—Z)Bp(z) < 1 or equivalently ‘p(z) 1 52 <
A-B (1= XN)I"Hf (2) + M f (2)
152 where p(z) = T2f (2)
Note that f € Ry (n, A, B) if the image of each z € U, under p(z) lies inside the
1-AB A—B

disc centred at 0] and radius

1- B2’ 1—- B2

Lemma 1. [3] Let w = u1 + u2 and v = vy + vy and VU (u,v) be a complex valued
function satisfying the conditions:

i) U (u,v) is continous in D C C?,
ii) (1,0) € D and RY¥ (1,0) > 0,
i11) RV (iug,v1) < 0 whenever (iug,v1) € D and vy < —% (1 + u%)
If h(z) is an analytic function in U such that (h(z),zh'(z)) € D and RV (h(z), zh'(2)) >
0 for z € U then Rh(z) >0 in U.

Lemma 2. [4] Let f be uniformly complex and g be a starlike function. Then for
every F' analytic in U, we have

f(2) xg(2)F(2)
f(2) x 9(2)
where ¢o [F(U)| denotes the closed convex hull of the set F(U).

ccolF(U)]

2. MAIN RESULTS

Theorem 1. Let f € A be of the form (1). We say that f is in the class Ry (n, 4, B)
if

S 1 1-B2 1 1—AB 1)1
1—A)=+2A _ . VL B BS0 (3
,;Q{H( )k+]A—B ;2 A—B‘+k2}kn‘ak‘— , B>0. (3)
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A=NI"f () + A (2)

Proof. Tt is enough to show that p(z) = lies in a circle

Im2f (2)
. 1— AB . A-B _
with centre at <1—B2’ 0> and radius 152 This means that
1-AB| A-B
- . 4
) - T | < ()
We consider
(2) - —AB| _|QA=NI""f(x)+M"f(2) 1-AB| _
PE = g |~ IF2f (2) 1- B2
> 1 ar
Z 4+ [(1—)\)—#)\}”2
B ;: koo 1k 1-AB|
- 1-B?
z+ Z k"+2
> 1 1-B> 1-AB 1
Al —. - . k
1—B2 g;{[ +]k” 1-B2 1-5B° km2}aw
Z+ Z k”+2
B(A-B) & 1 1 1-B? 1—AB 1
b Sl 11—\ = i
1— B2 +§ |: ) +)\:| kn 1— B2 1— B2 pnt2 |a|
B |ag|
1 kn+2
k=2
> a 1— B2 1—AB 1H
1-B2 - 1- B2 — B2 2|
= SN G))
1 |a|
kn+2
k=2

From (4) and (5) we get (3).

Theorem 2. Let f € A of the form (1). If f € Ry (n,1 — 2, —1) then I"*2f (2) €
S*.
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Proof. If f € Ry (n,1 — 2a, —1) then by (2) we have
(L=NI"F ()4 M () 1+ (1—=2a)z

"2 f (2) 1=, eV
which means 1N I”“f( ) AT f (2)
— z
T2 () € P(a). (6)

2(I2f (=) I
) IR

Let p1(2) = ;, p1(z) € P(«), differentiating logarith-

mically, we obtain

22 () () (M (2)

In2f (z) pi(z) — I"Lf(2)

or equivalently ) )

zpi(z)  I'f(z

PTG T T
Now
Q=N E) IR )
21 (2) In+2f(z) I 2f ()

I I"tf (2
= (1N m(e) + At §§

f
f
=1 =Npi(z) + A <P1(2 + 2 z)) ) p1(z

= (1= pi(2) + Azpi (2 ) +Ap1(2). (7)
Using (6) and (7) we have
(1= X pi(2) + Az (2) + Api(2) € P(a)
which implies that,
R{L =N pr(2) + Azpi(2) + Mt (2) } > a,
or equivalently
R{(1— N p1(2) + Azpi(2) + Api(2) — a} > 0.
Now we define the function ¢ (u,v) by taking u = p;(z) and v = zp}(z) as
(u,v) = (i — Nulu? + I — a.
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i) ¢ (u,v) is continous in C x C,
ii) (1,00 =1-A+A—a=1—-—a>0,
iii) N (iug,v1) = —Au3 + vy — a.

If we put vy < —% (1 +u§), we get
. 2, 1 2
R (ug,v1) < — [Auj + 5)\ (1 +u2) +al,

Hence R¢ (iug,v1) < 0. By Lemma 1 we have Rp1(z) > 0, z € U.

Therefore ,
2 ("5 ()

R In+2f (Z)

>0,

which implies
I"P2f (2) € S*.

—

1
Theorem 3. If I""2f(z) € S* then f € Ry (n,1 —2a,—1), for X < 5

|z| < r, where r is unique root of

and

T=XNA=r)P=AX1+r)? =221 +7)—a(l+r)(1-7)?*=0
n (0,1).

2 (12 f (2))
In+2f (z)

(L =X I (2) + M (2)
"2 (2)

We need to find r such that

Proof. Let f € S* and pi(z) = € P(a). By Theorem 2 we get

= (1= A p1(2) + Azp,(2) + A2 (z) — o

R{(1—A)p1(2) + A2p)(2) + Api(2) — a} > 0.

Consider that

R{(1 = A)p1(2) + Azph (2) + Api (2) — a} = (1= ) Rpi(z) — A|2p) (2)] + ARpi(z) — a,
Z( =) Ip1(= )|*>\Ip1( WP = Ar |ph(2)| — o
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If we use growth and distortion theorems for class P, we get

2
R{(L= N 1) + A () + () = ) = (1= (17 )2 (157 P

or equivalently
R {(1 — A p1(2) + Azp(2) + )\p%(z) — a} >

(1—)\)(1—r)s—)\(1+1")3—2)\1"(1—|—r)—oz(1+r)(1—1")2.

>
- (1—7)*(L+7)
Thus
R {(1 —A)p1(2) + Azpl(2) + )\p%(z) — a} >0
if
A=NA=rP =2+ =221 +r)—al+r)(1-r)>=0.
Let

A =0=-XNA -1 =AA+r)’ =22 (1+r)—a(l+r)(1-7)> (8)
fi(l)= =12 and f1(0) =1—a =22 >0if A < 1—Ta. Hence (8) has a unique real
root in (0, 1).

Theorem 4. Let f of the form (1) be in Ry (n, A, B), then

2+ 1+ (A — B)
23A+1)

(A— B)2nt2

<
2] < =557

. las| < 3" (A - B)

1 =1
(k+2)"" (A= B) |14+ ———55 laen| + Y 5 laj]
(k‘—l—l) +2 jZQJ +2

szl = (1= A (k+2) + A(k+2)? -1
Proof. Let ,
1= 1" (2) + M f (2
U=NIIC A
or equivalently
(L= " (2) + A" f (2) = p() "2 f (2). (9)
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o
If p(z) =1+ Zpkzk, then (9) becomes
k=1

z—l—Z[ kn+l+Ak171]akz’“:<1+Zpkz’“> <Z+an+2 )

k=1

or equivalently

o0

1 1 >

k+1 k
09 e g et = o () (5
2 k=1

k=

Fom this follows that

> 1 1 1 )
> [(1 N A W] apz" =
k=2

00 k

o0 o0
1 1
k k k
= E PEZ oy g D1 kn+2akz g g E jn+2ajpk+2_j 2F+2,

k=1 k=2 k=2 | j=2

Equating coefficients of 22, z3:
(A — B)2nt? 4o 2\ +1+ (A-B)
—_ <3""=(A-B

1 lasl =3 T T

where |p,| < A — B.
Equating coefficients of z++2:

las| <

1 =1
(k+2)"" (A= B) |1+ ———5 laen| + Y 5 laj]
(k—l—l) +2 ;j +2

g < (1—A) (k+2)+ A(k+2)?—

Remark 3. The (2) inequality is sharp for fy € A such that

(L=N I fo(z) + A" fo(z) 14 Az
In+2 fo (2) 1+ B2’

A—B 2n+2
fo(Z) =z+ (2)\_1_)122 + 3n+2 (A — B)

2>\+1+(A—B)ZgJr
2(30+1) '
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3. CONVOLUTION PROPERTIES
Theorem 5. Let Ve C. If f € Ry (n,1 —2a,—1) then ¥xf € R\ (n,1 —2a,—1).
Proof. Note that I"™ (U f) = W« I"f. Let E = W * f, then

(L=NI"ME+AME U [(1-XNI"Tf(2)+ M f(2)]
nt2|p o U [nH2f (2) -

W p(a) I ()

(1 =X I"TLf (2) + M f (2) . 1+ Az
U I 2 f(2)

It2f (2) 14+ Bz’

, where p(z) =

If f € Ry (n,1—2a,—1) then by Theorem 2 , I"*2f € S* and by Lemma, 2

U+ B(2) "2 f(2)
U I 2 f(2)

€ cop(U)].

1+ Az
1+ Bz’

c+1 [#

ZC

Moreover ¢o [p(U)] < hence E € Ry (n,1 —2a,—1).

Corollary 1. Let F.f(z) = f(®)ttdt, ¢ > —1 be the well-known Bernardi

integral operator. It is known that

Fof(2) = J(2)+ 3 S am = 1) ),

where he C, V R ¢ > 0.
So, V Re>0if f € Ry(n,1 —2a,—1) then F.f(z) € Ry (n,1 —2a,—1).
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