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Abstract. In this present investigation, we introduce the subclass N k
γ,λ(φ), of

meromorphically starlike functions with respect to k−symmetric points of complex
order γ(γ 6= 0) Punctured open unit disk ∆∗. Some interesting subordination criteria,
inclusion relations and the integral representation for functions belonging to this
class are provided. The results obtained generalize some known results, and some
other new results are obtained.
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1. Introduction

Let A be the class of all analytic functions f in the open unit disk ∆ = {z ∈ C :
|z| < 1} and normalized by the conditions f(0) = 0 and f ′(0) = 1, C being, as,
usual, the set of complex numbers.

A function f ∈ A subordinate to an univalent function g ∈ A, written f(z) ≺
g(z), if f(0) = g(0) and f(∆) ⊆ g(∆). Let Σ be the family of analytic functions
w(z) in the unit disc ∆ satisfying the conditions w(0) = 0 and |w(z)| < 1, for z in
∆. Note that f(z) ≺ g(z) if there is function w(z) in ℘ such that f(z) = g(w(z)).
Further, let ℘ be the class of analytic functions φ(z) which are regular in ∆ and
satisfy the conditions φ(0) = 1, φ′(0) > 0, and φ(∆) is symmetric with respect to
the the real axis, such a function has a Taylor series of the form:

φ(z) = 1 +B1z +B2z
2 +B3z

3 + ... (B1 > 0) .

Let N denote the class of all meromorphic functions in the punctured open unit
disk ∆∗ = {z ∈ C : 0 < |z| < 1} of the form

f(z) = z−1 +

∞∑
k=1

akz
k (ak ≥ 0, k ∈ N = {1, 2, 3, . . .}). (1)
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For a given positive integer k, let ε = exp(2πi/k) and

fk(z) =
1

k

k=1∑
ν=0

ενf(ενz), (z ∈ ∆∗). (2)

We denote by Sk(φ), Ck(φ) and N k
γ,λ(φ) the familiar subclasses of N consist-

ing of meromorphically starlike, convex and λ−starlike functions with respect to
k−symmetric points in ∆∗. That is

Sk(φ) =

{
f ∈ N : −zf

′(z)

fk(z)
≺ φ(z)

}
,

Ck(φ) =

{
f ∈ N : −(zf ′(z))′

fk(z)
≺ φ(z)

}
,

and

N k
γ,λ(φ) =

{
f ∈ N : −λz(zf

′(z))′ + (1 + λ)zf ′(z)

λzf ′k(z) + (1 + λ)fk(z)
≺ φ(z)

}
, (3)

where φ(z) ∈ ℘ and z ∈ ∆∗.
Let f(z) ∈ N be given by (1) the class Sγ(φ) is defined by

1− 1

γ

(
zf ′(z)

f(z)
+ 1

)
≺ φ(z), (z ∈ ∆∗, γ ∈ C∗ = C\{0} and φ(z) ∈ ℘).

Furthermore, a function f(z) ∈ N , the class Cγ(φ) is defined by

1− 1

γ

(
zf ′′(z)

f ′(z)
+ 2

)
≺ φ(z), (z ∈ ∆∗, γ ∈ C∗ = C\{0} and φ(z) ∈ ℘).)

Motivated by the classes N k
λ (φ), Sγ(φ) and Cγ(φ), we now introduce and investigate

the following subclasses of N , and obtain some interesting results.
Moreover, for some non-zero complex number γ, we consider the subclasses

N k
γ,λ(φ),Mk

γ,λ(φ) of N as follows:

Definition 1. A function f ∈ N is belongs to the class N k
γ,λ(φ) if satisfies the

following subordination condition

1− 1

γ

(
λz(zf ′(z))′ + (1 + λ)zf ′(z)

λzf ′k(z) + (1 + λ)fk(z)
+ 1

)
≺ φ(z), (4)

where φ(z) ∈ ℘and λ ≥ 0.
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Definition 2. A function f ∈ N is belongs to the class Mk
γ,λ(φ) if satisfies the

following subordination condition

1− 1

γ

(
λz(zf ′(z))′ + (1 + λ)zf ′(z)

λzζ ′k(z) + (1 + λ)ζk(z)
+ 1

)
≺ φ(z), (5)

where ζk(z) = 1
k

∑k−1
ν=0 ε

νζ(ενz), ζ(z) ∈ N k
γ,λ(φ), φ(z) ∈ ℘ and λ ≥ 0.

By giving specific values to the parameters k, γ and λ in the class N k
γ,λ(φ), we

get the following new subclasses of meromorphically functions.

Remark 1. Putting k = 1, we obtain the following definition

Definition 3. A function f ∈ N is belongs to the class Nγ,λ(φ) if satisfies the
following subordination condition

1− 1

γ

(
λz(zf ′(z))′ + (1 + λ)zf ′(z)

λzf ′(z) + (1 + λ)f(z)
+ 1

)
≺ φ(z), (6)

where φ(z) ∈ ℘and λ ≥ 0.

Remark 2. If we set λ = 0, we have following definition

Definition 4. A function f ∈ N is belongs to the class Skγ (φ) if satisfies the following
subordination condition

1− 1

γ

(
zf ′(z)

fk(z)
+ 1

)
≺ φ(z),

where φ(z) ∈ ℘.

Remark 3.

(i)Nγ,0( 1+Az1+Bz ) = Sγ with γ ∈ C∗ and 1 ≤ B < A ≤ −1, (see Bulboca et al [2]);

(ii)Nγ,−1( 1+Az1+Bz ) = Cγ with γ ∈ C∗ and 1 ≤ B < A ≤ −1, (see Bulboca et al [2]);

(iii)Nγ,0(1+z1−z ) = Sγ with γ ∈ C∗,(see Aouf [1]);

(iv)Nγ,−1(1+z1−z ) = Cγ with γ ∈ C∗,(see Aouf [1]);

(v)N1,0(
1+(1−2α)βz

1−βz ) = S(α, β) with 0 ≤ α < 1 and 0 < β ≤ 1, (see El-Ashwah
and Aouf [3]);

(vii)N1,−1(
1+(1−2α)βz

1−βz ) = C(α, β) with 0 ≤ α < 1 and 0 < β ≤ 1, (see El-Ashwah
and Aouf [3]);

(viii)N(1−α)eiµ cosµ,0(
1+z
1−z ) = Sµ(α) with µ ∈ R, |µ| ≤ π/2 and 0 ≤ α < 1 (see [7]

for p = 1);
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(viiii)N(1−α)eiµ cosµ,−1(
1+z
1−z ) = Cµ(α) with µ ∈ R, |µ| ≤ π/2 and 0 ≤ α < 1 (see

[7] for p = 1);
Considering µ ∈ R, |µ| ≤ π/2 and 0 ≤ α < 1, for the special cases γ = eiγ cosµ,

φ(z) = 1+(1−2α)βz
1−βz we will get the notations

Sµ[α, β] = Neiµ cosµ,0(
1 + (1− 2α)βz

1− βz
),

Sµ[α, β] = Neiµ cosµ,−1(
1 + (1− 2α)βz

1− βz
).

Lemma 1. [6] Let α, β ∈ C. Suppose that h(z) is convex and univalent in ∆ with

h(0) = 1 and <[αh(z) + β] > 0 (z ∈ ∆), (7)

and let q(z) is analytic in ∆ with q(0) = 1 and q(z) ≺ h(z).

If p(z) = 1 + p1z + p2z
2 + · · · ∈ ℘ with p(0) = 1, then

p(z) +
zp′(z)

αq(z) + β
≺ h(z)

implies that p(z) ≺ h(z).

Lemma 2. (see [4],[5]) Let α, β ∈ C. Suppose that h(z) is convex and univalent in
satisfies (7). If p(z) = 1 + p1z + p2z

2 + · · · ∈ ℘ and satisfies the subordination

p(z) +
zp′(z)

αp(z) + β
≺ h(z)

implies that p(z) ≺ h(z).

2. MAIN RESULT

Unless otherwise mentioned, we assume throughout this article that f ∈ N , λ > 0,
φ ∈ ℘ and γ ∈ C∗

Proposition 1. Let < 1
λ [1−λγ(φ(z)−1)] > 0 then f ∈ Sγ(φ), whenever f ∈ Nγ,λ(φ).

Proof. Set

p(z) = 1− 1

γ

(
zf ′(z)

f(z)
+ 1

)
, (8)
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then p is analytic function with p(0) = 1. By simple computation, we have

1− 1

γ

(
λz(zf ′(z))′ + (1 + λ)zf ′(z)

λzf ′(z) + (1 + λ)f(z)
+ 1

)
= p(z) +

λzp′(z)

1− λγ(p(z)− 1)
≺ φ(z), (z ∈ ∆).

The result of proposition 1 yields from Lemma 2, by taking α = −γ and β = λγ+1
λ .

Proposition 2. Let < 1
λ [1− λγ(φ(z)− 1)] > 0, then

F (z) = Iλ =
1

λz
1
λ
+1

∫ z

0
t
1
λ f(t)dt ∈ Sγ(φ) (9)

whenever f(z) ∈ Sγ(φ).

Proof. Let

p(z) = 1− 1

γ

(
zF ′(z)

F (z)
+ 1

)
,

it is easy to obtain that

p(z) +
λzp′(z)

1− λγ(p(z)− 1)
= 1− 1

γ

(
zf ′(z)

f(z)
+ 1

)
≺ φ(z).

Since f ∈ Sγ(φ). From Lemma 2, we get p(z) = 1− 1
γ

(
zF ′(z)
F (z) + 1

)
≺ φ(z).

Theorem 3. Let < 1
λ [1 − λγ(φ(z) − 1)] > 0. Then fk ∈ Nγ,λ(φ) and fk ∈ Sγ(φ),

whenever f ∈ N k
γ,λ(φ).

Proof. Let f ∈ N k
γ,λ(φ). Replacing z by εµz (µ = 0, 1, . . . , k− 1; εk = 1) in (4), then

1− 1

γ

(
(1 + λ)zεµf ′(εµz) + λzεµ[f ′(εµz) + εµzf ′′(εµz)]

(1 + λ)fk(εµz) + λzεµf ′k(ε
µz)

+ 1

)
≺ φ(z). (10)

According to the definition of fk and εk = 1, we know that

fk(ε
µz) = ε−µfk(z) and f ′k(ε

µz) = ε−2µf ′k(z) =
1

k

k−1∑
µ=0

ε2µf ′k(ε
µz) (11)

For µ = 0, 1, . . . , k − 1,and summing up, we can get

1

k

k−1∑
µ=0

[
1− 1

γ

(
(1 + λ)ε2µzf ′(εµz) + λzε2µ(zf ′(εµz))′

λzf ′k(z) + (1 + λ)fk(z)
+ 1

)]

= 1− 1

γ

(
(1 + λ)zf ′k(z) + λz(zf ′k(z))

′

λzf ′k(z) + (1 + λ)fk(z)
+ 1

)
.
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Hence there exist ζµ in ∆∗ such that

1− 1

γ

(
(1 + λ)zf ′k(z) + λz(zf ′k(z))

′

(1 + λ)fk(z) + λzf ′k(z)
+ 1

)
≺ 1

k

k−1∑
µ=0

φ(ζµ) = φ(ζµ),

for ζµ ∈ ∆∗, since φ(∆∗) is convex. That fk ∈ Nγ,λ(φ). Since < 1
λ [1−λγ(φ(z)−1)] >

0. Thus by using proposition 2 we obtain fk ∈ Sγ(φ).

Theorem 4. Let < 1
λ [1−λγ(φ(z)−1)] > 0. Then f ∈ Skγ (φ), whenever f ∈ N k

γ,λ(φ).

Proof. Let f ∈ N k
γ,λ(φ). Then by Definition 1, we have

1− 1

γ

(
(1 + λ)zf ′(z) + λz(zf ′(z))′

(1 + λ)fk(z) + λzf ′k(z)
+ 1

)
≺ φ(z).

Putting p(z) = 1− 1
γ

(
zf ′(z)
fk(z)

+ 1
)

and q(z) = 1− 1
γ

(
zf ′k(z)
fk(z)

+ 1
)
, it is easy to obtain

that

1− 1

γ

(
(1 + λ)zf ′(z) + λz(zf ′(z))′

(1 + λ)fk(z) + λzf ′k(z)
+ 1

)
= p(z) +

λzp′(z)

1− λγ(q(z)− 1)
≺ φ(z), (z ∈ ∆).

Since f ∈ N k
γ,λ(φ), then by using Theorem 3, we can see that q(z) ≺ φ(z). Now an

application of lemma 1, yield

p(z) = 1− 1

γ

(
zf ′(z)

fk(z)
+ 1

)
≺ φ(z).

That is f ∈ Skγ (φ). We thus complete the proof of Theorem 4.

Theorem 5. Let < 1
λ [1−λγ(φ(z)−1)] > 0 in ∆, f ∈ Skγ (φ) and let F be the integral

operator defined by (9), then F ∈ Skγ (φ).

Proof. Let a function fk(z) of the form (2) with F (z) in the place of f(z).That is

Fk(z) = 1
k

∑k−1
µ=0 ε

µF (εµz). We can see that Fk(z) = 1

λz
1
λ
+1

∫ z
0 (t

1
λ fk(t)dt) and then

differentiating with respect to z, we get

(1 + λ)Fk(z) + λzF ′k(z) = fk(z). (12)

From (9), we have
(1 + λ)F (z) + λzF ′(z) = f(z). (13)
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Since f ∈ Skγ (φ), we can apply Theorem 3 with λ = 0 to deduce fk ∈ Sγ(φ). Now
an application of proposition 2, we have Fk ∈ Sγ(φ), that is

1− 1

γ

(
zF ′k(z)

Fk(z)
+ 1

)
≺ φ(z). (14)

If we denote

p(z) = 1− 1

γ

(
zF ′(z)

Fk(z)
+ 1

)
, (15)

and

q(z) = 1− 1

γ

(
zF ′k(z)

Fk(z)
+ 1

)
, (16)

then p(z) is analytic in ∆ with p(0) = 1 and q(z) is analytic in ∆ with q(0) = 1,
q(z) ≺ φ(z). Differentiating in (13) and using (15), we have

γp(z)− γ − 1 +
λzp′(z)(

1 + λ+ λ
zF ′
k(z)

Fk(z)

) =
zf ′(z)

(1 + λ)Fk(z) + λzF ′k(z)
. (17)

Using (12) and (16), (17) gives

p(z) +
λzp′(z)

1− λγ(q(z)− 1)
= 1− 1

γ

(
zf ′(z)

fk(z)
+ 1

)
≺ φ(z).

Now an application of Lemma 1, we get p(z) ≺ φ(z), which proves the theorem.

Theorem 6. Let < 1
λ [1− λγ(φ(z)− 1)] > 0. Then Mk

γ,λ(φ) ⊂Mk
γ,0(φ).

Proof. Let f ∈Mk
γ,λ(φ). Setting

p(z) = 1− 1

γ

(
zf ′(z)

ςk(z)
+ 1

)
, q(z) = 1− 1

γ

(
zf ′k(z)

ςk(z)
+ 1

)
,

we have

1− 1

γ

(
(1 + λ)zf ′(z) + λz(zf ′(z))′

(1 + λ)fk(z) + λzf ′k(z)
+ 1

)
= p(z) +

λzp′(z)

1− λγ(q(z)− 1)
≺ φ(z).

Since ς(z) ∈ N k
γ,λ(φ), from Theorem 3 we have q(z) ≺ φ(z). Again an application of

Lemma 1 yields p(z) = 1− 1
γ

(
zf ′(z)
ςk(z)

+ 1
)
≺ φ(z) which establishes the theorem.
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Theorem 7. Let f ∈ N k
γ,λ(φ), then we have

fk(z) =
1

λ(z
1
λ
+1)

∫ z

0
exp

−γk
k−1∑
µ=0

∫ εµt

0

φ(w(ζ))− 1

ζ
dζ

 t
1
λ
−1dt, (18)

where fk(z) is given by equality (2) and w(z) ∈ ℘.

Proof. Suppose that f ∈ N k
γ,λ(φ). We know that the condition (5) can be written as

follows:

1− 1

γ

(
(1 + λ)zf ′(z) + λz(zf ′(z))′

(1 + λ)fk(z) + λzf ′k(z)
+ 1

)
= φ(w(z)). (19)

By similarly applying the arguments given in the proof for Theorem 3 to (19), we
obtain:

1− 1

γ

(
(1 + λ)zf ′k(z) + λz(zf ′k(z))

′

(1 + λ)fk(z) + λzf ′k(z)
+ 1

)
=

1

k

k−1∑
µ=0

φ(w(εµz)). (20)

From (20), we have(
(1 + λ)f ′k(z) + λ(zf ′k(z))

′

(1 + λ)fk(z) + λzf ′k(z)
+

1

z

)
=
−γ
k

k−1∑
µ=0

φ(w(εµz))− 1

z
. (21)

Integrating this equality, we get

log z
[
(1 + λ)fk(z) + λzf ′k(z)

]
=
−γ
k

k−1∑
µ=0

∫ z

0

φ(w(εµρ))− 1

ρ
dρ, (22)

(1 + λ)fk(z) + λzf ′k(z) =
1

z
exp
−γ
k

k−1∑
µ=0

∫ εµz

0

φ(w(ζ))− 1

ζ
dζ. (23)

From (23), we can get equality (18) easily. This completes the proof of Theorem
7.
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