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ON MEROMORPHICALLY A— STARLIKE FUNCTIONS WITH
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ABSTRACT. In this present investigation, we introduce the subclass ./\/'7]“ \(9), of
meromorphically starlike functions with respect to k—symmetric points of complex
order y(y # 0) Punctured open unit disk A*. Some interesting subordination criteria,
inclusion relations and the integral representation for functions belonging to this
class are provided. The results obtained generalize some known results, and some
other new results are obtained.
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1. INTRODUCTION

Let A be the class of all analytic functions f in the open unit disk A = {z € C:
|z| < 1} and normalized by the conditions f(0) = 0 and f/(0) = 1, C being, as,
usual, the set of complex numbers.

A function f € A subordinate to an univalent function g € A, written f(z) <
g(z), if f(0) = ¢(0) and f(A) C g(A). Let X be the family of analytic functions
w(z) in the unit disc A satisfying the conditions w(0) = 0 and |w(z)| < 1, for z in
A. Note that f(z) < g(z) if there is function w(z) in g such that f(z) = g(w(z)).
Further, let p be the class of analytic functions ¢(z) which are regular in A and
satisfy the conditions ¢(0) = 1, ¢'(0) > 0, and ¢(A) is symmetric with respect to
the the real axis, such a function has a Taylor series of the form:

¢(z) =1+ Bz + Byz% + Bsz3 + ... (B1 >0).

Let A denote the class of all meromorphic functions in the punctured open unit
disk A* = {z € C:0 < |z| < 1} of the form

fR) =27+ af (>0, keN={1,2,3,...}). (1)
k=1
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For a given positive integer k, let ¢ = exp(27i/k) and

k=1

fule) = 1 3 (2), (€ A, e
v=0

We denote by S¥(¢), C*(¢) and Nf 4 (¢) the familiar subclasses of N consist-
ing of meromorphically starlike, convex and A—starlike functions with respect to
k—symmetric points in A*. That is

koo o 2f'(2) ;
sto)={rewn =L <4 ),

ko) . (='R)
o) = ens -5

and

A2 (2f'(2)) + (1 + N)zf'(2)
Az fi(2) + (1 4+ A) fr(2)

Nv’“,k(qﬁ):{fe/\/:— <¢>(z)}7 (3)

where ¢(z) € p and z € A*.
Let f(z) € N' be given by (1) the class S,(¢) is defined by

1 <zf '(2)
v\ f(2)
Furthermore, a function f(z) € N, the class C(¢) is defined by
YEC
7\ f(2)
Motivated by the classes N¥ (), S,(¢) and C,(¢), we now introduce and investigate
the following subclasses of A/, and obtain some interesting results.

Moreover, for some non-zero complex number -, we consider the subclasses

Nj,A(qb), ./\/lg’)\(qb) of NV as follows:

+ 1) < ¢(2), (z € A", vy € C* =C\{0} and ¢(z) € p).

+ 2> < ¢(z), (z € A", v € C* =C\{0} and ¢(2) € p).)

Definition 1. A function f € N is belongs to the class ./\/'Wk)\(qb) if satisfies the
following subordination condition

-t (Wf () + (L+ )=f"(2)
¥\ A2fi(z) + (1 + M) fi(2)

+1) <00, (@)
where ¢(z) € pand X > 0.
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Definition 2. A function f € N is belongs to the class Mﬁ’/\(qﬁ) if satisfies the
following subordination condition

-1 (AZW (2)) + (L4 X)=f(2)
v\ Az (2) + (1 + A)G(z)

+ 1) =< ¢(2), (5)

where Gu(2) = + Y020 ("), ((2) € N¥,(¢), ¢(2) € p and A > 0.

By giving specific values to the parameters k,~ and \ in the class Nf \(9), we
get the following new subclasses of meromorphically functions.

Remark 1. Putting k = 1, we obtain the following definition

Definition 3. A function f € N is belongs to the class N, \(¢) if satisfies the
following subordination condition

T (AZ(Zf’(Z))’ +(1+A)zf'(2)
g M f'(2) + (1+N)f(2)

+ 1> < ¢(2), (6)

where ¢(z) € pand X > 0.
Remark 2. If we set A\ = 0, we have following definition

Definition 4. A function f € N is belongs to the class Slj(qb) if satisfies the following
subordination condition

- L(2

T\ Felo) T 1) = o=,

where ¢(z) € p.
Remark 3.

(i)./\/%o(iig;) =S, with y € C* and 1 < B < A < —1, (see Bulboca et al [2]);

1—z

U)leo(w) = S(a,B) with 0 < a < 1and 0 < 8 < 1, (see El-Ashwah

(
(
(i) Ny —1(F2) = C, with v € C*,(see Aouf [1]);
( 1-8z

and Aouf [3]);

(Uii)NL_l(%;iW) =C(a,B) with0 < a < 1and 0 < 3 <1, (see El-Ashwah
and Aouf [3]);

(Vi) N1 —q)ein cos o (122) = S*(a) with g € R, |pu| < 7/2 and 0 < o < 1 (see [7]
for p =1);
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(vitii) N —)ein COSM’_l(%fz) =CH(a) with p € R, |u| < 7/2 and 0 < o < 1 (see
[7] for p = 1); 4
Considering p € R, |u| < 7/2 and 0 < o < 1, for the special cases v = €' cos ,

¢(Z) _ 1+(1-20)Bz

5 We will get the notations

14+ (1—2a)p2
—1-35, )
1+ (1 —2a)p2
 1-8z

Lemma 1. [6] Let o, 5 € C. Suppose that h(z) is convex and univalent in A with

S'u[a’ B] = Neil‘ cos,u,()(

Su[a75] = Nei“cosu,—l( )

h(0) =1 and R[ah(z) + ] > 0 (z € A), (7)
and let q(z) is analytic in A with ¢(0) =1 and q(z) < h(z).

If p(2) = 1+ p12 + pez? + - -+ € p with p(0) = 1, then

zp'(2) s
p(z) + OETR h(z)

implies that p(z) < h(z).

Lemma 2. (see [4],[5]) Let o, B € C. Suppose that h(z) is convex and univalent in
satisfies (7). If p(z) = 1+ p1z + p22? + - € p and satisfies the subordination

implies that p(z) < h(z).

2. MAIN RESULT

Unless otherwise mentioned, we assume throughout this article that f € N', A > 0,
¢ € pand v € C*

Proposition 1. Let R{[1-My(¢(2)—1)] > 0 then f € Sy(¢), whenever f € N, A().

1 (50),

Proof. Set
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then p is analytic function with p(0) = 1. By simple computation, we have

1 (zf(2) + (L +N)zf'(2)
s oY)

= p()+ Az(pl((;) [ <) (€ )

The result of proposition 1 yields from Lemma 2, by taking o« = —y and § =

\_/\_/

)x’y+1

Proposition 2. Let R5[1 — My(¢(z) — 1)] > 0, then

1 Z
/0 ()t € 5,(9) (9)

1
)\ZX+1

F(z)=1,=

whenever f(z) € S,(¢).
Proof. Let

-1 ()

it is easy to obtain that

M) () ) L
K+ Tt =y (T ) <
Since f € S,(¢). From Lemma 2, we get p(z) =1 — % (ZE(IS) + 1) < ¢(2).

Theorem 3. Let R1[1 — Ay(¢(z) — 1)] > 0. Then fr € Nya(¢) and fi € Sy(9),
whenever f € /\/‘f’)\(qﬁ).

Proof. Let f € N$7A(¢). Replacing z by e#z (u=0,1,...,k—1; ¥ = 1) in (4), then

) 1 ((1 + N zet f'(etz) + Nzl [f'(etz) + etz f" (etz)]
oy (L + N) fr(etz) + Azet fl(ehz)

+ 1) < ¢(2). (10)

According to the definition of f;, and ¥ = 1, we know that
fu(ez) = €7 fiu(2) and fi(ehz) = e fi(2) = ¢ ZeQ“f (e"2) (11)

For 41 =0,1,...,k — 1,and summing up, we can get
= [1 1 ((1 + N f (e2) + hee (2f (7)) 1)}
k Y NfL(2) + (1 + N fuz)

=0
1 1+ Nzf(2) + Xz(zf1(2))
7 ( SACEED O 1) |
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Hence there exist ¢, in A* such that

- 1 <(1 + Nz fi(z) + Az(2f(2))

1 k—1
v (14 X)) fr(z) + )\zf,’c(z) T 1) = % ;;)¢<CM) = ¢(Cu),

for ¢, € A*, since ¢(A*) is convex. That f € N, \(¢). Since R$[1—Ay(¢(z) —1)] >
0. Thus by using proposition 2 we obtain fi, € Sy(¢).

Theorem 4. Let R}[1— My(¢(z) —1)] > 0. Then f € Sﬁ(qS), whenever f € N,%\(d)).

Proof. Let [ € fo 1(@). Then by Definition 1, we have

1 ((1 +M)z2f'(2) + A2 (2f'(2))
T\ L+ Nfe(2) + Az fi(z)

+ 1> < ¢(2).

Putting p(z)
that

1-— % (?;I((Zz)) + 1) and ¢(z) =1— % (Z;;’g((zz)) + 1) , it is easy to obtain

_ 1 (A4 N2f(2) + Az(2f'(2)
e e )

Azp'(2)
(e - < Eed)

Since f € NA’;A(gb), then by using Theorem 3, we can see that ¢(z) < ¢(z). Now an
application of lemma 1, yield

= p(2)+

o =1-2 (28

+ 1) < o(2).
5 (2)
That is f € Sﬁ(gb). We thus complete the proof of Theorem 4.

Theorem 5. Let R1[1—Ay(¢(z)—1)] > 0in A, f € S§(¢) and let F' be the integral
operator defined by (9), then F € Sfj((b).

Proof. Let a function fi(z) of the form (2) with F(z) in the place of f(z).That is
Fy(z) = %Zﬁ;é el F(etz). We can see that Fy(z) = %ﬂ foz(t%fk(t)dt) and then
Az X

differentiating with respect to z, we get
(1+ N Fi(2) + X2 FL(2) = fr(2). (12)

From (9), we have
(1+ N F(2) + A2F'(2) = f(2). (13)
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Since f € Sfj((b), we can apply Theorem 3 with A = 0 to deduce f, € Sy(¢). Now
an application of proposition 2, we have Fj, € S(¢), that is

_1(2R0) ]
-2 < T +1> < ¢(2). (14)
If we denote |/ 2F ()
w=1-3 (55 ) "
and
. L [(z2F(2)
q(z) =1 5 ( F:(z) + 1> , (16)

then p(z) is analytic in A with p(0) = 1 and ¢(z) is analytic in A with ¢(0) = 1,
q(z) < ¢(z). Differentiating in (13) and using (15), we have

2) - Aer(e) 2(2)
yp(z) =y — 1+ (1+)\+)\2Fké(2)) (1+ N Fr(z) + X2F](2)

(17)

Fy.(z)
Using (12) and (16), (17) gives

Az 1 ()
P Tl =) v<fk<z>

Now an application of Lemma 1, we get p(z) < ¢(z), which proves the theorem.

+ 1> < ¢(2).

Theorem 6. Let R5[1 — Xy(¢(2) —1)] > 0. Then ME ,(¢) € ME ((¢).

Proof. Let f € Mﬁ’A(é). Setting

=13 (8 ) a2 ().

we have

1A+ Nzf'(2) + A2 (2f'(2)

(TR e )
Azp(2)

1—M(q(z) = 1)

Since ¢(z) € ka’/\(@, from Theorem 3 we have ¢(z) < ¢(z). Again an application of

Lemma 1 yields p(z) =1 — % (Zgi/((zz)) + 1) < ¢(z) which establishes the theorem.

= p(z)+ < ¢(2).
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Theorem 7. Let f € Nfi/\(qﬁ), then we have

-1

- Zex jk E#tw -1
fk(Z)_)\(zi""l)/O p{ - Z/O : dC}t dt, (18)

n=0
where fi(z) is given by equality (2) and w(z) € p.
Proof. Suppose that f € ./\/'f)\(gﬁ). We know that the condition (5) can be written as

follows:
1 ((1 + N)zf'(z) + Az(z2f'(2))

Y\ L+ N fr(2) + Az (2)

By similarly applying the arguments given in the proof for Theorem 3 to (19), we
obtain:

n 1) — p(w(2). (19)

- 1 <(1 + N)zfr.(2) + Xz(2f(2))

1 k—1 .,
v\ @+ Nfe(2) + A2 f(2) +1) = kgcb(w(s 2)). (20)

From (20), we have

A+ NAE) AACREY 1\ 7 guw(er) — 1
<(1+)\)fk(2)+)\zf,§(z) +Z>— > SNCIY

Integrating this equality, we get

log 2 [(1+ M) fu(2) + Az fi.(2)] = _77 Z/O

I [T o(w(() —1
/O SRS = e (23)

(14 N fel2) + A= fi() = Sexp 03 ;

k
From (23), we can get equality (18) easily. This completes the proof of Theorem
7.

n=0
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