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ABSTRACT. In this article, we introduced and defined a new class of harmonic
functions which by use of a subordination. We find necessary and sufficient con-
ditions, distortion bounds, radii of starlikeness and convexity, compactness and ex-
treme points for above class of harmonic functions.

2010 Mathematics Subject Classification: 30C45, 30CS80.

Keywords: harmonic functions, univalent functions, Salagean operator, subordi-
nation.

1. INTRODUCTION

Let H denote the family of continuous complex valued harmonic functions which
are harmonic in the open unit disk D = {z: 2 € C and |z| <1} and let A be the
subclass of H consisting of functions which are analytic in D. A function harmonic
in D may be written as f = h 4+ g, where h and g are members of A. We call h the
analytic part and g co-analytic part of f. A necessary and sufficient condition for f
to be locally univalent and sense-preserving in D is that |h/(z)| > |¢'(2)| (see Clunie
and Sheil-Small [1]).

Let SH denote the family of functions f = h + g which are harmonic, univalent,
and sense-preserving in D for which f(0) = f.(0) — 1 = 0. The subclass SH? of SH
consists of all functions in SH which have the additional property fz(0) =b; = 0.
To this end, without loss of generality, we may write for f € SH°

h(z)=2z+ Zanzn and g(z) = Z b, 2". (1)
n=2 n=2

In 1984 Clunie and Sheil-Small [1] investigated the class SH as well as its geo-
metric subclasses and obtained some coefficient bounds. Since then, there have been
several related papers on SH and its subclasses. Also note that SH reduces to the
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class S of normalized analytic univalent functions in D, if the co-analytic part of f
is identically zero.

For f € S, the differential operator D¥ (k € Ng = NU {0}) of f was introduced
by Salagean [7]. For f = h+7 given by (1), Jahangiri et al. [6] defined the modified
Salagean operator of f as

D*f(z) = D*h(z) + (—=1)*D*g(2), (2)
where

o0 [e.e]
DFh(z) = 2z + Z nka,z", DFg(z) = Z nkb, 2"
n=2 n=2

We say that a function f : D — C is subordinate to a function F : D — C, and
write f(z) < F(z), if there exists a complex valued function w which maps D into
itself with w(0) = 0, such that

f(z) = F(w(z)) (2 €D).

Furthermore, if the function F' is univalent in D, then we have the following equiv-
alence:

F(2) < F(2) & £(0) = F(0) and f(D) C F(D).

The Hadamard product (or convolution) of functions f; and fo of the form
0o 0o
fel2) =24+ an"+ Y bzt (2€D,te{1,2})
n=2 n=2
is defined by
0o 0o
(f1 % f2)(2) :z+Za1,n aQ,nz"—FZW (z € D).

n=2 n—=2

Denote by SHY(k, A, B) the subclass of SH? consisting of functions f of the
form (1) that satisfy the condition

DFLF(2) 1+ Az
D F(2) + (1= NDFf(z) 1+ B2

3)

0<A<1,keNU{0}, —A<0<B<A<])
where D* f (2) is defined by (2).

By suitably specializing the parameters, the classes SHY(n, A, B) reduces to the
various subclasses of harmonic univalent functions. Such as,
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(i) SHY(E, A, B) = HY(A, B), € € Ng =NU {0} ([4]),

(ii) SHJ(0, A4, B) = S5 (A, B) N SH® ([2]),

(iii) SHy (k,2a —1,1) = H(k, ) ([6]),

(iV) SH(())(O,QO[ - 17 1) = ;{O(a) ([5]7 [8]7 [9])7

(v) SHY(1,2a —1,1) = Sjo(e) ([5]),

(Vi) SH8(17 1, _1) = KIO{ ([8])7

(vii) SHg(0,1,—1) = S5 ([8)).

Making use of the techniques and methodology used by Dziok (see [2], [3]), Dziok
et al. [4], in this paper we find necessary and sufficient conditions, distortion bounds,
radii of starlikeness and convexity, compactness and extreme points for the above

defined class SHY(k, A, B).

2. MAIN RESULTS

First theorem provides a necessary and sufficient convolution condition for the har-
monic functions in SHY(k, A, B).

Theorem 1. A function f belongs to the class SHY(k, A, B) if and only if f € SHY
and

DFf(2)x®(z()#0 (C€C,[¢|=1, zeD),

where
B(2:0) = [(1—)\)(1+A(_)]z22+ (B— A)(z
(1-2)
[(1+AQ(1 = V] 22 + [(1+ AQ)(2A = 1) — (1 + BO) 2

k
=) (1-z)>

Proof. Let f € SH®. Then f € SHY(k, A, B) if and only if (3) holds or equivalently

DF1f(2) 1+ A¢ B
DR 1 (- NDRf(R) 7 1rBe CEG=hzel) )
Now for
DFh(z) = DFh(2) = 1’%2 DM 1h(z) = D*h(z) * q _’22)2
and B _
DFg(z) = Drg(z) » 7—, D™ 1g(z) = DFg(2) » TEE
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the inequality (4) yields

(1+BOD* 1 f(z) = (1 + AQMD* f(2) + (1 = N)D"f (2)]

= DFh(z)* {(1 + B() [(1_22)2] -1+ 44 [(1 izz)2 * (11_—22)]}

(=) DRy # {(1 + B¢ [—(1)2} +(1+49 [(1 AZz>2 B (11_2)2]}

= DFf(2)x®(2;¢) #0

Next we give the sufficient coefficient bound for functions in SHg(k, A, B).

Theorem 2. Let f = h+ be so that h and g are given by (1). Then f € SHY(k, A, B),

if
Z((ﬁn’an“"wn’bn’) <A-B (5)
n=2
where
b =nF[(1=A+AX=B)n+(1-X)(A-1)] (6)
and
Y =n"[(1= A= AN+ B)n+ (1 -\ (A+1)]. (7)

Proof. 1t is easy to see that the theorem is true for f(z) = z. So, we assume that
an, # 0 or b, # 0 for n > 2. Since ¢, > n (B — A) and ¢, > n (B — A) by (5), we
obtain

[e.o] o0

W) =1g(=)] = 1= nlaal 2" = nlbal 2"
n=2 n=2
= 1_|Z’Z(n’an’+n’bn‘)
n=2
ERs
> 1= =5 (@nlan] +¥n b))

n=2

> 1—|z|>0.
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Therefore f is sense preserving and locally univalent in D. For the univalence con-
dition, consider 21, z5 € D so that z; # z3. Then

n

m—1 Ln—m
E:Zl 22

m=1

)

n
< Z ’271”71} ‘ngm| <mn, n>2.

m=1

Z1 — %9
Hence

1f(z1) = f(z2)] = |h(z1) —h(22)] =g (21) — g (22)]

> Z1—22—Zan 1 —2) n (21— 25)
o o0

>z =22 = ) anl |28 = 25 = ) [bal 2] — 25
n=2 n=2

T (1—2% -y [A22
> |z — 29 (1—in|an\—in\bn|> >0
n=2 n=2

which proves univalence.
On the other hand, f € SHY(k, A, B) if and only if there exists a complex valued
function w; w(0) =0, |w(z)| < 1 (z € D) such that

=)

Z1 — %9

DFFLf(2) 14 Aw(z)
ADF1f(2) + (1 = A\)DFf(2) 1+ Bw(z)

or equivalently

<1, (8)

(1= XN)DM1f(z) — (1 - D" f(2)
‘ (AN = B)D*1f(2) + A(1 = A)D* f(2)

The above inequality (8) holds, since for |z| =7 (0 < r < 1) we obtain

(1 =MD f(z) — (1= NDEf(2

— B)DMf(2) + A(L — N DFf(2)
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Zn (n—1)(1 = XNanz" + ( k+12n n+1 )\)bnz”‘
n=2

—[(A-=B)z+ ink[(A)\ — B)n+ A(1 — \)]a,z"
n=2

F DS (B - AN+ AL N5
n=2

IN

D onf(n = 1) (L= A)Jan|r™ + > nF (n+1) (1= A) [bo| "
n=2 n=2

—(A-B)r+ ink[(A/\ — B)n+ A(1 = \)] |an| ™
n=2

+§:nk (B — AN)n + A(L = N)] [bn| 7"

n=2

< 7 {Z S lan| "+ [ba] P — (A - B)} <0,
n=2 n=2

therefore f € SHY(k, A, B), and so the proof is complete.

Next we show that the condition (5) is also necessary for the functions f € SH
to be in the class SHTY(k, A, B) = T* N SHY(k, A, B) where T* is the class of
functions f = h +g € SH? so that

f= h—l—g—z—Z|an|z + ( Z!b|z (z € D). (9)

n=2

Theorem 3. Let f = h+7 be defined by (9). Then f € SHTY(k, A, B) if and only
if the condition (5) holds.

Proof. The ‘if’ part follows from Theorem 2. For the ‘only-if’ part, assume that
f € SHTY(k, A, B), then by (8) we have

§ nF{{(n—1)(1=N)]lan|z"+[(n+1)(1=X)]|bn |z}
=2 <1.

(A=B)z= 3, nE{[(AN=B)n+ A(I=N)lan]2"+((B= AN+ A=) ba 2"}
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For z = r < 1 we obtain

ink{(nfl)(lﬂ)\an\+(n+1)(1*/\)lbn|}r”’1 .
= <1
A=B= 3 nk{[(AN=B)n+ A(1=N)]|an|+[(B= AN+ A1) Jon [}

Thus, for ¢, and 1, as defined by (6) and (7), we have

[e.9]

> bnlan] +nlball "t <A=B (0<r<1). (10)
n=2

Let {o,} be the sequence of partial sums of the series

Z [P |an| + 1 [bn]] -
n=2

Then {0y} is a nondecreasing sequence and by (10) it is bounded above by A — B.
Thus, it is convergent and

This gives the condition (5).

In the following we show that the class of functions of the form (9) is convex and
compact.

Theorem 4. The class SHT/(\)(k, A, B) is a conver and compact subset of SH.
Proof. Let f; € SHT/(\)(k:, A, B), where

o0 oo

felz) = 2= lanl 2"+ (=D)F D |ben 27 (2 €D, t€N). (11)

n=2 n=2

Then 0 < n <1, let f1, fo € SHTY(k, A, B) be defined by (11). Then
£(z) = nfi(z) + (1 —n)f2(z)

= Z—Z (n]arnl + (1 =n)lagn]) 2"

—1)"> " (nlbrn| + (1 —n) ban]) 2™
n=2
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and

+ (1= n) [banll}

Z {¢n [77 ’al,n‘ + (1 - 77) ’aQ,nH + % [

[b2,n}

= 772{¢n|a1n|+7/)n’bln’}+ 1_ Z{an
n=2

n=2

< nA-B)+(1-n)(A-B)=A-B.

Thus, the function k = nf; + (1 — 1) fo belongs to the class SHTY(k, A, B). This
means that the class SHTY(k, A, B) is convex.

On the other hand, for f, € SHTY(k,A,B),t € Nand |z| <r (0 <r < 1), we
get

[fi(z)] <

+ b} r"

< r+ Z {¢n |at,n’ + wn ‘bt,n’} r’

< 7"+(A—B)r2

Therefore, SHTY (k, A, B) is locally uniformly bounded. Let

filz) =2 = lagnl 2"+ (=1)F Y " |bnl 2" (2 €D, t€N)
n=2 n=2

and let f = h + g be so that h and g are given by (1). Using Theorem 3 we obtain

Z{ﬁbnmt,n’ + ¢ [bialt < A-B. (12)

If we assume that f; — f, then we conclude that |as,| — |a,| and |byn| — |by
a8 n — oo (t € N). Let {o,} be the sequence of partial sums of the series

Z {bn |an| + ¥y |bp|}. Then {o,} is a nondecreasing sequence and by (12) it is
=2
bounded above by A — B. Thus, it is convergent and

Z{gbn |an| + U |bn|} = nh_ggoan <A-B.
n=2

98



Hasan Bayram, Sibel Yalcin — Harmonic Functions Defined by Subordination ...

Therefore f € SHT(k, A, B) and therefore the class SHTY(k, A, B) is closed. In
consequence, the class SHT )(\) (k, A, B) is compact subset of SH, which completes
the proof.

We continue with the following lemma due to Jahangiri [5].
Lemma 5. Let f = h+g be so that h and g are given by (1). Furthermore, let

o0
n—o n—+o
Z{l_g\an!+1_glbn|}§1 (z € D)

n=2

where 0 < o < 1. Then f is harmonic, orientation preserving, univalent in D and f
1s starlike of order o.

In the following theorems we obtain the radii of starlikeness and convexity for
functions in the class SHT?(k, A, B).

Theorem 6. Let 0 < o < 1, ¢, and ¥y, be defined by (6) and (7). Then

1
: l—o . Pn Vn n-t
* 0 _
TQ(SHTA(k,A,B))—Tngg [A—Bmm{n—g’n—i-gH . (13)

Proof. Let f € SHTY(k, A, B) be of the form (9). Then, for |z| =7 < 1, we get
ot 2 {ln—1=0)lan/+(n+1+0) [bn]} 7

< =2 .
2—0- 22{(n+1—Q)\an\+(n—1+a)|bn!}7“"‘1

Df(z) - (1+0)f(2)
Df(z)+ (1 - 0)f(2)

Note (see Lemma 5) that f is starlike of order ¢ in D, if and only if

Df(z) - (1+ 0)f(2)
‘Df(Z) Ta-of)| b D
Z{?:g]anl—i-?jgwnl}rn_lSl. (14)

n=2

Moreover, by Theorem 2, we have

- an d}n n—1
E <1.

n=2

Since ¢y, and 1, be defined by (6) and (7).
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The condition (14) is true if

/,’L —
an—l < ¢n ,rn—l

) —A-B
and N "
n 0 n-1 n n—1
< =23
1—Qr _A—Br (n 3)
or if )
l_Q . ¢n wn n-1
< =23,...).
T_A—Bmm{n—g’n—i—g (n=2,3,...)

It follows that the function f is starlike of order ¢ in the disk D+ where

_1
r’ = inf 1—o min On ) "
¢ n>2|A-B n—o n+o '

The function

Fa(2) = ha(2) + ga(z) = 2 — A¢_ By (—1)kA¢_an

proves that the radius r* cannot be any larger. Thus we have (13).

Using a similar argument as above we obtain the following.

Theorem 7. Let 0 < o < 1 and ¢, and ), be defined by (6) and (7). Then

SIS 4, B) = i | 7= min <n¢3g>’n<fig>ﬂnll'

Our next theorem is on the extreme points of SHT)(\)(k, A, B).

Theorem 8. Extreme points of the class SHTf\)(k, A, B) are the functions f of the
form (1) where h = hy, and g = g,, are of the form
hi(z) =2z, hp(z)=2— —A@LB,Z",
(15)

gn(2) = (— l)kA¢Bz” (zeD, n>2).

Proof. Let g, = nfi + (1 —n)f2 where 0 < n < 1 and fi, fo € SHTY(k, A, B) are
functions of the form

—Z—Z|atn\z + ( Z|btn|z” (z €D, te{l1,2}).
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Then, by (5), we have
A-B

(U
and therefore a1+ = agy = 0 for t € {2,3,...} and b1y = bey = 0 for t €
{2,3,...}\ {n}. It follows that g,(z) = fi(2) = f2(2) and g, are in the class of
extreme points of the function class SHTY(n, A, B). Similarly, we can verify that
the functions h,(z) are the extreme points of the class SHTQ(I{:, A, B). Now, sup-
pose that a function f of the form (1) is in the family of extreme points of the class
SHTY(k, A, B) and f is not of the form (15). Then there exists m € {2,3,...} such
that

[b1,n] = |b2n| =

. A—-B

< lam| < mE[(1—=A+AXN—B)m+ (1 —X)(A—-1)]
or - A-B

< |bm| < mE[(1=A—AX+B)m+ (1-X)(A+1)]
If

A-B

O<lanl < e A =2+ AN =B m+ A =N (A=D1}

then putting

n:k%hﬁ{mﬁﬂ—A+AA—BMn+ﬂ—AMA—DH

A-B

and
:f_nhm
2 71_77 ;

we have 0 < n < 1, h,, # ¢, and

f=nhm+(1-n)¢.

Therefore, f is not in the family of extreme points of the class SHTY (k, A, B).
Similarly, if
A—B
E(1-=A=AXN+B)m+(1-)N)(A+1)]

0 < |bm| <
m

then putting

n:anﬂﬂ—A—AA+BMn+O—AMA+D]

A—-B
and
(‘D:fl_ngm,
-7
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we have 0 < n <1, gn # p, and

J=n9m + (1 —=n)e.

It follows that f is not in the family of extreme points of the class SHTY (k, A, B)
and so the proof is completed.

Therefore, by Theorem 8, we have the following corollary.

Corollary 9. Let f € SHT(k, A, B), be a function of the form (9). Then

] < — A-B
1A+ AN—B)n+ (1-N(A—1)]
and 4
b < — b
1A AN+ B)nt (1- N (A+1)]

The result is sharp for the extremal functions hy, g, of the form (15).
Corollary 10. Let f € SHTY(k, A, B) and |z| =r < 1. Then

A-B

A-B )
TR ATD)(A-1) - 2(B-1)]

PG St T o) BT

The following covering result follows from Corollary 10.
Corollary 11. If f € SHTY(k, A, B) then D, C f(D) where

A-B
2R [(A+1)(A-1)—2(B-1)]

r=1

REFERENCES
[1] J. Clunie, T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn.
Ser. A I Math, 9 (1984), 3-25.

[2] J. Dziok, Classes of harmonic functions defined by subordination, Abstr. Appl.
Anal. (2015), Article ID 756928.

[3] J. Dziok, On Janowski harmonic functions, J. Appl. Anal., 21 (2015), 99-107.

[4] J. Dziok, J. M. Jahangiri, H. Silverman, Harmonic functions with varying co-
efficients, Journal of Inequalities and Applications 139 (2016).

[5] J. M. Jahangiri, Harmonic functions starlike in the unit disk, J. Math. Anal.
Appl. 235 (1999), 470-477.

102



Hasan Bayram, Sibel Yalcin — Harmonic Functions Defined by Subordination ...

[6] J. M. Jahangiri, G. Murugusundaramoorthy, K. Vijaya, Salagean-type harmonic
univalent functions, South J. Pure Appl. Math. 2 (2002), 77-82.

[7] G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math.
Springer- Verlag Heidelberg 1013 (1983), 362-372.

[8] H. Silverman, Harmonic univalent functions with negative coefficients, J. Math.
Anal. Appl. 220 (1998), 283-289.

[9] H. Silverman, E. M. Silvia, Subclasses of harmonic univalent functions, N. Z.
J. Math. 28 (1999), 275-284.

Hasan Bayram

Department of Mathematics,
Bursa Uludag University,
16059, Goriikle, Bursa, Turkey
e-mail: hbayramQuludag.edu.tr

Sibel Yalcin

Department of Mathematics,
Bursa Uludag University,
16059, Goriikle, Bursa, Turkey
email: syalcin@uludag. edu.tr

103



	Introduction
	Main Results

