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ON @Q-STARLIKE FUNCTIONS WITH RESPECT TO
K-SYMMETRIC POINTS

A. ALSOBOH AND M. DARUS

ABSTRACT. In this paper, we define new subclass of analytic functions, the so-
called g¢-starlike functions of order o with respect to k-symmetric points. We explore
some inclusion properties and find some sufficient condition for this class. Finally,
we obtain the integral representation for functions belonging to this class.
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1. INTRODUCTION

We begin by letting H the class of analytic functions in the open unit disc of the
complex plane U = {z € C,|z| < 1}, and A be the subclass of H containing all
functions of the form

f(z)zz+2amzm z e, (1)
m=2
which satisfying the condition of normalization; f (0) = f(0)+1 = 1. Let S denotes
the subclass of A containing of all functions that are univalent in U. For any two an-
alytic functions f(z) and ¢g(z) in U, we say that f(z) is subordinate to ¢g(z), denoted
by f(z) < g(z), if there exist a Schwarz function w(z) with w(0) = 0, |w(z)| < 1
such that f(z) = g(w(z)) for all z € U [14].

The convolution of f(z) asin (1) and S(z) =2z + Y o ¢mz" is defined by

(FB)) = (Bx () =2+ Y ambme™

The geometric properties of analytic functions played an important role in geometric
function theory, such as convexity and starlikeness, these subclasses denoted by C
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and §*, respectively.

More generally, for 0 < a < 1, let S*(«) and C(«) be the subclasses of starlike
of order o and convex of order «, respectively, defined analytically by

()
(2)

2" (2)
f'(2)

z

f
f

S*(a) = {f:fGA,and Re{ }>a,z€U},

Cla) = {f:fE.A,and Re{l + }>a,ze[U}.

The application of g-calculus is very important in the theory of analytic func-
tions. Jackson was 15! developed g-calculus in a systematic way (for more details,
see [10, 11]). There are several application of g-calculus on subclasses of analytic
functions, especially subclasses of univalent functions in U like stalike and convex
(for more details, see [1, 2, 3, 4, 7, 5, 16, 17]) that depends on replacing the usual
derivative by g-derivative. Ismail et al. [9] introduced a general g-starlike function
with replacing the right half plane by appropriate domains, Agrawal and Sahoo in
[1] extend this idea to introduce the class of g-starlike functions of order a. Later
on, Aldweby and Darus [4] introduced two subclasses of bounded g-starlike and ¢-
convex functions. Some other application of g-calculus are studied by Alsoboh and
Darus [6, 7, 8] and Mohammed and Darus [15].

Now, we give some basic concepts and definitions of the applications of g-calculus
assuming that 0 < ¢ < 1, by:
Definition 1. [10] For 0 < q < 1, the g-numbers [m|, is given by:

1—qg™
[m]q — 21_q . ,neC 7
1+g+q¢+...+q" ,neN

and lim,_,,-[m]q = m.

Definition 2. [10] The Jackson q-derivative of a function f is given by:

f@-1a)
0,(2) = { e BECUOD

’

where limg_,1 0 f(2) = f (2).
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Definition 3. [11] The Jackson’s g-integral of a function f is given by:
| = =023 s
n=0

In case of f(z) = 2", m € N, we have

0q(2™) = [m]gz"",

? - nyc— n ZC
/ t gt = (1—q)z Z(zq yerlgn = ——
0

n=0

Ismail and et al. in [9] introduced the class of g-starlike functions and the
definition of class S is given as follows:

Definition 4. A function f € A is said to belong to the class Sy, if

Z(aqf)(z) 1 < 1 (Z EU) (2)

flz) 1-4q| 1-gq
If ¢ — 17 then & reduced to S*.

Later, Agrawal and Sahoo in [1] defined and investigated the subclass of gener-
alized g¢-starlike functions of order «. The definition is as follows:

Definition 5. A function f € A is said to belong to the class Sy(a), 0 < a <1, if

z(0, z
G
11— 1—gq 1—-¢q’

If a =0, then §;(a) := 5.

(z € U).

The authors in [6] introduced a g-differential operator Dy’ , 5 .\ f(2) : A — A by

D usnf () = 2+ D (Bpadpg () am=" (3)
m=2

where
A[fe,)\,é,u;q}(m) = (K_A)((S_/‘L)([m]q - 1) + 17 (5a H,)\a,u > Oa K > >‘75 > u,n e NO)

Next, we introduce new subclass of g-starlike of order o with respect to k-
symmetric points using the differential operator DZ LSRN f given as follows:
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Definition 6. A function f € A is said to in the class S;(k)(n, «), if it satisfies the
following inequality

1 -«
1—gq

20,005, P2)  1-ag
(Dq,u,é,n,xfk)(z) 1—¢

, (€0, (4)

where 0 < a < 1, n € Ny, k is a fired positive integer and fi is defined by the
equality

e = e, (=), )

We observe that the class Sy () (n, ) satisfies the following relation:

N SiW(n,a)c [ Si(e) CS* (@) C S
0<g<1 0<g<1

Throughout this paper, we will assuming that 0 < a < 1,0< ¢ <1 and 6 € [0,27).

2. THE MAIN RESULTS
First, we need the following lemma of Liu [13].
Lemma 1. Let —1 < By < By < A1 < Ay <1, then we have

1—|—A1Z 1+A22
1+ Bz 1+B22.

Next, we give some meaningful conclusion about the class Sy () (n, a).

Theorem 2. If f € A as in (1). Then f € S;(k)(n, «) if and only if it satisfies the
following subordination condition

204D} 5,0 )(2) 14+ (1—a(l+q)=
(D} s fr)(2) 1—qz

: (6)
where f, as in (5).
Proof. Suppose that f € Sé’“) (n,«), then by Definition 6, we have

204(D q,u,éri)\f)(z) B 1—aq < 1 -«
(Dq7u75,,{7)\fk)(z) 1—q I—gq
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204(0g 115,52 F)(Z)

Consider I(z) = CHNDIOR then
951,85, A
1—¢q 1—aq
I(z) — 1.
-« (2) -« <

We can introduce the function ®(z) by

(1-g)l(z) +ag—1

®(2) = l1-«a

(zeU, [2(2)<1).

Now, define the function w(z), by

()= BBV =20) (-1
1—®(2)®(0) —a(l+q)+ql(2)

We note that w(0) = 0, and |w(z)| < 1 for all z € U.

From the last equation, we have

20,08 D) 1+ (1=all+9)w()

(D} s fi)(2) 1 —qu(z) ’

this implies that

20,005 ) 1+ (1—all+a))z
(DF 15,50 f1) (2) 1—q2 :

Conversely, by assuming the equation (6) holds, then there exist a Schwarz function
w(z), such that

O snf)E)  1—qul2)

2000550 )(2) _ 1+ (1= a(l +))lz)

It is equivalent to

Za‘](DZﬂu,&n,)\f)(z) N 1-— aq

:’1+(1—a(1+q))w(z) 1—aq

<Dg,u,5,n,,\fk)<z) 1—g¢ 1 — qw(z) 1—gq
_l-alw(z)—q
1—g 1 — qw(z)
l1—«
STo¢

hence f € S;(k) (n, ) and the proof is complete.
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Theorem 3. Let 0 < o < ag < 1, then we have Sék) (n,a9) C Sék) (n,a1).

Proof. Suppose that f € Sq(k) (n, ), by Theorem 2, we have

204Dy 5en)(z) L (1 —ao(l+ q))w(z)
(DZ,M,B,H,Afk)(Z) B 1-— qw(z> :

Since a1 < g, this leads to 1 —ag(14+¢q) <1 — as(1l+ q) and

1+(1—aﬂ1+qnw@) 1+(1—aﬂ1+q0w@)
1—quw(z) < 1—quw(z) '

By Lemma 1, we have

1+ (1—042(1—1-(]))2 1+ (l—al(l—i-q))w(z)
1—quw(z) = 1—quw(z) ’

this means that Sg(k) (n,a) C S;(k) (n,a1) and hence the proof is complete.
Theorem 4. Let f € S;(k)(n, @), then Dy, 5. \Ji € Sg(c).
Proof. Since f € SJ(k) (n, ), then by Definition 6, we have

Zaq(Dg,u,é,n,)\f)(z) 1-og < 11—«
(Df s fe)(z)  1—ql 1—gq

Then substituting z by €7z where v = 0,1, ...,k — 1, in the last inequality, we have

5728(1([);“,57,%,\]0)(5%) l-og - 1—«
(DZ7M767K7Afk)(€’YZ) 1 - q 1 - q ’

(y=0,1,2,..k—1).  (8)

According to the definition of f;, and e¥ = 1, we have f,(¢72) = 7 fi(2) and summing
the last equation for v =0,1,2,.... k — 1, we can get

) 12 6720,(07 5,0 )(E72)  1—aq) 1-a

- — < .
E2e D, e 1ogl 1-g
Note that -
1 i E”’z@q(DZ7M757K7)\f)(E7z) B zaq(D’;mMAf)(EWz)
k =0 gv(DZu,&m\f’f)(z) (Dg,u,a,n,,\fk)(z) 7
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therefore,
Zaq(DZ,M,(s,R,)\fk)(Z) 1—oaq 11—«

_ _ |
(D 5w 2 k) (2) 1—¢ | 14

hence f € S; (o).
Theorem 5. Let f be defined as in (1). If for 0 < a < 1, and

Z A[fi)\é,uq] mk+ 1)) ([mk+ 1](1 - a)‘amk+l‘
m=2

+ Z A[n)\é,uq]( )) ‘am‘g(l_a)
m;élkJrl
then f € S;(k)(n, Q).

Proof. Suppose that f and fx(z) is defined by (1) and (5), respectively. For z €
we have

M = |(1 = 0)20,(D 5,/ )(2) = (1= ) (Dl g fi) ()|~ (1 = @) (Dl fi)

M = |(1 = 9)20,(Df 5,00 )(2) = (1= 600)(Df 5,00 i) ()| = (1= )| (Df 50 S

1_0‘T+Z( e b gl ))nam{(l—Q)[m]q—(1—aq)cm}rm

m:2
~(1—g)—a)r+ i A ( )” (1= g)lmly — (1~ ag)em }r
m=2
l-a i (A[m 5.4130) )>namcm7"
m=2
< { i (A[H,A,é,um (m))nam(l — @)[mly — a(l = q)em — (1—q)(1 — a)}r
m=2
therefore,

[e.9]

U,

(2)]

)(2)

M<(1-q) [2 (Aarspam)” (Imls = acm ) lam| = (1 - a)] . (10)

m=2
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From definition of ¢,,, we know that

k-1 1 ifm=lk+1
Cm = _em v = (k,1>1,m >2). (11)
V=0 o Lifm#Alk+1

Substituting (11) into (10), we have

<(1-q) [2 A (mk + 1) ([mk + 1]g — )] amesn
m=2

3 Bl Apasgeam)on] - (1= )|
m;él7c+1

From inequality (5), we know that M < 0, then the proof is complete.

Theorem 6. The function f of the form (1) is in the class S;(k) (n,a) if and only

i
e (e~ — z— —2)(1 —q2)h(z
D oy st () 0 )

for all N = 1Z00ta) o< g <o zeU.

Proof. Let f € Sy )( «) of the form (1), then it satisfies the equality (6), i.e

20, ( qu,5/~:)\f)(z) < 1+ (1_a(1+Q))Z
(Dq,,u,é,n,kkaz) 1-— qz
204(D7 1 5.5 0 f)(2)

Since W 18 analytic in U, this means (D(T]L,;L,(;,K,)\fk)(z) 7é O,Z S U*, il.e

%(Dgu,&m\f’f)( z) # 0,z € U, according to (6), then by definition of subordination,
there exist a Schwarz function w(z) with |w(z)| < 1 and w(0) = 0 such that

20,02, 5 f)(2) 1+ (1-all+0)w(e)

B , z€U
(Dg,u,é,n,)\fk)(z) 1— qw(z)

which is equivalent to

1+ (1 —a(l+ q))ew
1 — gei

Zaq(DZ,M,(s,,@,Af)(Z)
(D} sk fk)(2)

£ . (zeU0<0<2m), (13)
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or

(1= 0) 2040350 )2) = (1411 14 0)67) (O s a )| 20

(z€U;0 <0< 2m). (14)
And from the definition of f(z), we know

z)=z+ Z amemz™ = (f x h)(2),
m=2

Dq 1,0,k )\fk =z+ Z ( [K,A, 0,1 q] )) amCm2" = (Dg,uﬁ,n,)\f * h)('Z) (15)
where h(z) = 2+ > ", 2™, for

1 if m=1lk+1,
MV o if m#lk+ L

And also
f(z) = f(z) * 1 i . and 20,f(z) = f(z) * = z)fl o
this implies s
Dg,,u,&,n,kf(z) = D(T]L,u,d,/f,)\f(z) * 1— 2 (16)

00y () = D) ¥ 75— (7)

Now, substitute (16) and (17) into (15), we have
T ,
2 Phsnat @+ (E5E25 -+ - el + ale?)h)) | 20

e —q) [, z (e +[1—a(l+q)h(z)
B Ul (e R e | K

which lead to (12), which proves the ’'if’ part.
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Conversely, because the assumption (12) holds for all N, it follows that
0q (D™
L D7 5./ (2) # 0, hence the function I(z) = M

z" q,u,gmﬂ)\fk)(z)
we shown in 'if” part that the assumption (13) is equivalent to

is analytic in U, and

1+ (1 —ao(l+ q))ew
1 — ge®

I(z) # (z€U;0<0<2n). (18)

If we denote by

. 1+ (1 1—_0121; q)>z Lew

the relation (18) shows that I(U) NT'(U) = ¢. Thus, the simply-connected domain
I(U) is included in C\I'(OU). Since I'(2) is univalent and 1(0) = I'(0), then I(z) <
I'(z) which represent the relation (6), hence f € S;(k) (n, ).

3. THE ¢-INTEGRAL REPRESENTATION

In this section, we give the g¢-integral representation of functions f for the class
Sy (k)(n,a).

Theorem 7. Let f € S;(k)(n, «), then we have

; k=1 evz 14 (1 —a(l+ q))w(t)
DF o fe=expd 99 / dyt
(I7N‘767H7>‘ (q — ]_)k; 7:0 0 t(]' - q(,d(t)) !

where fi, is defined in (5), w(z) is analytic with w(0) =0, |w(z)| < 1.

Proof. Let f € SJ(k)(n, «), then by Theorem 1, we have

20y(D7 5 onf)(z) LT (1 —a(l+ q))w(z)

(D7 L snfe)(z) 1 —qu(z) ’

where w(z) is analytic with w(0) = 0 and |w(2)| < 1, substituting z by 7z (y =
0,1,k —1)

€7204(Dy , 5.2 F)(E72) L+ (1 —a(l+ Q))W(gvz)

(Dg,u,a,ﬁ,xfk)(&“%) B 1 — quw(e7z)

I
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we know that fi(¢7z) = &7 fr(z), and summing for vy =0,1,...,k — 1

(1 —a(l+ q))w(a’yz)

1 — quw(e7z)

o M,J,Mfw( 19)

Mw

=0

2

From the last equality we have

(1 —o(l+ q))w(fﬂz)
z(1 — quw(e72)) '

(Dg,uﬁ,n,)\fk)(z) z

5%(Dguanxkaz 1k
gZ
v=0

Apply Jackson’s g-integral, we have

G-l (Dl usnfey 152 1+ (1=all+9)w0)
log ¢ log{ - z } Tk Z/o C(1— qw(©0)) e

v=0

n k=1 o7y _
o {Dq#’(g’,{’)\fk} . log ¢ / 72 1+ (1 Oé(l + Q))W(t)d .
g = o
z (g—1)k =Jo t(1 — quw(t))

1 k=1 vz 1 + (1 - Oé(l + Q))w(t)
DI o= meapd 1084 / d,t .
Q10,5 (¢ =Dk = Jo t(1 — qu(t)) !

Theorem 8. Let f €S, k)( «), then we have

. z log q k=1 vz 1+ <1 — a(l + q))w(t)
DQvM,(Sﬁ,)\f(Z) = /0 exp{ (q — 1)]{? ’;]/0 t(l — qw(t)) dqt

1+ (1 —a(l+ q))w(()
1—qw(¢)
where fi, is defined in (5), w(z) is analytic with w(0) =0, |w(z)| < 1.

X dyC, (20)

Proof. From Theorem 2, we have

1+ (1 —a(l+ q))w(z)
z0 (un,én)\f)( ) (un75/i)\fk)( ) 1_qw(z) )
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) log ¢ =L el (1 —a(l+ q)>w(t)
9q(Dg sk f)(2) = 695?{((1_ ;/0 t(1 — qu(t)) ot

1+ (1 —a(l+ q))w(z)

8 1 —quw(z)

Apply g-Jackson’s integral of both sides to get

. z log ¢ k=1 o721+ (1 — Oé(l + q))w(t)
(Dq,u,&n,)\f)(z) :/0 exp{(q—l)kz/o dgt

- {1~ qul)

1+ (1 —a(l+ q))w({)
1 —qw(C)

dyC.
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