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POLYNOMIALS
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ABSTRACT. In the present article, we find estimates on the Taylor-Maclaurin
coefficients |ag| and |ag| for functions belong to bi univalent functions of the Bazilevi¢
type of order a by using the Chebyshev polynomials. Fekete-Szegd inequalities of
functions belonging to this subclass are also founded.
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1. INTRODUCTION

A functions of the form f(z) normalized by the following Taylor Maclaurin series

f(z) = z+Zanz” (1)
n=2

which are analytic in the open unit open disk U= {z: z € C, |z| < 1}, and belongs
to class A.

Let S be class of all functions in A which are univalent and normalized by the
conditions /

fO)=0=7(0)-1

in U. Some of the important and well-investigated subclasses of the univalent func-
tion class S includes the class S*(a)(0 < a < 1) of starlike functions of order « in
U and the class K(«)(0 < a < 1) of convex functions of order a. Also, it is known
that the class

A0 (f (2
Bﬂ,u)z{féA:%(W>>O,u20,z€U} (2)
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is the class of univalent functions in U( see [1]). So we have

A0 (f (2
Ba,u:{f€A3%<W>>av 0§a<1,,u20,z€U}. (3)

For two functions f and g, analytic in U, we say that the function f is subordinate
to g in U, written as f(z) < g(z), (z € U), provided that there exists an analytic
function(that is, Schwarz function) w(z) defined on U with

w(0) =0 and |lw(z)| <1 forall zeU,
such that f(z) = g(w(z)) for all z € U.

Indeed,it is known that

f(2) <9(2) (z€U) = [f(0) =9(0) and f(U) C g(U).

It is well known that every function f € S has an inverse f~!, defined by

U f(2) =2 (z€D),
and

FHfw) =w (Jw| <ro(firo(f) = ),

1=

where
Y w) = w + asw?® + (243 — 3a3)w® — (5a3 — Hasaz + ag)w* + ... . (4)

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent
in U. Let ¥’ denote the class of bi-univalent functions in U given by (1). The be-
ginning of estimating bounds for the coefficients of classes of bi-univalent functions
is in 1967 when Lewin show that |as| < 1.51 (For more details see [2]). Later the
papers of Brannan and Taha [3] and Srivastava et al. [4] and other (see [5], [6], [7] )
studied the bi-univalent results for may classes. The coefficient estimate problem for
each of the following Taylor-Maclaurin coefficients |a,|(n € N\ 1,2) for each f € ¥’
given by (1) is still an open problem.

The significance of Chebyshev polynomial in numerical analysis is increased in
both theoretical and practical points of view. Chebyshev polynomials, which is
denoted by T),(t) and Uy(t) (see [8] and [9]). The Chebyshev polynomial of degree
n of the second kind, are defined for ¢ € [1, 1] by the following relations

Uo(t) = 1,Ui(t) = 2t,Us(t) = 4t —1,Us(t) = 8t3—4t, ..., U1 (t) = 2tU,, (t)—Up_1(2).
(5)

54



A.G. AlAmoush — Coefficient Estimates for Certain Subclass of ...

The generating function for the Chebyshev polynomials of the second kind, U, (t),
is given by:

H(zt) = 1_22t+22 ZU 2" (2 € ).

In this paper, for subclass of Bazilevi¢ type function of order o, we use the Cheby-
shev polynomials expansions to provide the initial coefficients and the Fekete-Szego
inequality for functions belonging to the class EL(t).

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS E;(t)

We begin by introducing the function class 33/, (¢) by means of the following defini-
tions.

Definition 1. For >0, 0 < a < 1, a function f € ¥/ given by (1) is said to be
in the class EL(t), if the following conditions are satisfied:

2 (2) !
" ([f()]) SHE) = T ©)
and ) /
2! (g (w) 1
" (W) SHOY) = T e @)

where the function g(w) = f~1(2) is given by (4).
We first state and prove the following result.

Theorem 1. For ;1> 0 and t € (1/2,1), let the function f € ¥’ given by (1) be in
the class X3, (t). Then

2t/2t
|ag| < : (8)
VIA+ @[T+ p(1—262)]]
2t 42
Iag\_2+ﬂ+(1+ﬂ)2, (9)
and for some n € R,
2t (L) [14+p(1—262)]]

., 2+p s =1 < 4(24p) 2
a3 = mas] < { sl leseeo ey - (10)

(A [T+n(1—22)]] 4(2+p)t
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Proof. Let f € ¥'. From (6) and (7), we have

A=n( (4
" ([f(zgf]l(—ﬂ)> =14 Ui(t)p(2) + Ua(t)p?(2) + ..

and

S ) e
§R< [f(Z)]l_“ > - 1+U1<t)q( )+U2(t)q ( >+

for some analytic functions
p(z) = 1+p1z+p222+p323+... (zEU)

and
qg(w) =1+ quw+ gu?+gu’+.. (wel),

such that p(0) = ¢(0), |p(z)| <1, (z € U), |q(w)| <1, (w € U). It is well known

that if |p(z)| < 1 and |g(w)| < 1,then
lpil <1 and |g| <1 forall ¢ €R.
Now, equating the Coefficients in (11) and (12), we get
(1+ p)az = Uir(t)pr

=D 5+ 2)0n] = Uh0 + (05

—(1+paz=Ui(t)q

(n—=1)(n+2)
2

From (14) and (16), we find that

[2(2 + )+ } a5 — (n+ 2)az = Ur(t)ge + Ua(t)qi -

P =—q
and
2(1 + p)*a3 = UF (1) (07 + a7).-
Also, by using (15) and (17), we obtain

[(+2)(1 = 1) +2(2 + )] a3 = Ur(t) (p2 + a2) + U2(8) (0} + ai)-
By using (19) in (20), we get

2Us(t)

U12(t) (1 + /1’)2 a% = Ul(t)(pQ + QQ)-

(k+2)(p=1) +2(2+p) —
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From (5), (13) and (21), we have the desired inequality (8).

Next, by subtracting (17) from (15), we have
2(2+ p)as — 2(2 + p)a3 = Ur(t)(p2 — @2) + U2(t) (0} — i) (22)
Further, in view of (18), we obtain

2 Ui(?)

az = ay + m(}% - q2)- (23)

Hence using (19) and applying (5), we get desired inequality (9).
Now, by using (21) and (23) for some n € R, we get

az—na2 = (1—n) [ U (t)(p2 + g2) } Ui(t)(p2 — q2)
R =@+ (1 + )+ 22+ wIU2() — 201+ w20a(t)] 22+ p)

=010 [ (40 + s ) o+ (1)~ 5 ) ]

Ui (t)(1 —n)
2+ @)1+ p) + 22+ UF(t) = 21+ p)2Ua(t)

where

h(n) =

So, we conclude that

2t 1
jas — na3| < § EH) PO <
4tlh(n)|&, |h(n)| =

1
2(24p)

This proves Theorem 1.
Taking u = 0 in Theorem 1, we get the following consequence.

Corollary 2. Fort € (1/2,1), let the function f € ¥ given by (1) be in the class
Y/(t). Then

la1| < 2tv/2t (24)
lag| < 2t + 4t2, (25)

and for some n € R,

— 11 <
T =t
8t ’77_1| |77_1|Z*2
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Taking © = 1 in Theorem 1, we get the following consequence.

Corollary 3. Fort € (1/2,1), let the function f € ¥’ given by (1) be in the class

Y¥'(t). Then
tv/2t

ol < 1)
2t
’a’3| S g + t27 (28)
and for some n € R,
4 In—1] < £
, In=1] <

|as — na3| < {23|771 1> ?{t_Qtz : (29)

1—¢2 ) |77 - | Z T3¢2

Taking n = 1 in Corollary 3, we get the following consequence

Corollary 4. Fort € (1/2,1), let the function f € ¥ given by (1) be in the class
Y/(t). Then
L At
lag — a3] < 3 (30)
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