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ABSTRACT. In this paper, some common fixed point theorems for general-
ized (A, p)-Reich pairs in a complete cone bo-metric spaces over Banach algebra are
proved. Our results generalize and extend some well-known results from 2-metric,
b-metric and cone metric spaces. An example is presented which illustrate the main
result of this paper.
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1. INTRODUCTION AND PRELIMINARIES

The concept of 2-metric space has been investigated by S. Gahler in a series of papers
[10, 11, 12]. In 2007, Huang and Zhang [7] introduced the notion of cone metric
spaces as a generalization of metric spaces and proved some fixed point results for
contractive mappings. In the papers [3, 18, 19, 21] authors proved the equivalency of
some notions in cone metric spaces and fixed point results in cone metric spaces; with
their ordinary metric versions. Liu and Xu [4] defined the cone metric spaces over
Banach algebra and proved some fixed point results for the contractive mappings
with vector contractive constants. Liu and Xu [4] showed that the conclusions of
the papers [3, 18, 19, 21] are not applicable if the cone metric spaces are taken over
Banach algebra. Singh et al. [1] introduced cone 2-metric spaces which unifies both
the concepts of cone metric and 2-metric spaces.

On the other hand, Bakhtin [5] and Czerwik [13] introduced b-metric spaces as
a generalization of metric spaces. Hussain and Shah [9] introduced cone b-metric
spaces as a generalization of b-metric spaces and cone metric spaces. Mustfa et al.
[20] unified and generalized the notions of 2-metric spaces and b-metric spaces by
introducing the notion of ba-metric spaces. Recently, Fernandez et al. [6] combined
the concepts of bo-metric spaces and cone metric spaces and introduced the notion of
cone bo-metric spaces over Banach algebra. They proved some fixed point theorems

37


http://www.uab.ro/auajournal/

V.H. Badshah, Prakash Bhagat and Satish Shukla — Some common fixed ...

in this new setting. In this paper, we improve and generalize the fixed point result
of Fernandez et al. [6] and prove some common fixed point results for a pair of
mappings called generalized (), i1)-Reich pair on cone by-metric spaces over Banach
algebra. We also point out the non-feasibility of contractive conditions of Fernandez
et al. [6].

We first state some well-known definitions and concepts which will be needed in
the sequel.

Let A always be a real Banach algebra with a multiplicative unit e, that is,
ex =xe =z for all x € A. An element x € A is said to be invertible if there is an
inverse element y € A such that zy = yr = e. The inverse of z is denoted by z~*
(see [10]).

The following proposition can be found, e.g., in [10].

Proposition 1. Let A be a Banach algebra with the unit e, and x € A . If the
spectral radius p(x) of x is less than 1, that is,

pla) = lim [a"[[V/" = inf a"|V/" <1
n>1

then e — x is invertible. Actually,

6—.’11 E .’I,'

A subset P of A is called a cone if:

1) P is nonempty closed and {6,e} C P;

3

(1)
(2) aP + P C P for all nonnegative real numbers «, f3;
(3) P2= PP C P;
(

1) PN (-P)= {6}

where 6 and e are respectively the zero vector and unit of A.

Given a cone P C A, we define a partial ordering < in A with respect to P by
x <Xy (or equivalently y = x) if and only if y — x € P. We shall write z < y (or
equivalently y > x) to indicate that x < y but x # y, while z < y (or equivalently
y > z) will stand for y — x € intP, where intP denotes the interior of P.

The cone is called normal if there exists a number K > 0 such that for all
z,y € P

v=y = |all < Kllyl.
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The least number K satisfying the above inequality is called the normal constant of
P. The cone P is called solid if intP # ().

In the following, we always assume that the cone P is solid cone in Banach
algebra A and =< is partial ordering with respect to P.

Proposition 2 ([15]). Let P be a cone in a Banach algebra A, a € P and b,c € A
are such that b < ¢, then ab < ac.

Lemma 1 ([2, 14, 22]). Let A be a Banach algebra with a solid cone P. Then:
(a) If a < Xa witha € P and 0 < X\ <1, thena =6.
(b) If 0 < u < ¢ for each 6 < ¢, then u = 0.

(c) If ||xn|| — 0 as n — oo, then for any 0 < c, there exists ng € N such that,
Ty < ¢ for all n > nyg.

(d) If a,b,c € P such that a < b and b < ¢, then a < c.
(e) If a,b,c € P such that a < b and b < ¢, then a < c.
(f) If a,b,c € P such that a < b and b < ¢, then a < c.
Remark 1 ([14]). If p(z) < 1 then ||z"|| = 0 as n — oo.

Definition 1 ([8, 23]). Let P be a solid cone in a Banach algebra A. A sequence
{un} C P is a c-sequence if for each ¢ € A with 0 < c there exists ng € N such that
U, K ¢ for n > nyg.

Proposition 3 ([15]). Let P be a solid cone in a Banach algebra A and let {u,}
be a sequence in P. Suppose that k € P is an arbitrarily given vector and {u,} is a
c-sequence in P. Then {ku,} is a c-sequence.

Proposition 4 ([15]). Let A be a Banach algebra with a unit e, P be a cone in A.
Then, for any a,b € A, ¢ € P with a < b we have ac < be.

Lemma 2 ([15]). Let A be a Banach algebra and let x,y be vectors in A. If x and
y commute, then the following hold:

(i) p(zy) < p(x)p(y);
(ii) p(z +y) < p(x) + p(y);

(i) |p(z) — p(y)| < p(z —y).
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Lemma 3 ([15]). Let A be a Banach algebra and let k be a vector in A. If 0 <
p(k) < 1, then we have

p((e—H)") < (1—p(k) "

Definition 2 ([1, 16, 17]). Let X be a nonempty set. Suppose the mapping d: X X
X x X — P satisfies:

(1) for every x,y € X with x # y there exists z € X such that d(x,y, z) # 6;
(2) if at least two of x,y,z € X are equal, then d(x,y,z) = 0;

(8) d(x,y,z) = d(p(z,y,2)) for all x,y,z € X, where p(x,y,z) denotes all the
permutations of x,vy, z;

(4) d(x,y,2) 2 d(z,y,w) +d(z,w, 2) + d(w,y, z) for all z,y,z,w € X.

Then d is called a cone 2-metric on X, and (X,d) is called a cone 2-metric space
over Banach algebra A.

Definition 3 ([9]). Let X be a nonempty set and A a real Banach algebra with cone
P. A vector-valued function d: X x X — P is said to be a cone b-metric function
on X with the constant s > 1 if the following conditions are satisfied:

1. 0 < d(z,y), for all z,y € X and d(x,y) = 0 if and only if x = y;
2. d(z,y) = d(y,x) for all x,y € X
3. d(z, z) < s[d(x,y) + d(y, 2)] for all x,y,z € X.

The pair (X,d) is called the cone b-metric space. Observe that if s = 1, then the
ordinary triangle inequality in a cone metric space is satisfied, however it does not
hold true when s > 1. Thus the class of cone b-metric spaces is effectively larger
than that of the ordinary cone metric spaces. A cone b-metric space will be called
normal, if the underlying cone P is normal cone.

Definition 4 ([6]). Let X be a nonempty set and dp: X x X x X — P be a mapping.
Suppose, there exists s > 1 and the following conditions are satisfied:

(1) for every x,y € X with x # y there exists z € X such that dy(x,y, z) # 0;
(I1) if at least two of x,y,z € X are equal, then dy(z,y,2) = 0;

(111) dp(z,y,2) = dp(p(x,y, z)) for all z,y,z € X, where p(x,y,z) denotes all the
permutations of x,y, z;
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(IV) db(w7y7 Z) = S[db(xay7w) + db(wvwv'z) + db(waya Z)] fOT all T,Y,2,w e X.

Then, the mapping dy is called a cone by-metric over X and the triplet (X, dp, s) is
called a cone by-metric space on Banach algebra A. If the cone P is normal, then
(X,dy, s) is called a normal cone ba-metric space over Banach algebra A.

Example 1. Let X = R and A = C§[0,1] be the Banach algebra with the norm
lz(@®) = llx(t)|loo + |2/ (t)|| oo, the point-wise multiplication and the unit e(t) =1 for
all t € [0,1]. Let P = {¢p € CL[0,1]: 9(t) > 0 for all t € [0,1]} be the solid cone in
A. Define the mapping dp: X x X x X — P by

dy(z,y,2) = min {(z — y)?, (y — 2)% (z — 2)°} ¢

for all x,y,z € X. Then (X,dy,s) is a cone by-metric space over Banach algebra
A with s = 2 for all t € [0,1]. On the other hand, dy is not a 2-cone metric
space, for example, at points © = 1,y = 5,z = 15,w = 2 we have dy(x,y,z) =
16€t, dp(z,y,w) = €', dy(z, w, 2) = €', dy(w,y, z) = 9e!, and so,

db(xvya Z) - db(SC, Y, U}) + db(l‘,’w, Z) + db(U),y, Z)'

Example 2. Let X = {1,2,3,4} and A = R? be the Banach algebra with the
norm ||(x1,z2)|| = |z1| + |z2|, with the multiplication defined by (x1,x2)(y1,y2) =
(x1y1, x2y1 + x1y2) and the unit e(t) = (1,0). Let P = {(z1,x2): 1,22 > 0} be the
normal cone in A. Define the mapping dp: X x X x X — P by

dp(1,2,3) = a(1,1),dp(1,2,4) = b(1,1),dp(2,3,4) = c(1,1),dp(1,3,4) = A(1,1)

with symmetry in all variables and with d(z,y,z) = (0,0) when at least two of the
arguments are equal, where a,b,c are nonnegative reals such that a + b+ c > 0 and
A=a+b+c+1. Then, (X,dy,s) is a cone ba-metric space over Banach algebra A

A
with s > o1 On the other hand, dy is not a 2-cone metric space, for example,

at points ZL'_: 1,y = 3,z = 4,w = 2 we have dp(z,y,z) = N1,1),dp(x,y,w) =
a(1,1),dp(x,w, z) = b(1,1),dp(w,y, 2) = ¢(1,1), and so,

db(xvyaz) -~ db(‘raya w) + db(wivz) + db(w,y,z).

Definition 5 ([6]). Let (X, dy, s) be a cone ba-metric space over the Banach algebra
A. A sequence {z,} in X is called a Cauchy sequence if for every ¢ € A with 6 < ¢
there exists ng € N such that dy(zp, Tm,a) < ¢ for alln,m > ng and a € X.

Definition 6 ([6]). Let (X, ds, s) be a cone ba-metric space over the Banach algebra
A. A sequence {x,} in X is called a convergent sequence and converges to x € X
if for every ¢ € A with 0 < c there exists ng € N such that dy(x,,x,a) < ¢ for all
n > ng and a € X. We denote this fact by x, — x as n — oo and x is called the
limit of the sequence {x,}.
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Definition 7 ([6]). Let (X, dy, s) be a cone ba-metric space over the Banach algebra
A. Then, (X,dy,s) is called complete if every Cauchy sequence in X converges to
some x € X.

Remark 2. Limit of a convergent sequence in a cone by-metric space over a Banach
algebra is unique. Indeed, if {x,} converges to two distinct limits x,y € X, then
for every given ¢ € A with § < c there exists ng € N such that dy(x,,x,a) K

32, dp(xp,y,a) <K 3£ for all n > ng and a € X, therefore
s s

dy(z,y,a) = sldy(2,y,2n) + do(2, Tn, a) + dy(2n, Y, a)]
C C

S13s T35 735
= C.

The above inequality with Lemma 1 yields dy(x,y,a) = 0 for all a € X, i.e., z = y.
This contradiction proves the result.

The proof of the following remark is similar to the above remark.

Remark 3. FEvery convergent sequence in a cone ba-metric space over a Banach
algebra is a Cauchy sequence.

2. FIXED POINT THEOREMS

In this section, we introduce some new concepts and prove a common fixed point
theorem.

Definition 8. Let (X, dp, s) be a cone by-metric space over Banach algebra A and
T: X — X be a mapping. Then, the mapping T is called a generalized A-Banach

1
contraction if there exists A € P such that p(\) < — and the following condition is
s
satisfied:
db(T‘T?Tyva) = )\db(:v,y,a) (1)

for all x,y,a € X. The mapping T is said to be a generalized A-Kannan contraction

1
if there exists A € P such that p(\) < % and the following condition is satisfied:
s

dy(Tz, Ty, a) 2 N[dp(z, Tz,a) + dp(y, Ty, a)] (2)

forall z,y,a € X.

42



V.H. Badshah, Prakash Bhagat and Satish Shukla — Some common fixed ...

Definition 9. Let (X, dy, s) be a cone ba-metric space over Banach algebra A and
T: X — X be a mapping. Then, the mapping T is called a generalized (A, p)-Reich

1
contraction if there exist A\, € P such that p(A) + 2p(p) < — and the following
s

condition is satisfied:
db(Txa Tyv a) = )\db(xa Y, a) + M[db($7 T$7 a) =+ db(yv Tyv a)] (3)
for all x,y,a € X.

It is easy to see that the class of generalized (A, j1)-Reich contractions is a unifica-
tion and generalization of classes of generalized A-Banach and generalized u-Kannan
contractions.

Remark 4. In [6], Fernandez et al. used the following condition:
db(Tl’, Tya a) = de(l’, Y, (I) + )‘db(xv Tx? CL) + Mdb(ya Ty7 (1) (4)

for all z,y,a € X, where sp(k)+sp(A\) +p(u) < 1 and s>+ sp(\) < 1. Observe that,
since s > 1 and p(\) > 0, therefore, the condition s> + sp(\) < 1 is not feasible.
Therefore, the fized point results of Fernandez et al. [6] are not consistent for any
given mapping and for any given cone by-metric space.

We define a more general class as follows:

Definition 10. Let (X, dy, s) be a cone by-metric space over Banach algebra A and

T,S: X — X be two mappings. Then, the pair (T,S) is called a generalized (X, u)-
1

Reich pair if there exist A\, € P such that p(\) + 2p(n) < — and the following
s

condition is satisfied:
db(T‘T7 Sya CL) = )\db(l’, Y, a) + M[db(ajv Tz, CL) + db(yv Sy’ a)] (5)
forall z,y,a € X.

It is obvious that every generalized (), i1)-Reich contraction 7' is actually a gen-
eralized (A, p)-Reich pair with S = I.

Next, we discuss the nature and some results about common fixed points of a
generalized (\, u)-Reich pair in a cone be-metric space over Banach algebra.

Proposition 5. Let (X, dy, s) be a cone bay-metric space over Banach algebra A and
T,S: X — X be two mappings such that the pair (T, S) is a generalized (A, pv)-Reich
pair. If x* € X is a fized point of T (or of S), then x* is a unique common fized
point of the pair (T, S).
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Proof. Suppose, z* is a fixed point of T, i.e., Ta* = x*. Since the pair (7,9) is a
generalized (A, pt)-Reich pair we have

dp(z*,Sx*,a) = dp(Tx*,Sx*,a)
= Adp(x*,x%,a) + pldp(x*, Tz", a) + dp(z*, Sz*, a)]
= A0+ pld+dy(z*, Sz", a)]

ie., (e — p)dp(z*, Sz*,a) < 6. Since p(p) < 1, we have e — p € P is invertible, and
so, the last inequality yields dp(x*, Sx*,a) = 0 for all a € X. Therefore, Sx* = x*.
Thus, z* is a common fixed point of the pair (T, 5).

For uniqueness, suppose z*, y* are two distinct common fixed points of the pair
(T,S), i.e, Tx* = Sz* = o*, Ty* = Sy* = y* and z* # y*. Then, we have

db(i*a y*u CL)

db(Tx*)Sy*va)
= Ady(2%, Y% a) + pldy(2", T2", a) + dy(y*, Sy*, a)]
= (2", y",a) + uld + 0]

ie., (e — Ndp(z*,y*,a) < 0. Again, it shows that dy(z*,y*,a) = 0 for all a € X, i.e.,
z* = y*. This contradiction proves the uniqueness.

If 2* is a fixed point of the mapping S. Then by similar process one can find the
desired result.

Remark 5. [t is clear from the above remark that if (T, S) is a generalized (A, p)-
Reich pair, then T cannot have more than one fixed point; and similar is true for
the mapping S.

The following lemmas will be used in establishing the common fixed point results
for a generalized (\, u)-Reich pair.

Lemma 4. Let (X,dy,s) be a cone by-metric space over Banach algebra A and
T,S: X — X be two mappings such that the pair (T, S) is a generalized (A, pv)-Reich
pair and X\, commute. If the sequence {x,} C X is defined by xont1 = Txop,
Tonto = Sxopy1, n > 0 and xg € X is arbitrary, then there exists o € P such that

1
pla) < — and
s
dp(Tpy Tpy1,a) 2 &"dp(z0,21,0) for all a € X.

Furthermore, for the sequence {x,} with initial value o € X, we have

dyp(xg, Tl—1,x¢) = 0 for all k > t.
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Proof. Let xyp € X be arbitrary point. Then since the pair (7,5) is a generalized
(A, pv)-Reich pair we obtain:

dy(Tont1, Tont2, @)
= dp(Txon, STon+1,0)

= Adp(@on, Tont1, ) + pldy(xon, Txon, a) + dp(Tont1, STont1, a)]
= Adp(2on, Tant1,a) + pldy(Ton, Tont1, a) + dp(T2n41, Tant2, @)l

The above inequality shows that
(e = p)dp(Ton+1, Tant2, @) X (A + p)dp(T2n, T2nt1, @)
Since p(u) < 1, therefore the vector e — u is invertible, and so, we have
dp(Tan11, T2042,0) < (A + p)(e — 1) dp(w2n, T2n41, a).
Set o = (A + p)(e — ) ™! in the above inequality we have
dp(Ton+1, Tant2, @) 3 ady(Tan, Tant1,a). (6)
Following similar process as the above and using the above inequality we obtain:

dp(Tont2, Tonys, @) = dp(SToni1, Txoni2,a)
ady(T2n+41, Tant2, @)

Oéde(szmwan,a)- (7)

LA TA

Successive use of the inequalities (6) and (7) yields:
dp(Tony1, Tanio, a) = &2 dy(zg, 21, a). (8)
Similarly, we can prove:
dp(Ton+2, Ton+3,a) = a2”+2db(9§0,x1, a). (9)
It follows from the inequalities (8) and (9) that
dy(xn, Tpt1,a) < a"dp(zg, x1,0a) for all a € X. (10)

We shall show that p(a) < 1. Since A, u commute we have:

A+p)(e—p A+ 1) Zu] => A+’
=0
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Therefore, A + g and (e — )1 commute. Now using Lemma 2 and Lemma 3 and

1
the fact that p(\) + 2p(p) < — < 1 we obtain
s

pla) = p(A+p)(e—p)™")
< pA+wp(le—m™)
< (p(\) + p(p)) (1 = p(p)) ™"

- p(ﬂ)) (1= p(u)!

<

IN
»w | =
' ®w | =

If {z,} is the sequence defined as above and k > t. We construct a sequence
{yn} defined by yo = x¢, yn = Tp4¢. Then for k& > t from the inequality (10) we
have:

dy(Tp—1, Tk, o) =  dy(Yk—t—1, Yk—t>Y0)
< " dy(yo, y1, yo)
_ ak—t—l Ny
= 0

which completes the proof.

Lemma 5. Let (X,dy,s) be a cone-ba-metric space over Banach algebra A and
suppose for any sequence {x,} the following condition is satisfied:

dp(Tpy Tpy1,a) 2 &"dy(x0,21,a) for alla € X

1
where p(a) < —; and dy(xp_1, Tk, ) = 0 for k > t,a € X. Then the sequence {x,}
s

is a Cauchy sequence.

Proof. Suppose, xy € X is arbitrary and {z,} be the sequence with initial value xy.
We shall show that {x,} is a Cauchy sequence. Then, by given condition we have

dy(xn, Tpt1,a) < a"dp(zg, x1,0a) for all a € X. (11)
Suppose n,m € N and m > n. Then, we have:

dy(Tn, Tm,a) = sldy(Tn, Tm, Tm—1) + dp(@n, Tm—1, ) + dp(Tm—1, Tm, a)].
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Since dy(zk—1, K, ) = 0 for k > t,a € X using the inequality (11) in the above
inequality we obtain:

dp (T, Ty a) = 8[0 + dyp(Tn, o1, a) + ™ Ldy(xg, 21, 0)]
=< 5[0+ o™ Ydy(20, 21, a) + dy(zp, T1,a)]
=< sa™ rdy(z0, 21, a) + $2[dp(Tn, Ty 1, Trn—2)
+dp (2, Tm—2,a) + dp(Tm—2, Tm—1,a)]
< sa™ Ydy(zo, z1,a) + s2a™2dy(x0, 21, a) + 52y (T, T2, @).

By repeating this process we obtain:

db(anaxmaa) j Sam_ldb('x(]axlaa) + Szam_de(anxlaa‘)
+o 8" dy (g, 21, a)

< sl dy (g, z1,a) + ™o (2, 21, a) + - - -

+s ™ dy (0, 21, a) + sa™ " dy(xo, 71, )
= "o e+ s tat o+ S_(m_n_l)am_n_l]db(“’ 1, a)
< s e+ s ta+ 5720 + - ]dy (o, 71, a).

1

1 1
Since p(s~'a) = —p(e) < = < 1, then the vector e — s~ 'a is invertible and
s s

(e—sta)t=c+stats2a?+---.
Therefore, the above inequality yields

dp(Zn, T, a) =< sa™(e — s 1a) " rdy(zo, 21, ). (12)

1
Since p(a) < = < 1, therefore ||o”|| — 0 as n — oo, and so, for every ¢ € P° there
s

exists ng € N such that o™ < ¢ for all n > ng. It shows that the sequence {a™} is
a c-sequence. By Proposition 3 the sequence {sa"(e — s~ ta)tdy(xo,z1,a)} is also
a c-sequence. Therefore, it follows from the above inequality that for every ¢ € A
with 6 < ¢, there exists n1 € N such that, dy(xy, xm,a) < ¢ for all n > ny. Thus,
{z,} is a Cauchy sequence.

The next theorem gives a sufficient condition for the existence and uniqueness
of the common fixed point of a generalized (), u)-Reich pair.

Theorem 6. Let (X, dy, s) be a complete cone by-metric space over Banach algebra
A and T,S: X — X be two mappings such that the pair (T,S) is a generalized
(A, p)-Reich pair. Then the pair (T,S) has unique common fixed point in X.
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Proof. Suppose, xg € X be arbitrary and {z,,} be defined by z2,,+1 = T2, Tant+2 =
Szop+1. Then, by Lemma 4 and Lemma 5 the sequence {z,} is a Cauchy sequence.

By completeness of X, there exists x* € X such that x, — z* as n — co. We
shall show that x* is the unique common fixed point of the pair (7,.5). Then, for
any n € N and for all a € X we have

dp(xon, Tx*,a) = dp(Swop—1,Tx", a)
Mp(xon—1, 2", a) + pldy(Sxon—1, Ton—1,a) + dp(z*, T2™, a)]

=
=< Adp(zon—1, ", a) + pldy(zon, T2n—1,a) + dp(z*, Tx™, a)).

Using the above inequality we obtain

dy(z*, Tx* a) =< s[dy(z*, Tz, x2,) + dp(z*, X2, a) + dp(x2n, Tx*, a)]
= s[dy(x*, 220, T2*) + dp(2*, 220, @)
+)‘db($2n71a ZE*, a) + M[db($2na T2n—1, a) + db(aj*a TZIS‘*, (L)] .

The above inequality implies that

(e — sp)dp(x*, Tx* a) = s[db(x*, Ton, Tx™) + dp(x*, Top, a)
+dy(22n—1, 2%, a) + pdy (o, Tan—1,a)].

1
Again, since p(u) < — we have
s

dp(z*, Tz*,a) < s(e—sp)™? [db(:v*,xgn,Tx*) + dp (2", x2n, @)
+)\db(l‘2n71> z, a) + Mdb(l?na Z2n—1, a)] .

Since x,, — =¥ as n — oo, the sequences:
{db(xna $*7 a)} and {db($2na T2n—1, a)}

are c-sequences for all a € X. Therefore, by Proposition 3 the sequence formed by
the right hand side of the above inequality is also a c-sequence. Therefore, it follows
from the last inequality that {dy(z*,Tx*,a)} is a c-sequence for all a € X, and so,
there exists ny € N such that dy(z*, Tz*,a) < ¢ for all n > ny and for all a € X. It
shows that dy(z*, Tx*,a) = 0 for all @ € X. Thus, Tx* = z*, i.e., x* is a fixed point
of T.

By Proposition 5 it follows that x* is the unique common fixed point of the pair
(T,S).
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Example 3. Let X = {(a,0): a € [0,00)} U{(0,b)}, where b > 0 is fized; and

A = CL[0,1] be the Banach algebra with the norm [|xz(t)|| = [|z(t)|s + [|2/(t)] 0o,

the point-wise multiplication and the unit e(t) = 1 for all t € [0,1]. Let P = {¢ €

CE[0,1]: (t) > 0 for allt € [0,1]} be the solid cone in A. Define the mapping
4

dy: X Xx X x X — P as the b—zet times the square of the area of triangle formed by

the vertices x,y,z € X in R?, where t € [0,1], e.g.
db((au 0)7 (Ca 0)7 (O) b)) = (CL - C)Zet‘

Then (X, dp, s) is a complete cone by-metric space over Banach algebra A with s = 2.
Define two mapping T,S: X — X by:

1 : 1 ,
T(a,O): { Z(G’O)’ ’Lf(le(@,‘ S(G,O): { Z(CL,O), ZfCLER\Q,‘
(0,0), otherwise; (0,0), otherwise

and T(0,b) = S(0,b) = (0,0). Then by some routine calculations one can see that

1

E,,u =35 Thus, all the
conditions of Theorem 6 are satisfied, and so, there exists a unique common fixed
point of the pair (T,S). Indeed, (0,0) is the unique common fized point of the pair

(T, S).

the pair (T,S) is a generalized (A, p)-Reich pair with A =

Corollary 7. Let (X,dp, s) be a complete cone ba-metric space over Banach algebra
A and T: X — X be a generalized (A, p)-Reich contraction. Then the mapping T
has unique fized point in X .

Proof. Taking S =T in Theorem 6, the result follows.

The following corollary is an improvement of the fixed point result of Fernandez
et al. [6] (see Remark 4).

Corollary 8. Let (X,dp, s) be a complete cone by-metric space over Banach algebra
A andT: X — X be a mapping satisfying the following condition:

db(Txa Tya (Z) = de(x7 Y, a) + )‘d(T:U> z, a) + Mdb(Tyv Y, (1) (13)

for all x,y,a € X, where k, p, p € P such that sp(k) + sp(\) + sp(p) < 1 and k,\, i
commute. Then the mapping T has unique fixed point in X.

Proof. For any fixed pair x,y in X, since dp is symmetric, interchange the role of z
and y in (13) we obtain

db(Tﬂl‘, Ty, CL) = Iidb(.f, Y, a) + )‘d(Ty7 Y, CL) + :udb(Tx7 x, CL). (14)

49



V.H. Badshah, Prakash Bhagat and Satish Shukla — Some common fixed ...

It follows from (13) and (14) that:

A+
db(T.%‘, Tyv a) = Iﬁldb(ﬂ}‘, Y, CL) + Tlu[d(Txv €, CL) + db(Ty7 Y, CL)]

- ’idb(‘rv Y, a’) + I/[d(Tﬂ?, €z, CL) + db(Ty7 Y, CL)]

A
where v = # Since sp(k) + sp(p) + sp(p) < 1, we have

p) +20(0) = pl) +2p (Ag“)

p(K) +p (A +p)

< p(k)+pA) +p(p)
<

Thus, T is a generalized (k,v)-Reich contraction. Now result follows from Corollary

7.

Corollary 9. Let (X,dy, s) be a complete cone by-metric space over Banach algebra
Aand T: X — X be a generalized A-Banach contraction. Then the mapping T has
unique fized point in X.

Proof. Taking =6 and S =T in Theorem 6, the result follows.

Corollary 10. Let (X, dy, s) be a complete cone by-metric space over Banach algebra
AandT: X — X be a generalized p-Kannan contraction. Then the mapping T has
unique fized point in X.

Proof. Taking A =6 and S =T in Theorem 6, the result follows.
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