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ABSTRACT. In this paper, using the Salagean g—difference operator, we define a
class of f—uniformly functions and obtain coefficient estimates, distortion theorems,

radii of close -to- convexity, starlikeness and convexity for functions in this class.
Further we determine partial sums results for the functions class.
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1. INTRODUCTION

Let S be the class of analytic and univalent functions of the form:
oo
f(z):z—i-Zakzk, z€U={z:2€ C:|z] < 1} (1.1)
k=2
and T be the subclass of S consisting of functions of the form
o
f(2) :z—Zakzk (a, > 0; z € U). (1.2)
k=2

Also let S*(«) and C(«) denote the subclasses of S which are, respectively, starlike
and convex functions of order «,0 < o < 1, satisfying

IR E7C)) DU,
S(a)_ﬂ%{ 5 }> , 0<ax<1 (1.3)
and .
_ FHG) (R
O(a)_%{1+ ) }> , 0<a< 1. (1.4)
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For convenience, we write S*(0) = S* and C(0) = C (see Robertson [19] and
Srivastava and Owa [29)]).
From (1.3) and (1.4) we have

f(z) € Cla) = 2f (2) € §*(a). (1)

Let

T*(a) = S*(a)NT and K(a) = C(a)NT (see Silverman [29]).

Goodman ([11] and [12]) defined the following subclasses of S*(C).

Definition 1. A function f(z) is uniformly starlike (convex) in U if f(z) is in
S*(C) and has the property that for every circular are v contained in U, with center
¢ also in U, the arc f(v) is starlike (convex) with respect to f(¢). The classes of
uniformly starlike and convex functions are denoted by UST and UCV , respectively
(for details see [11] and [12])).

f(z)EUCV@?R{lJr(z—C)ff,((j))}20, (2,() eUX U (1.5)
. ) - 10
f(z)eUST(:}%{(z—C)f/(z)}zo’ (2,() e Ux U. (1.6)
It is well known (see [17, 21]) that
2 (2) 2 (2)
f(z)EUCV<:>'f,(Z)|S%{1+ f’(z)}’ZGU (1.7)

In [21], Ronning introduced the new class of starlike functions related to UCV

by
@) g?fe{zf/(z)}, ze. (1.8)

f(z) €S, <=
B €5 = 1750 1)
Further Ronning [20], generalized the class S, by introducing a parameter a by:
Definition 2. [20] A function f(z) of the form (1.1) is in the class Sp(«) if it
satisfies

-1

f(2) f(2)

and f(2) € UCV(a) if and only if zf'(2) € Sy(a).
By g —UCV (0 < < o0), we denote the class of all f—uniformly convex
functions introduced by Kanas and Wisniowska [15]. Recall that a function f(z) € S

2f (2) < %{zf/(z) —oz} (—-1<a<l1, z€D) (1.9)
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is said to be f—uniformly convex in U if the image of every circular arc contained in

U with center at ¢, where || < 3, is convex. Note that the class 1 — UCV coincides
with the class UC'V.

It is known that f(z) € —UCYV if and only if it satisfies the following condition:

2 (z)' (€U, 0< B < o0). (1.10)

of (2)
%{” 7 }>ﬁ 7@

The class § —UST (0 < 8 < 00), of f—uniformly starlike functions (see [16]) is
associated with 8 — UCV by the relation

"

f(2) eB—UCV & zf (2) € B—UST. (1.11)
Thus, the class 8 —UST, with 0 < 8 < 00, is ths subclass of S satisfies the following
condition: , )
zf (2) 2f (2)
R > f —1] (€U, 0<B < ). 1.12
{ i) } i Y : (112)

For f(z) € S, Salagean [23] ( see also [3]) defined the operator:
D'f(z) = Df(2)==f(2),
D f(z) = D(D""'f(z))
:z—i-ik"akzk (neNo=NU{0}, N={1,2,..}). (1.13)
k=2

For 0 < ¢ < 1, the Jackson’s g—derivative of a function f(z) € S is given by (see
(1, 4, 7, 10, 14, 24, 25])

f(z2)—f(qz)
—a=n,~ for z2#0,
= (1-9)z
Dyf(2) { f}(og for 2—0, (1.14)
and D2 f(z) = Dy(Dyf(2)). From (1.14), we have
Def(z) =1+ [k],apz""", (1.15)
k=2
where .
[k], = 11_qq 0<g<1). (1.16)
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If ¢ - 17, [k], — k. For a function h(z) = 2k, we obtain Dyh(z) = DyzF =
11 q; k=1 = k], = 21 and th{l_D Jh(2) = kzF~1 = Rh/(2), where R’ is the ordinary
derivative of h.

Recently for f € S, Govindaraj and Sivasubramanian [13] (also see [18]) defined
the Salagean g—difference operator by:

Dif(z) = f(2),
Dyf(2) = 2D¢f(2),

DI'f(2) = 2Dg(DE 1 f(2 —Z—i—Z rapz® (0<g<1, z€) (1.17)

We note that hr? Dy f(2) = D" f(2), where D" f(z) is defined by (1.13).
q—1-

For >0, -1<a<1,0<¢<1 and n € Ny, denote by Sy'(a, 3) the subclass
of S satisfying

DD | [ DuDES )
%{ Df(2) }>B D f(2)

Let Ty(n, o, 8) = S (a, B) NT. We note that
(1) hI{l Ty(n,a, ) =T(n,a,B) (see Aouf [2]),
q—1=

(i1) T,(0, v, B) = Ty(ev, B) = {feT afe{qu(zg)—a}>6

—~1|, zeU. (1.18)

2Dq f(2)
f(z)

1

(iii) Ty(1, @, B) = Cyla, B) = {f eT: m{%(f)“) } > 3 zDEf} f§z>> };
(iv) lim Ty(e, B) = T(e, B) = {f eT: m{ L) _ a} > gl 1‘};

(v) lim Cy(a B)—C(a,ﬁ)—{feT §R{1—|—f() }>ﬁzf,(z)};
q_>1* f( )
N1 _ _ : D" f(z))" 2(D" (=)
(Ul)ql_lgliTq(nv CE,B) - C(nv «, 6) - {f eT: N {1 + (D"f(z))/ Ck} > (D"f(z))/

(vii) T,(0,a,0) = *(a) =R Z%qé}”} > a;
(viit) T4(1,0,0) = !
(iz) hm L T (a )—T*
(x) hm K ¢(a) = K(«

q—1—

~ —_— —
Q
~—
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2. COEFFICIENT ESTIMATES

Unless indicated, we assume that —1 < a<1,>0,0<qg<1,neNy, f(z)eT
and z € U.
Theorem 1. A function f(z) € Ty(n, «, B) if and only if

>l |K, 1+ 8) — (a+8)] ax <1 - (2.1)

k=2

Proof. Assume that the inequality (2.1) holds. Then it is suffices to show that
D, (D} D,(D}
DD | g (DA ) ey,

Dy (2) D1 (2)
We have
D(Dpf(2)) | [ #De(Dpf(2)
Djf(2) 1| - D £(2) 1
2D (D" f(z
< (145 ;)(nfq(ig ) —1‘
q

_ U+ A S, vy (W, — 1) an
B (D ST TR

This last expression is bounded above by (1 — «) since (2.1) holds.
Conversely we show that if f(z) € T,(n, a, 8) and z is real, then

o0 o0

1= 3% [kly ([K])arz""t S K] (K], — Dapz"!
k:200 —a>p v 0
1— 3 [K]g apzht 1— Y (k]2 apzh!
k=2 k=2

Letting z — 1~ along the real axis, we obtain the desired inequality (2.1).
Hence the proof of Theorem 1 is completed.

Corollary 1. Let the function f(z) € T;(n, o, 8). Then

ar < L-o (k>2). (2.2)
Ky [k, 1+ 8) = (a+ )]
The result is sharp for
F(z) = 2 — 1-a H (k> 2). (2.3)

Ky (K, (1 + 8) = (e + B)]
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3. GROWTH AND DISTORTION THEOREMS
Theorem 2. Let f(z) € Ty(n,«a, 8). Then for 0 <1i <n,

Dif )| 2 Jal = O e (3.1)
207" |[2), (1 + 8) — (a+ )]
and )
D) < Jel e 2P
20 121, 1L+ 8) - (a + )]
The equalities in (3.1) and (3.2) are attained for the function
Fz) = 2 — l-a 2. (3.3)

27 [121, 1+ 8) - (a+ )]

Proof. Note that f(z) € Ty(n,a, ) if and only if Dflf(z) € Ty(n —i,a, B), where

= Z akz (3.4)

k=

[\V]

Using Theorem 1, we have

k= 2
< Z [ (1+75) — a+ﬁ}ak<1—a
k=2
that is, that
< 11—«
kz_z 0% S B, (48 —(at8)] (3:5)

It follows from (3.4) and (3.5) that

Lf(2)] > > B 2 .
‘D ‘Z |Z| Z ak |Z [2]2_1[[2](1(14‘5)_(05""6)] ‘Z| i (3 6)

and

Lf(2)] < < —l=a 2 :
D3 ()] < Ja] + 1af° Z ook < 1ol = g (3.7)
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Finally, we note that the bounds in (3.1) and (3.2) are attained for f(z) defined by

% RV ] 1—a 2
Dyf(z) =z AL (4 A)—(a 1) z¢ (ze€l). (3.8)

This completes the proof of Theorem 2.

Corollary 2. Let f(z) € Ty(n,, ). Then

> |z| — 1o 2 .
|f(2)‘ = ‘Z‘ [2}3[[2]q(1+ )7(a+5)} ’Z‘ ’ (3 9)
and
< 1—a 2. :
|f(Z)| — ‘Z| + [2}3[[2}41(14'5)_(044‘5)} |Z‘ (3 10)
The sharpenss are attained for the function f(z) given by (3.3).
Proof. Taking ¢ = 0 in Theorem 2, we can easily obtain (3.9) and (3.10).
Corollary 3. Let f(z) € T;(n,«, ). Then
1 > s — 1—o 2 11
‘qu(z)‘ = ’Z‘ [2}2_1[[2]4(1+,3)*(04+5)] |Z’ (Z € U)? (3 )
and
1 < 1-a 2 ' '
|qu(z)‘ — ’Z| + [2}271[[2],1(14‘[3)_(04‘*‘/8)] |Z| (Z € U) (3 12)

The equalities in (3.11) and (3.12) are attained for the function f(z) given by (3.3).

Proof. Note that D} f(z) = z Dqf(z). Hence taking i = 1 in Theorem 2, we have
the corollary.

Corollary 4. Let f(z) € T,(n,«, ). Then the unite disc U is mapped onto a
domain that contains the disc

207 [121,(148)— (a+8)] -(1~0)
(215 [[2],(14+8)—(a+5)]

ol < ! (3.13)

The result is sharp with the extremal function f(z) given by (3.3).
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4. CLOSURE THEOREM
Let the functions f;(z) be defined, for j = 1,2,...,m, by

fi(z) =2z— Zak,jzk (a; >0, z € U). (4.1)
k=2

Theorem 3. Let the function f;(z) defined by (4.1) be in the class Ty(n, o, )
for every j =1,2,...,m. Then the function h(z) defined by

m
h(z) =) ¢fj(z), (4.2)
j=1
is also in the same class, where ¢; > 0, Z;’;l c; =L
Proof. According to (4.2), we can write
[e.@] m
h(z)=2z— Z chak,j 2~ (4.3)
k=2 \j=1

Further, since f;(z) € Ty(n,a, 5), we get
ST [, (14 8) — (e + )] ary < 1-a (4.4

Hence

< icj (1-—a)=1-q«, (4.5)

7j=1
which implies that h(z) € Ty(n, a, ). Thus we have the theorem.

Corollary 5. The class Ty(n, «, 3) is closed under convex linear combination.
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Proof. Let fj(z) defined by (4.1) be in the class Ty(n, o, §). It is sufficient to show

that if
hz) =pfi(z) + (L =p)fa(z) (0<p<1),

(4.6)

then h(z) € Ty(n,«a,B). By, takingm =2, ¢ =pandcp=1—p (0 < <1)in

Theorem 3, we have the corollary.

As a consequence of Corollary 5, there exist extreme points of the class Ty (n, a, §).

Theorem 4. Let fi(z) = z and
11—« &

Ky (6, (1+ 8) = (@ + )]

fi(2) =2z —
Then f(z) € T;(n,a, ) if and only if it can be expressed in the form

F(2) = mfe(2),
k=1

where pi >0 (k> 1) and > g = 1.
k=1

Proof. Suppose that

. o B 11—« k
f(z) = kzlukfk(z) =z % [k};[[k]q(1+ﬁ)—(a+6)]ukz ’

Then

f: M2 [[K],(148) —(a48)] 1o
2 —a W [IF, (0 8)—(act B)]

o
k=2

So by Theorem 1, f(z) € Ty(n, o, B).
Conversely, assume that the function f(z) € T,(n, «, ). Then

1-a > 2).
(K], (K], (148)—(a+5)] (k=2)

ag <
Setting

(g = [k]Z[[k}q(llti)*(aJrﬁ)] an (k> 2),
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and

00
k=2

we can see that f(z) can be expressed in the form (4.8). This completes the proof
of Theorem 4.

Corollary 6. The extreme points of the class T;(n, «, §) are the functions fj(z)
(k > 1) given in Theorem 4.

5. RADII OF CLOSE -TO- CONVEXITY, STARLIKENESS AND
CONVEXITY

Theorem 5. Let f(z) € T,(n,c, (). Then f(z) is close -to- convex of order p
(0<p<1)in |z| <7, where
1

— n —(a (k=1)
= ni(na. g pa) = ing | CAPERRGED@ON Ty s

The result is sharp, for f(z) given by (2.3).

Proof. We must show that

£ =1 <1=p for |z <rina8.pq).
From (1.2), we have
‘f/(z) — 1‘ < Zkak Elkap
k=2
Thus
F-1<1-p
if

k=2
But, by Theorem 1, (5.2) will be true if

l—« ’

( k >‘Z‘k¢—1 < (k]2 (K], (14+8)— (a+B)]
I—p
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that is, if

1

k(1—a)

2] < {(1—p>[[mz[[k}quw)—(aw)]]]<kl> (k> 2)

Theorem 5 follows from (5.3).

(5.3)

Theorem 6. If f(z) € T,(n,a, ), then f(z) is starlike of order p (0 < p < 1)

in |z| < 79, where

1

(1—p)[[k]Z[[k]q(l+ﬁ)—(a+5)]]} ks,

2 = T2(na a, B, Ps q) = H]%f |: (k—p)(1—a)

The result is sharp, with f(z) given by (2.3).

Proof. Tt is sufficient to show that

2f'(2)
-1 <1—p for |z| <rain,a,pB,p).
f(z) ’ ‘ 2( )
We have .
, k—1)ag|z|*~1
S| < g::?( Ja|z|
f(Z) - 17§aklz‘k_1 :
k=2
Thus
2 (2) _ _
%) 1‘ si=n
if

o k—
> (E0)arlert <.
1—p

k=2
But, by Theorem 1, (5.5) will be true if

9

<k - ,0> Ll < [k};’[[k]q(llw)—(aw)]
1—0p e
that is, if

1

2| < [(1—p)[[k}2[[k}q(1+ﬁ)_(a+ﬁ)ﬂ (="

(k—p)(1—-a)

Theorem 6 follows from (5.6).
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Corollary 7. If f(z) € Ty(n,«, 3), then f(z) is convex of order p (0 < p < 1)
in |z| < 73, where

1
o [ A=) [R5 [K),(1+8)=(a+B)]] | F-D
73 =7al @, B,p,0) = gt | 7 [ lg([k—qp)(l—a) ! (k>2). (5.7

The result is sharp, with f(z) given by (2.3).

6. PARTIAL SUMS
For f(z) of the form (1.1), the sequence of partial sums is given by

fm(z) =2+ Zakzk (m e N\ {1}).
k=2

Silverman [27] determined sharp lower bounds for the real part of each of fﬂ(zg),
fn(z) £(2) fon2) i}
fz) fvln(z) and f/(z) y when f c S* or f e C.

We will follow the work of Silverman [27] and also the works cited in [5, 6, 8, 9,
22 and 26] on partial sums of analytic functions, to obtain our results of this section.
We let

= Wik, B) = (K]} [IK, (14 8) — (a4 8)] (6.1)

Theorem 7. If f € S satisfies the condition (2.1), then

f(2) Voim —1+a
R <f o) > qmw (z € U), (6.2)
m g,m+1
where
l1-«a if k=23,...m
n > ) b b b .
v k_{ Wimt1s if k=m+1m+2, ... (6.3)
The result (6.2) is sharp with the function given by
1—
f2) =24 —— 2™ (m e N). (6.4)
\Ilq,m—i—l

Proof. Define the function g(z) by

L+g(z)  Yome | f(2)  Yogmp —1+a
1—g(z) 1—a«

B fm(z) \IIZL,WH»I
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O Vomi1) o k—1
1+ > apz" + (ﬁ) > axz
k=2 k=m+1
= — i : (6.5)

1+ Z akzk_l

It suffices to show that |g(z)| < 1. Now from (6.5) we can write
n o0
<\pgiﬂ;1> S apekl

k=m+1

9(z) = — .
242 Zakzk s (&;1) > apzhl
k=m+1

Hence we obtain
\Ij'nm o0
() >
l9(2)] < e

2-2% ol - (H22) &l

k=m+1

Now |g(2)| < 1 if and only if

\Ij’n
9 ( —omtl <2-2
(=) % i <223kl

k=m+1

or, equivalently,
o

Z|ak|—|— > %;Hau <1

k=m+1
2.1), it is sufficient to show that

—~

From the condition

STlarl+ Y0 T g < 3000 g,
1—« 1l -«
k=2 k=m+1 k=2

-+

which is equivalent

m ‘;[,n 1 00 n n
q.k o ! q,k D q,m—+1
—_— —_— > . .

E ( 1 ) ]ak] + E < 1 ) \ak\ 0 (6 6)

k=2 k=m+1

(0}

To see that the function given by (6.4) gives the sharp result, we observe that for
2 = rel™/m
f(Z)leL l-—a & 1o Vi —lto

where r — 1.
fm(2) 2,m+1 Z,m+1 ‘I’Z,m+1

This completes the proof of Theorem 7.
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‘We next determine bounds for f}“(g;).

Theorem 8. If f € S of the form (1.1) satisfies the condition (2.1), then

R (fm(z)> > Yamn (z €U), (6.7)

fz) )~ ¥ t1-a
where ¥g, 1 > 1 —a and
1—«a if k=2,3,....,m
n > Y ) 9y ) .
%”“—{ " if k=m+1m+2,.. (68)
The result (6.7) is sharp with the function given by (6.4).
Proof. The proof follows by defining
14g()_ Wpantl-a gz Wi
1—g9(2) 1—« flz) ¥t l-a
and much akin are to similar arguments in Theorem 7. So, we omit it.
We next turns to ratios involving derivatives.
Theorem 9. If f € S satisfies the condition (2.1), then
' pn —(m+1)(1-a«
gL s Yamn mna VU Z0) g (6.9)
fm(z) \Ijq,m—l-l
and
f/ (2) W mt1
R = > : (z€U), (6.10)
( 7)) T Wy i+ D (1 - 0)
where W7,y > (m+1) (1 — ) and
o E(1-a), if k=2,3,..m 611
> wn . .
K k(dﬁﬁ), if k=m+1,m+2, ... (6.11)

The results are sharp with the function given by (6.4).

Proof. We write

1+g(2) W mi [ fz) (\Ifgﬁmﬂ —(m+1)(1— a))]

1—g(z) (m+1)(1-a)

n
qg,m—+1
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where

( \I}’!L +1 x k 1
q,m —

LT > agz
+1)(1— )

(m+1)(1—-a) Pilee

9(z) = - L _ |
2+ i;kakzk L4 (W) k:%;Hkakzk_l
Now |g(2)| <1 if and only if

Zk|ak|+( q’m“ ) Z klag| < 1.

k=m-+1

From the condition (2.1), it is sufficient to show that

Zk|ak|+< qm“ > Z k|ak|<z Yo

which is equivalent to

nU —k(l -« s m+1)v", — kum
3 (Mt e 3 (M iz

k=2 k=m+1

To prove the result (6.10), define the function g(z) by

L rgz) _ (m+1D)(1-a)+Wp,p [mz) it ]

1-g(z) (m+1)(1-a) ) (m+)(1-a)+¥p,,

and by similar arguments in first part we get desired result.

Remark 1.
(i) Putting n =/ =0 in our results we get the results for the class T (),
(14) Putting n =1 and 8 = 0 in our results we get the results for the class
Ky(o).
Remark 2. Our results in Theorems 7, 8 and 9, respectively, modified the results
obtained by Vijaya et al. [30, Theorems 4.1, 4.2 and 4.3 with p = 1, respectively].
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