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WITH MOCANU’S AND SERB’S LEMMA
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ABSTRACT. In this paper we consider an integral operator for analytic functions
in the open unit disk U and we obtain sufficient conditions for univalence of this
integral operator, using Mocanu’s and Serb’s Lemma.
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1. INTRODUCTION

Let A be the class of the functions f which are analytic in the open unit disk
U={zeC:|z|<1}and f(0)=f(0)—1=0.

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

We consider the integral operator

= { [T (4 o (2)" (5) o}
(1)

for f;,gi, hi, ki € A and the complex numbers 6, o, 3;,7i, 0;, with § # 0, i = 1,n,
n e N\ {0}.
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2. PRELIMINARY RESULTS

In order to prove main results we will use the following lemmas.

Lemma 1. [7] Let ,d be complex numbers, Rey > 0 and f € A. If

Zf”(Z))‘
f'(2)

for all z € U, then for any complex number §, Red > Revy , the function Fs defined

by )
Fs(z) = <5 /0 t5_1f’(t)dt) ’ ,

is reqular and univalent in U.

2R
1— |27 1

—_— )

Rey

Lemma 2. [5] Let My = 1,5936... the positive solution of equation
(2—M)eM =2. (2)

If fe Aand
f"(2))
f'(2)

‘SM()a

for z €U, then
2f'(2))
f(z)

— 1‘ <1, (zeU)
The edge My is sharp.

Lemma 3. [J] Let f be the function regular in the disk Ur = {z € C: |z| < R} with
|f(2)| < M, M fized. If f(2) has in z =0 one zero with multiply > m, then

M

1@ < 7™
the equality for z # 0 can hold only if
g M
f(Z) — ez@ﬁzm7

where 0 is constant.
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3. MAIN RESULTS

Theorem 4. Let v, 6, a;, B, i, 0; be complex numbers, ¢ = Rey > 0, My the positive
solution of the equation (2), My = 1,5936... and f;,gi,hi,ki € A, fi(z) = z +
CL21'22 + agiz?’ + ..., gi(z) =z + bgiZQ + bgiz3 + ..., hz(z) =z + Cgizz + c;:,izg + ...,
kz(z) =z + d2i22 + dgiz?’ +..,i=1nlf

fi'(z) 9i (2)
fi(=) 9;(2)

forallzeU,i=1,n and

72‘04%_1‘_‘_ ( 2c+1 Z|ﬁ1‘+ ZWZ‘_‘_ 2c+1 Z|6|<1 (4)

then for all § complex numbers, Red > Rey, the integral operator Ty, given by (1) is
in the class S.

/(2)
3 <M
mwﬁ— o

ki (2)
ki(2)

< MO)

> 0

<)

Proof. Let us define the function

o= () o (i) () o

for fi,gi, hi ki € A, i =1,n.

The function H, is regular in U and satisfy the following usual normalization
conditions H,(0) = H,,(0) — 1 =0.

We have
ie 1;[ b (- )+mj@ﬂ+
Dy [%- (i %)+ (g - 5]
for all z e U.
Therefore
) 0l ]

i=1
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()
7

k!(2)
e

[l

for all z e U.

i !

o ) e

Using (3), (4) and Lemma Mocanu and Serb, from (5) we get

2f1(2) ' 2h(2) ‘ 2kl(2) ‘
1)< 1, L1 < 1, L1 < 1,
fi(z) hi(z) ki(z)
for all z € U, i = 1,n and hence, we have
1— |z 2Hy(2) | _ 2% &
n l . 1
c H! (2) Z| I+

1z " 2] My Zwm 22m+ ||2Mo§j\6\

forall ze U

Since
(1= 12P) 12 2
max = )
jzl<1 c (24 1)
from (6) and (7) we obtain
1— |2|* | zH}(2)
c H!(2)
7Z|a2 2c+1 Z|Bl|+ Zh’l )2c+12|52|3
=1
forall zel,i=1,n.
Using(6), from (8) we have
1— |21* | zH}(2)

C

n(2)

) o

(6)

(9)

Now, from (9), by Lemma 2.1, it results that the integral operator 7y, given by

(1) is in the class S.
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Letting 6 = 1 in Theorem 3.1, we have
Corollary 5. Let ~v,q;, B;,7vi,0; be complex numbers, 0 < Rey < 1, ¢ = Rev,
My the positive solution of the equation (3), My = 1,5936... and f;, gi, hi, ki € A,
fi(2) = z4agiz®+azi22+...., gi(2) = 24+boi 22 4b3i23 4., hi(2) = 2oz +e3i23 4.,
ki(z) =z + do;z® + dgiz® + e, 1=1,n.

If

fi'(z)
fi(2)

forallzeU,i=1,n and

Zlaz—lH( ZCHZI&H ZI%H 2¢+1ZI5|<1

then the integral operator ]:n deﬁned by

- LT[ o ()™ () oo

s in the class S.
Letting 6 =1 and §; = d2 = ... = §, = 0 in Theorem 3.1, we have

9; (2)
9:(2)

hi'(2)
hi(2)

ki (2)
ki(2)

< M(]v

< MOa

> 05 < MOa

Corollary 6. Let v, ay, B;,7vi be compler numbers, 0 < Rey < 1, ¢ = Rey, My the
positive solution of the equation (2), My = 1,5936... and fi,gi,hi, ki € A, fi(z) =
z+ a2i2’2 + a3i23 + ..., gi(z) =z+ b2i2’2 + b3i23 + ..., hl(z) =z+ Cgiz2 + 031‘23 + ...,
k‘l(z) =z + inZQ + dgiz?’ +...,1=1,n.

If

0
7| = e

forallzeld,i=1,n and

Z|a2_1|+( 2c+12|62‘+ Z|%|<1

then the integral operator S, defined by

- T o () e

9; ()
9i(2)

1s in the class S.
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Letting 6 =1 and 81 = B2 = ... = B, = 0 in Theorem 3.1, we obtain

Corollary 7. Let 7, o, v, 0; be complex numbers, 0 < Rey <1, ¢ = Revy, i = 1,n,
My the positive solution of the equation (2), My = 1,5936... and f;, hi, ki € A,
fi(2) = 2+ agiz® + aziz® + ..., hi(2) = 2 + 2122 + 32> + ..., ki(2) = 2 + doi2? +
d3i2’3 + ..., 1= 1,n.

If
fi'(z)
fi(2)

forallzeU,i=1,n and

1 — 2 4 My "
EZlai—llJrEZ!%lJrisz!@\Sla
i=1 i=1 (2c+1) 2 4

then the integral operator X, defined by

o= [ 1[(452) ()" (). oo

1s in the class S.

hi (2)
hi(2)

< My, < My,

Letting 6 =1 and a; = g = ... = a,, = 0 in Theorem 3.1, we have
Corollary 8. Let v, B;,7vi,0; be complex numbers, 0 < Rey < 1, ¢ = Rey, My the
positive solution of the equation (2), My = 1,5936... and g;,hi,k; € A, gi(z) =
24 b2 4 b33+, hi(2) = 2 Fe2? + 32 o, ki(2) = 2+ doi2? - dsi2 A+,
1 =1,n.

If

g: (2)
9:(2)
forallzel,i=1,n and

2 My " 2 4M,
DN Wz"‘i‘* "Yi’""j \51'\ <1,

then the integral operator D,, defined by

Pnl) = /]:l [(g;@) " (i) (Z/(ft))))&] " "

15 in the class S.

hi (2)
hi(2)

< My, < My,
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Letting 6 =1 and v; = v2 = ... = v, = 0 in Theorem 3.1, we have
Corollary 9. Let v, a4, B, 6; be complex numbers, 0 < Rey < 1, ¢ = Rey, My the
positive solution of the equation (2), My = 1,5936... and f;, gi,hi ki € A, fi(z) =
24 a9i22 +azizd + ..., gi(2) = 2+ 02?2 + b3+, hi(2) = 22 F 32 4,
kz(z) =z + d2i22 + d3i23 4+ ....,1=1,n.

If

fi'(2)
ﬂJ<%’

forallzeU,i=1,n and

Z|al_l|+( 2(‘+1 Z|Bl‘+ 2c+1 Z|5|<1

then the integral operator Y, deﬁned by

s in the class S.

9;(2)
9i(2)

< M07

Lettingn =1, =y =a and o; — 1 = 5; = v; in Theorem 3.1, we obtain

Corollary 10. Let o be complex number, a = Rea > 0, My the positive solution of
the equation (2), Mo = 1,5936... and f,g,h.k € A, f(2) = z + a2 + a3z + ...,
g(2) = 24+b222 +b323 + ..., h(2) = 2+ caz? + 322 + ..., k(2) = 2+ do2? +d32® + ...

If

f"(z) 9"(2) h"(2) "(2)
< < — < <
6] e P ) R DS R e ] e
forall z €U, and
—1 28 M, 2 40 M
o1, M W, W <
a (2a+1)2 @ (2a+1) 2
then the integral operator T defined by
. ZORID NS
Tz:a/tO“l(t-'t-- dt| 15
=) [0 £0 90 15 b (15)

1s in the class S.
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Letting My = M from (3) in Theorem 3.1, we obtain

Corollary 11. Let v, 4, oy, Bi, Vi, 6; be complex numbers, ¢ = Rey > 0, M a posi-
tive number and My the positive solution of the equation (2), My = 1,5936... and
firgishiski € A, fi(2) = 2z + a2:2® + a3z + ..., 9i(2) = 2 + boiz? + b3i2® + ...,
hi(2) = 2+ c2i2® + 3125 + ooy ki(2) = 2+ dyi2? +d3i2® + ..., i=1,n

If

7 (2)
fi(z)

forallzelU,i=1,n and

n
I N = DU
C

=1

then f;, gi, hi,k; €S, i =1,n and for all § complex numbers, Red > Rey, the integral
operator Ty, given by (1) is in the class S.

g; (2)
9i(2)

S 0
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