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INCLUSION RELATIONSHIPS AND SOME
INTEGRAL-PRESERVING PROPERTIES OF CERTAIN CLASSES
OF MEROMORPHIC P-VALENT FUNCTIONS
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ABSTRACT. We introduce some integral operators defined on the space of p-
valent meromorphic functions in the class ¥,. By using these integral operators, we
define several subclasses of p-valent meromorphic functions and investigate various
inclusion relationship and integral-preserving properties.
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1. INTRODUCTION

Let ¥, denotes the class of functions f given by

f(z) = le +) ap_p P (peN={1,2,3,..}) (1)
k=1

which are analytic and p-valent in the punctured unit disc
Ur={ze€C:0<|2| <1}

A function f € ¥, is said to be in the class X.S;(a) of meromorphic p-valent
starlike functions of order o in U* if

)\ o< g
Re(f(z)>< aQ, (zeU%0<a<p), (2)

also, a function f € ¥, is said to be in the class ¥Cp(a) of meromorphic p-valent
convex functions of order « in U* if

Re <1+ zj,é?) < —a, (zeU%0<a<p). (3)
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It is easy to observe from (2) and (3) that

fezq@w@—ifezggg (4)

A function f € X, is said to be in the class Y¥K,(8,a) of meromorphic p-
valent close-to-convex functions of order 5 and type « in U* if there exist a function
g € XS () such that

zf/(z) . 5 *, o
Re(g(z)>< B, (2€U%0<a,B <p), (5)

furthermore, a function f € %, is said to be in the class ¥ K (3, a) of meromorphic
p-valent quasi-convex functions of order 8 and type « in U* if there exist a function
g € XCp(a) such that

/

. (21'(2)) e o .
e W < =4, (z€U%50<a,B<p). (6)

It is easy to observe from (5) and (6) that
f/
feXK,(B,0) & ) YKp(B, ). (7)

Definition 1. Let 0 < p < 1; 0 < v < 1;p € N and f € X,, we introduce the
p-valent Rafid operator Sj,p : ¥, — X, which is defined by

95 C) = T / prevel= %) platyar (5)

then, o
Sl () = 5 + S Ll Kay 7 )

where, )

L(v, k) = (1= p)* (v + D

and (v) denotes the Pochhammer symbol given by

(V)kl“(,/){y(y+1)...(u+k—1) if kel
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Remark 1. Putting p =1 in (8) we have the Rafid operator S, which is introduced
by Rosy and Varma [4).

Remark 2. Using the equation (9), it is easy to see that

S (2'(2)) = 2 (81,1 (2)'

and,

2 (1) = (v+ D) STE() = (v +p+ ST F(2)

By putting a;—, = 1, Vk in (9), we get

o)==+ Ly, k (11)
k=1

and golj;(z) be defined using the Hadmard product as

IR * () = o (12)
(plu7p 12274 Zp(l _ Z))\
therefore,
1w (A& hp

9"u,p _7+Z PECES) (13)

k:l

Definition 2. For0 < <1,0< v <1, A > 0 andp € N, we introduce the integral
operator Jl’? : Xy — Xp which is defined by

Tipf(2) = ol (2) * f(2) (14)
Therefore,
= (

Remark 3. Using equation (15), it is easy to see that

((RPE) = G DI - by f D R, (6)

and

z (Jg;; f(z))/ =MD f(2) = (p+ ) Tl f(2). (17)
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We now define the following subclasses of the meromorphic function class 3, by
means of the integral operator Jl,’;\ given by (14).

2SN o) = { fifes,and I (z) € zs;(a)} (18)
SCpe) = {f:f e, and [ (2) € SCy(a) ] (19)
SE)pB0) = {1 f €%, and [ f(2) € TK,(8,0) } (20)
SKMBa) = i res, amd pf(z) € S (8,0)} (21)

where
zeUO0<La<ppeN.

Before we establish our main result, we need the following lemma due to Miller
and Mocanu [3].

Lemma 1. let O(u,v) be a complex-valued function such that 0 : D — C, D C CxC
(C is the complex plane) and let w = uy + iug and v = vy + ive. Suppose that O(u,v)
satisfies the following conditions:

e O(u,v) is continuous in D;
e (1,0) € D and Re{6(1,0)} > 0;
e for all (iug,v1) € D such that vy < _71(1 +u3), Re {0(iug,v1)} <O0.

Let,
q(2) =1+ qz+ @2+ ... (22)

be an analytic in U such that (¢(z),2¢ (z)) € D (z € U). If Re {0(q(2), 2¢'(2))} > 0,
then Re{q(z)} >0 .

2. INCLUSION RELATIONSHIPS

In this section, we give several inclusion relationships for p-valent meromorphic

function classes, which are associated with the integral operator Jl:’\.

Theorem 2. Let 0 <y <1,0<~v<1,A>0and 0 < a<p,p €N, then

25 (a) € RS @) € DS (@) (23)
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Proof. (i) We first show that
A ) € 85 a)
Let f(2) € 2955 () and set
A '
2 (T f(2)
i (2)

where ¢(z) is given by (22). By using equation (17), we have

=—a—(p—a)q(z)

M f(2)
i f(2)
Differentiating (25) logarithmically with respect to z, we obtain
7>\ ,)\ /
I E) _ A - a)d ()
JIatr(2) JInfz)  (p—a)a(z) —(p+A—a)

2(p— a)q (2)
p—a)g(z) —(p+A-a)

={@+A—a)—(p—a)(z)

Z—Q—@—®M@+(

Let now,
(p—av
p—a)u—(p+A—a)

O(u,v) = (p— )u —
where u = ¢(z) = u; + iug and v = qu(z) = v1 + 4v9. Then,
e 9(u,v) is continuous in D = {C\ (%)} x C;
e (1,0) € D with Re{6(1,0)} =p — a > 0;
e for all (iug,v1) € D such that vy < (1 + u3), we have

(p — a)u }

(p—a)iug— (p+ A —a)

Re{f(iuz,v1)} = Re {(p — a)iug —

(24)

(26)

—(p — a)vy —(p—a)iug— (p+ X —«a)

(e S )

(P+A—a)(p—a)u
((p— a)ug)” + (p+ A — )?
P+ A—a)(p—a)(1 +u)
2[((p— a)u2)’ + (p+ A = a)?]

<0

S_
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which shows that 6(u,v) satisfies the hypotheses of Lemma 1 then Reg(z) > 0.
Consequently, we easily obtain the inclusion relationship (24).
(ii) by using the similar argument in proving relation (24) together with (16) and
O(u,v) is continuous in D = {(C\ (%)} x C, we can prove the right part of
Theorem 1 that is

B8 e) € B8 (@) (28)

By combining the inclusion relationships (24) and (28), we complete the proof of
Theorem 1.

Theorem 3. Let 0 < u<1,0<y <1, A>0and 0 < a<p,peN, then
ECZ:;+1(04) C ZCZ:;‘(a) C EC’;}SL/\(@) (29)
Proof. Let f(z) € ECZ,’;,‘H(Q). Then, from (18), we have
It € BCy(a)

Furthermore, in view of (4), we find that

72) (1) € 83(a)
that is,

Ty (-Z f’) € %5 (a)
Therefore,

Z et *y,A+1
> Jexsyy
In view of Theorem 1, we have

z
- fre sSAT € 58N )

Then, we get that f € EC’Z,’;‘ (o) which implies that,
SO o) € SCY ()

The right part of Theorem 2 can be proved using the same arguments. The proof is
thus completed.

Theorem 4. Let 0 <y <1,0<~v <1, A>0and 0 < a <p,p €N, then

ZKg;;“(ﬁ, a) C ZKJ;;(@ o) C EKZ;M(Q, ) (30)
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Proof. (i) let us first prove that
A+ A
SKI21(8,0) C SKJA(B, ) (31)
Let f(z) € K., )‘H(ﬁ, ). Then there exists a function () € XS () such that

2 (@)

Re a0)

< —p (zeU")

We set
Qz) = Tt g(2)

So that we have

z (J%Aﬂf(z))/
g(z) € ZSZ};)‘H(Q) and Re ) < —p (z € U")
Jup ' 9(2)
By setting that, ,
2 (1 1(:)
—— 2 =-8-(p— Bz (32)

Jﬂym 9(2)
where ¢(z) is given by (22). Then, By using the identity (17), we obtain

() ere)
J#,,\+1 (2) ,>\+1 9(2)
(J’Y:p (=1(2)) + (0 +X) T3 (21(2))
2 (T39(2) + 0+ N) Tie(2)

z (Jl,’? ﬁZf/(Z))) ) i (jf’(z))
_ Jup9(2) Juip9(2)
2 (Jl’?g(Z)), o
Jv,p 9(2)
Since g(z) € £S5 M (), by Theorem 1, we can setting
M =-—a—(p—a)H(2) (33)
Jw,p 9(2)
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where H(z) = gi(x,y) +ig2(z,y) and Re{H(2)} = ¢1(z,y) >0 (z € U*). Then,

e
B (Jlmuf(z)) e +(p+ M) [=8—(p— Ba(2)] "
Jiatlez) —a—(p—a)H(z)+ (p+A)
Thus we have from (32) that
(T3 = —Te() B+ (0 - Bla(z)] (35)

Differentiating both sides of (35) with respect to z, we obtain

!/
2 (J12=r'(2)
Ting(2)

2 (e
T (=)
= —(p = B)2q (2) + [B+ (0~ Bla(=)] [0+ (p — ) H(=)]

—(p—B)zd (2) (36)

=—[B+(p—Ba(2)]

Now, substituting from (36) into (34), we have

= (@) (p— B)zq ()
e T e e fa - )

Taking u = ¢(z) = uy +iug and v = 2¢'(2) = v1 + iv2, we define the function ®(u,v)
by

(p— B)v
(p—)H(z) +a—(p+2A)

A
p—

(I)(u7v) = (p - 6)“ -

where (u,v) € D ={(C\ D*) x C} and

(37)

D* = {z:zeCand Re{H(2)} = g1(z,y) > 1+

Then, it follows from (37) that,
e ®(u,v) is continuous in D = (C\ D*) x C;

e (1,0) € D with Re{®(1,0)} =p— 3 > 0;
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e for all (iug,v1) € D such that v; < _71(1 + u3), we have

Re{®(iuz,v1)} = Re {(p — B)iug — = a)H(?z)_f)oi]l— TSN }
— Re —(p— B)n
- {i(pa) )+[(pa)g1(ﬂf’y)+a(p+>\)]}

y
(p—B)p+A) —a—(p—a)gi(z,y) v
[(p— a)gi(z,y) +a— (p+ V)]
1 [(p+ X)) —a—(p—a)gi(z,y)] (1+uj)
2((p— a)ga(z, y)]> + [(p — )gi(z,y) + o — (p+ N)]?

<0

which proves that ®(u,v) satisfies the hypotheses of Lemma 1 , then Re(g(z)) > 0.
Thus, in the light of (32), we easily deduce the inclusion relationship (31).
(ii) By using the similar argument in proving relation (31) together with (16) and

1
D* = {z :z€Cand Re{H(2)} = gi1(x,y) > M}
p—«
we can prove the right part of Theorem 3. that is

ng;;(ﬁ, o) C 21(3};“(5, ) (38)

By combining the inclusion relationships (31) and (38), we complete the proof of
Theorem 3.

Theorem 5. Let 0 < p<1,0<y <1, A>0and 0 < a<p,peN, then
*v,A+1 Y, *y+1,\
YK T(B,a) CEK N B o) CEKT(B,a) (39)

Proof. Just as we derived Theorem 2 as a consequence of Theorem 1 by using the
equivalence (4), we can also use the equivalence (7) to prove this Theorem as a
consequence of Theorem 3.

3. A SET OF INTEGRAL-PRESERVING PROPERTIES

In this section, we present some integral-preserving properties of the meromorphic
function classes introduced here. We first recall a familiar integral operator L.,
which introduced by Bernardi [2] defined by

z

Lopf(2) = S5 [ #7771 (7 € Syie> 0pe) (10)

0
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which satisfies the following relationship:

2 (T Lepf(2)) = el (E) — 0+ Ly () (41)

In order to obtain the integral-preserving properties involving the integral op-
erator L. ,, we also need the following lemma which is popularly known as Jack’s
lemma [1].

Lemma 6. Let w(z) be a non-constant function analytic in U with w(0) = 0. If
lw(z)| attains its mazximum value on the circle |z| =r < 1 at 2o, then

20w (20) = (w(20) (42)
where ¢ is a real number and { > 1.

Unless otherwise mentioned, we assume in the reminder of this section that
A>00<pu,y<IL;{(>1land 0<a,8<p,peN.

Theorem 7. If f(z) € ESZ};)‘(Q), Then
Lepf(2) € SN a). (43)

Proof. Suppose that f(z) € ESZZ;)‘(a) and let

(ILent @) ok (p=200(2)

= 44
TipLepf(2) 1—w(z) )
where w(0) = 0.Then, by using (41) and (44), we have
Tinf(z)  _ c—(2p+c—20)w(2)
Il Lepf(2) c(1—w(z))
which, upon logarithmic differentiation, we get
A ! A !
z <JJ,p f(z)) _ (J/;y»p 'Cc,Pf(z)> ~ (2p+c—2a)20'(2) 2w'(2) (46)
Tl f(2) o Lepf(2) c—(2ptc—20w(z) 1-w(2)
_ ptp—20w(z) (2p+c—2a)w'(2) 20 (2)
N 1—w(z c—2p+c—2a0)w(z) 1—-w(z)
so that,
/!
2 (I f(z) - / /
( 1,p ) +a:(a—p)1+w(z) (2p + ¢ — 2a) 2 (2) L z) (47)

Jl”;‘ (2) 1—w(z) c¢—2p+c—20)w(z)  1-—w()
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Now, assuming that |77|zc|mc| lw(z)| = |w(z0)| =1, (z € U*) and applying Jack’s lemma,
z|<|z0

we obtain
z0w'(20) = (w(20)
If we set w(zg) = €, (cosf < 0) in (47) and observe that

Lie)

Re{(a—p) —E

then, we obtain

Re

z (Jl,’;‘f(Z))/ ol pe { zow'(20) (2p + ¢ — 2a) zow'(20) }

JML’S\ (2) 1—w(z0) c—(2p+c—2a)w(z)

—Re{ Ce'? B (2p + ¢ — 2a)Ce® }
1—e? c—(2p+c—2a)e?

_ A(c+p—a)(p—a)

24 (2p+c—20)° —2¢(2p + ¢ — 2a) cos b
>0

which obviously contradicts the hypothesis f(z) € ZS;?;;A(Q). Consequently, we

can deduce that |w(z)| < 1 (¢ € U*), which, in view of (44), proves the integral-
preserving property asserted by Theorem 5.

Theorem 8. If f(z) € EC’;’;{,\(a), Then
Lepf(z) € SCYN(a).
Proof. Suppose that f(z) € ©CJ;(a), then
2f (2) € B8N @)
by applying Theorem 5, we have
Lep(2f(2) € ZSZ?I;)‘(a)

and so,
2(Lepf(2)) € RGN @)

which is equivalent to,
Lepf(z) € SCYN ()

The proof is completed.
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Theorem 9. If f(z) € K3 (8, ), Then
Lepf(2) € SK) (B, ).

Proof. Suppose that f(z) € EKZ,’IQ\(B,Q). Then, there exist a function g(z) €
ES;?,;A(a) such that

/

2 (1)

Re — < —«
Jup9(2)
Let us now setting,
/
2BEAl®) o et (15)
=—(p—Ba(z
Jl0 Lepg(2)

where ¢(z) is given by (22), we find from (41) that

VA '
(1) ) (49)
Tipez)  ipa(?)

VA ! ,
z (Ju,p Ec,p (Zf (Z)))

T Lepg(2)
/
z (Jl:l/y\ﬁc,pg(z))

Tl Lepg(2)

T Lep (2f'(2))
Il Lepg(2)

+(p+c)

+(p+c)

Since g(z) € ES,’j?p’)‘ (o), then according to Theorem 5 we have L. ,g(z) € ES;?I;’\(Q).
Then, we can set

2 (T Lepal))

o= —(p- Q) (50)
T Lepg(2)
where Re {Q(z)} > 0. Equation (48) can be written as,

TppLep (2f'(2)) = (=8 = (p = B)a(2)) T Lepg(2) (51)

By differntioniating both sides of (48) with respect to z, we get

(TR Lenzr () , (T Lers®)

=—2d(2)p—B)+ (=B —(p— B4(2)) -+ 52
(2 ers®) ¢ (2)(p = B) + (=B = (p = Ba(2)) (722 Eepo®) (52)

=—2q(2)(p—B) + (B+ (p— B)a(2)) (e + (p — @) Q(2))
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Then, by substituting (48), (50) and (52) into (49), we have
/
2 (1 1(:)
X
Jup9(2)

Then, by setting u = ¢(z) = w1 + tug and v = 2¢/(z) = v1 + iv2, we can define the
function Q(u,v) by

2q'(2)(p — B)
(pte—a)—(p—a)Q(z)

+8=—(p—Balz) - (53)

(p— B
(p+c—a)—(p—a)Q(z)

where (u,v) € D C C x C. The remainder of our proof of Theorem 7 is similar to
that of Theorem 3, so we choose to omit the analogous details involved.

Qu,v) = —(p— B)u — (54)

Theorem 10. If f(z) € K3 (3,a), Then
Lepf(2) € SE (B, ).

Proof. Just as we derived Theorem 6 from Theorem 5. Easily, we can deduce The-
orem 8 from Theorem 7. So we choose to omit the proof.
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