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Abstract. The aim of this article is to establish a new class of unified integrals
associated with the generalized Lommel-Wright functions.Some integrals involving
trigonometric, generalized Bessel and Struve functions are also mentioned as special
cases of the main results. Further, we establish two reduction formulas for the
Wright hypergeometric function.
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1. Introduction

The Wright hypergeometric function defined by the series [15]:

pψq

 (α1, A1), .., (αp, Ap);

(β1, B1)..., (βq, Bq)
z

 =

∞∑
k=0

p∏
j=1

Γ(αj +Ajk)zk

q∏
j=1

Γ(βj +Bjk)k!

, (1)

where the coefficients A1, ....Ap and B1, ....Bq are positive real numbers such that

1 +

q∑
j=1

Bj −
p∑
j=1

Aj ≥ 0. (2)

can be slightly generalized (1) as given below.

pψq

 (α1, 1), .., (αp, 1);

(β1, 1)..., (βq, 1)
z

 =

p∏
j=1

Γ(αj)

q∏
j=1

Γ(βj)
pFq

 α1, .., αp;

β1, ..., βq

z

 , (3)
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where pFq is the generalized hypergeometric function defined by [15, 13]

pFq

 α1, .., αp;

β1, ..., βq

z

 =

∞∑
k=0

(α1)n, ...., (αp)nz
n

(β1)n, ...., (βq)nn!
= pFq(α1, ..., αp;β1, ...., βq; z), (4)

where (ϑ)n is denote the Pochhammer symbol [15].
The series representation of the generalized Lommel Wright function as [5];

Jµ,mν,λ (z) =
∞∑
k=0

(−1)kΓ(k + 1)( z2)2k+ν+2λ

Γ(λ+ k + 1)mΓ(ν + kµ+ λ+ 1)k!
, (5)

(z ∈ N/(−∞, 0] m ∈ N, ν, λ ∈ C, µ > 0).
Also, we have the following relations of generalized Lommel Wright functions

with trigonometric functions and the generalized Bessel function and Struve func-
tion:

J1,1
1/2,0(z) =

√
(

2

πz
) sin(z) (6)

J1,1
−1/2,0(z) =

√
(

2

πz
) cos(z) (7)

Jµ,1ν,λ (z) = Jµν,λ(z) (8)

J1,1
ν,1/2(z) = Hν(z). (9)

Here, we recall the following Lavoie and Trottier integral formula[8].∫ 1

0
tκ−1(1− t)2ϑ−1

(
1− t

3

)2κ−1(
1− t

4

)ϑ−1
dt =

(
2

3

)2κΓ(κ)Γ(ϑ)

Γ(κ+ ϑ)
, (10)

where <(κ) > 0 and <(ϑ) > 0 .
Various generalizations and cases of Lommel-Wright function have been inves-

tigated (see, for details, [1, 14, 7]). For more details of integral involving various
special functions, one may be referred to the recent research papers [4, 9, 10, 11]

Integral formulas involving Lommel-Wright functions have been developed by
many authors (see, e.g., [2, 3, 6, 12]). In this sequel, here, we aim at establishing
certain new generalized integral formula involving the generalized Lommel-Wright
function Jµ,mν,λ (z) interesting integral formulas which are derived as special cases.

104



S. Haq, K.S. Nisar, A.H. Khan – Some new results associated with . . .

2. Main Results

The integrals involving Lommel-Wright function is given in this section.

Theorem 1. For η, θ ∈ C and t > 0 with <(η) > 0,<(θ) > 0, the following integral
formula holds true∫ 1

0
xη−1(1− x)2θ−1

(
1− x

3

)2η−1(
1− x

4

)θ−1
Jµ,mν,λ

(
y

(
1− t

4

)(
1− t

)2)
dt

= Γ(η)

(
2

3

)2η(y
2

)ν+2λ

× 2ψm+2

[
(1, 1), (θ + ν + 2λ, 2);

(λ+ 1, 1), ..., (λ+ 1, 1), (η + θ + ν + 2λ, 2), (ν + λ+ 1, µ);
− y2

4

]
.

(11)

Proof. On using (5) in the integrand of (11) and then interchanging the order of
integral sign and summation which is verified under the given conditions, we get∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Jµ,mν,λ

(
y

(
1− t

4

)
(1− t)2

)
dt

=

(
y

2

)ν+2λ ∞∑
k=0

Γ(k + 1)(−y2/4)k

Γ(λ+ k + 1)mΓ(ν + kµ+ λ+ 1)k!

×
∫ 1

0
tη−1(1− t)2(θ+2k+ν+2λ)−1

(
1− t

3

)2η−1(
1− t

4

)(θ+2k+ν+2λ)−1
dt. (12)

Now using (10) in the above equation we get∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Jµ,mν,λ

(
y

(
1− t

4

)
(1− t)2

)
dt =

(
2

3

)2η

× Γ(η)

(
y

2

)ν+2λ ∞∑
k=0

Γ(k + 1)Γ(θ + ν + 2λ+ 2k)(−y
2

4 )k

Γ(λ+ k + 1)mΓ(η + θ + ν + 2λ+ 2k)Γ(ν + kµ+ λ+ 1)k!
.

(13)

Finally, using (1) in the above equation, we get our assertion (11).

Theorem 2. The following integral formula holds true: For η, θ ∈ C and t > 0 with
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<(θ) > 0,<(η) > 0,∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Jµ,mν,λ

(
ty

(
1− t

3

)2)
dt

=

(
2

3

)2(η+ν+2λ)(y
2

)ν+2λ

Γ(θ)

× 2ψm+2

 (1, 1), (η + ν + 2λ, 2);

(λ+ 1, 1), ..., (λ+ 1, 1)(1 + ν + λ, µ), (η + θ + ν + 2λ, 2);

−4y2

81

 .
(14)

Proof. On using (5) in the integrand of (14) and then interchanging the order of
integral sign and summation which is verified under the given conditions, we get∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Jµ,mν,λ

(
ty

(
1− t

3

)2)
dt

= (y/2)ν+2λ
∞∑
k=0

Γ(k + 1)

(
− y2

4

)k
Γ(λ+ k + 1)mΓ(ν + kµ+ λ+ 1)k!

×
∫ 1

0
tη+ν+2λ+2k−1(1− t)2θ−1

(
1− t

3

)2(η+ν+2λ+2k)−1(
1− t

4

)θ−1
dt. (15)

Now using (10) in the above equation we get∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Jµ,mν,λ

(
y

(
1− t

4

))
dt

=

(
2

3

)2(η+ν+2λ)

Γ(θ)

(
y

2

)ν+2λ

×
∞∑
k=0

Γ(k + 1)Γ(η + ν + 2λ+ 2k)

(
−4y2
81

)k
Γ(λ+ k + 1)mΓ(ν + kµ+ λ+ 1)Γ(η + θ + ν + 2λ+ 2k)k!

. (16)

Finally, using (1) in the above equation, we get our assertion (14).

Next we consider other variations of Theorem 1 and Theorem 2 in the form of
corollaries.
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Corollary 3. In (13), on separating the hypergeometric series into its even and odd
terms,we get,∫ 1

0

tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1

Jµ,mν,λ

(
y

(
1− t

4

)
(1− t)2

)
dt =

(
2

3

)2η √
π

×
(
y

2

)ν+2λ

Γ(η) 2ψm+3

[
(1, 2), (θ + ν + 2λ, 4);

(λ+ 1, 2), ..., (λ+ 1, 2)(1/2, 1), (η + θ + ν + 2λ, 4), (ν + λ+ 1, 2µ);

y4

64

]

−
(2

3

)2η
√
π

2

(y
2

)ν+2λ+2

Γ(η)

× 2Ψm+3

 (2, 2), (θ + ν + 2λ+ 2, 4);

(λ+ 2, 2), ..., (λ+ 2, 2)(η + θ + ν + 2λ+ 2, 4), (3/2, 1), (µ+ ν + λ+ 1, 2µ);

y4

64

 ,
(17)

where <(η) > 0 and <(θ) > 0.

Corollary 4. On expanding the r.h.s of (16) in series form and then separating the
resulting series into its even and odd terms, we obtain.∫ 1

0

tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1

Jµ,mν,λ

(
ty

(
1− t

3

)2)
dt

=
(2

3

)2(η+θ+2λ)√
π

(y
2

)ν+2λ

Γ(θ)

× 2ψm+3

 (1, 2), (η + θ + 2λ, 4);

(λ+ 1, 2), ..., (λ+ 1, 2)(1/2, 1), (η + θ + ν + 2λ, 4), (ν + λ+ 1, 2µ);

y4

6561


+

(
2

3

)2(η+θ+2λ)√
π

2

(
− 4y2

81

)(
y

2

)ν+2λ

Γ(θ)

× 2Ψm+3

 (2, 2), (η + θ + 2λ+ 2, 4);

(λ+ 2, 2), ..., (λ+ 2, 2)(3/2, 1), (η + θ + ν + 2λ+ 2, 4), (ν + λ+ µ+ 1, 2µ);

y4

6561

 ,
(18)

where <(η) > 0 and <(θ) > 0.

3. Special Cases

In this section, we derive some integrals containing trigonometric function and gen-
eralized Lommel-Wright function as follows:
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Corollary 5. If we take m = 1, µ = 1, λ = 0 and ν = 1/2 in (11) and then by using
(6), we derive the following integral formula:∫ 1

0
tη−1(1− t)2(θ−1/2)−1

(
1− t

3

)2η−1(
1− t

4

)(θ−1/2)−1
sin
(
y(1− t/4)(1− t)2

)
dt

=

(
2

3

)2η√
π(
y

2
) Γ(η)1ψ2

 (θ + 1/2, 2);

(η + θ + 1/2, 2), (32 , 1);
− y2

4

(19)

where <(η) > 0 and <(θ) > 0.

Corollary 6. Again by taking m = 1, µ = 1, λ = 0 and ν = 1/2 in (14) and then by
using (6), we deduce the following integral formula:

∫ 1

0
t

(
η− 1

2

)
−1(1− t)2θ−1

(
1− t

3

)2
(
η− 1

2

)
−1(

1− t

4

)θ−1
sin

(
ty

(
1− t

3

)2)
dt

=

(
2

3

)2
(
η+θ
)
√
π (

y

2
) Γ(θ)1ψ2

 (η + θ, 2);

(η + θ + 1
2 , 2), (32 , 1);

− 4y2

81

 (20)

where <(η) > 0 and <(θ) > 0.

Corollary 7. If we put m = 1, µ = 1, λ = 0 and ν = 1/2 in (17) and then by using
(6), we obtain:∫ 1

0
tη−1(1− t)2(θ−

1
2
)−1
(

1− t

3

)2η−1(
1− t

4

)(θ− 1
2
)−1

sin

(
y

(
1− t

4

)
(1− t)2

)
dt

=

(
2

3

)2η

(
yπ

2
)Γ(η)1ψ3

 (θ + 1
2 , 4);

(η + θ + 1
2 , 4), (32 , 1), (1/2, 1);

y4

64


−
(

2

3

)2η

(
y3π

16
)Γ(η)1ψ3

 (θ + 5
2 , 4);

(η + θ + 5
2 , 4), (32 , 1), (52 , 2);

y4

64

 , (21)

where <(η) > 0 and <(θ) > 0.

Corollary 8. Further we take m = 1, µ = 1, λ = 0 and ν = 1/2 in (18) and then by
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using (6), we obtain:∫ 1

0
t(η−

1
2
)−1(1− t)2θ−1

(
1− t

3

)2(η− 1
2
)−1(

1− t

4

)θ−1
sin

(
ty

(
1− t

3

)2)
dt

=

(
2

3

)2(η+θ)

(
πy

2
)Γ(θ)1ψ3

 (η + θ, 4);

(η + θ + 1
2 , 4), (12 , 1), (32 , 2);

4y4

6561


+

(
2

3

)2(η+θ)

Γ(θ)
(4y3

81

)
1ψ3

 (η + θ + 2, 4);

(η + θ + 5
2 , 4), (32 , 1), (52 , 2);

4y4

6561

 , (22)

where <(η) > 0 and <(θ) > 0.

Corollary 9. If we take m = 1, µ = 1, λ = 0 and ν = −1/2 in (11)and then by
using (7),we get the following integral formula:∫ 1

0
tη−1(1− t)2(θ−

1
2
)−1
(

1− t

3

)2η−1(
1− t

4

)(θ− 1
2
)−1

cos

(
y

(
1− t

4

)
(1− t2

)
dt

=

(
2

3

)2η √
π Γ(η)1ψ2

 (θ − 1
2 , 2);

(η + θ − 1
2 , 2), (12 , 1);

− y2

4

 , (23)

where <(η) > 0 and <(θ) > 0.

Corollary 10. Again we take m = 1, µ = 1, λ = 0 and ν = −1/2 in (14) and then
by using (7), we get the following integral formula:

∫ 1

0
t

(
η− 1

2

)
−1(1− t)2θ−1

(
1− t

3

)2
(
η− 1

2

)
−1(

1− t

4

)θ−1
cos

(
t y

(
1− t

3

)2)
dt

=

(
2

3

)2(η+θ) √
π Γ(θ)1ψ2

 (η + θ, 2);

(η + θ − 1
2 , 2), (12 , 1);

− 4y2

81

 , (24)

where <(η) > 0 and <(θ) > 0.

Corollary 11. If we take m = 1, µ = 1, λ = 0 and ν = −1/2 in (17) and then by
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using (7), we obtain:∫ 1

0
tη−1(1− t)2(θ−

1
2
)−1
(

1− t

3

)2η−1(
1− t

4

)(θ− 1
2
)−1

cos

(
y

(
1− t

4

)
(1− t2)

)
dt

=

(
2

3

)2η

πΓ(η)1ψ3

 (θ − 1
2 , 4);

(η + θ − 1
2 , 4), (12 , 2), (1/2, 1);

y4

64


+

(
2

3

)2η

(
πy2

16
)Γ(η)1ψ3

 (θ + 3
2 , 4);

(η + θ + 3
2 , 4), (32 , 1), (32 , 2);

y4

64

 ,(25)

where <(η) > 0 and <(θ) > 0.

Corollary 12. Further if we take m = 1, µ = 1, λ = 0 and ν = −1/2 in (18) and
then by using (7), we obtain:∫ 1

0
t(η−

1
2
)−1(1− t)2θ−1

(
1− t

3

)2(η− 1
2
)−1(

1− t

4

)θ−1
cos

(
ty

(
1− t

3

)2)
dt

=

(
2

3

)2(η+θ)

πΓ(θ)1ψ3

 (η + θ, 4);

(η + θ − 1
2 , 4), (12 , 1), (12 , 2);

y4

6561


+

(
2

3

)2(η+θ)

(−8πy2

81
)Γ(θ)1ψ3

 (η + θ + 2, 4);

(η + θ + 3
2 , 4), (32 , 1), (32 , 2);

y4

6561

 , (26)

where <(η) > 0 and <(θ) > 0.

Corollary 13. If we take m = 1 in (11) and then by using (8), we obtain:∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Jµν,λ(y(1− t/4)(1− t)2)dt =

(
2

3

)2η

(
y

2
)ν+2λΓ(η)

× 2ψ3

 (θ + ν + 2λ, 2), (1, 1);

(λ+ 1, 1), (η + θ + ν + 2λ, 2), (ν + λ+ 1, µ);
− y2

4

 , (27)

where <(η) > 0 and <(θ) > 0.
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Corollary 14. Further if we take m = 1 in (13) and then by using (8), we obtain:∫ 1

0

tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1

Jµν,λty(1− t/3)2dt

=

(
2

3

)2(η+θ+2λ)

(
y

2
)ν+2λΓ(θ)2ψ3

 (η + θ + 2λ, 2), (1, 1);

(λ+ 1, 1), (η + θ + ν + 2λ, 2), (1 + ν + λ, µ);
− 4y2

81

 ,
(28)

where <(η) > 0 and <(θ) > 0.

Corollary 15. If we take m = 1 in (17) and then by using (8), we obtain:∫ 1

0

tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1

Jµν,λy(1− t/4)(1− t)2dt

=

(
2

3

)2η√
π (

y

2
)ν+2λΓ(η)2ψ4

 (1, 2), (θ + ν + 2λ, 4);

(λ+ 1, 2), (1/2, 1), (η + θ + ν + 2λ, 4), (ν + λ+ 1, 2µ);

y4

64


+

(
2

3

)2η√
π

2
(
y

2
)ν+2λ+2Γ(η)

× 2ψ4

 (2, 2), (θ + ν + 2λ+ 2, 4);

(λ+ 2, 2), (η + θ + ν + 2λ+ 2, 4), (3/2, 1), (µ+ θ + λ+ 1, 2µ);

y4

64

 , (29)

where <(η) > 0 and <(θ) > 0.

Corollary 16. Further if we take m = 1, in (18) and then by using (8), we obtain:∫ 1

0

tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1

Jµν,λty(1− t/3)2dt

=

(
2

3

)2(η+θ+2λ)√
π (

y

2
)ν+2λΓ(θ)2ψ4

 (1, 2), (η + θ + 2λ, 4);

(λ+ 1, 2), ( 1
2 , 1), (η + θ + ν + 2λ, 4), (ν + λ+ 1, 2µ);

y4

6561


+

(
2

3

)2(η+θ+2λ)√
π

2

(
− 16y2

81

)
(
y

2
)θ+2λΓ(θ)

× 2ψ4

 (2, 2), (η + θ + 2λ+ 2, 4);

(λ+ 2, 2), ( 3
2 , 1), (η + θ + ν + 2λ+ 2, 4), (ν + λ+ µ+ 1, 2µ);

y4

6561

 , (30)

where <(η) > 0 and <(θ) > 0.

Corollary 17. If we take m = 1, µ = 1 and λ = 1/2 in (11) and then by using (9),
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we obtain:∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Hν(y(1− t/4)(1− t)2)dt

=

(
2

3

)2η

(
y

2
)ν+1Γ(η)2ψ3

 (θ + ν + 1, 2), (1, 1);

(η + θ + ν + 1, 2), (ν + 3/2, 1), (3/2, 1);
− y2

4

 , (31)

where <(η) > 0 and <(θ) > 0.

Corollary 18. Further if we take m = 1, µ = 1 and λ = 1/2 in (13) and then by
using (9), we obtain:∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Hνty(1− t/3)2dt =

(
2

3

)2(η+θ+1)

(
y

2
)ν+1Γ(θ)

× 2ψ3

 (η + θ + 1, 2), (1, 1);

(η + θ + ν + 1, 2), (ν + 3/2, 1), (3/2, 1);
− 4y2

81

 , (32)

where <(η) > 0 and <(θ) > 0.

Corollary 19. If we take m = 1, µ = 1 and λ = 1/2 in (17) and then by using (9),
we obtain:∫ 1

0
tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1
Hνy(1− t/4)(1− t)2dt

=

(
2

3

)2η√
π (

y

2
)ν+1Γ(η)2ψ4

 (1, 2), (θ + ν + 1, 4);

(η + θ + ν + 1, 4), (ν + 3/2, 2), (3/2, 2), (1/2, 1);

y4

64


+

(
2

3

)2η√π

2
(
y

2
)ν+3Γ(η)2ψ4

 (2, 2), (θ + ν + 3, 4);

(η + θ + ν + 3, 4), (ν + 5/2, 2), (5/2, 2), (3/2, 1);

y4

64

 ,
(33)

where <(η) > 0 and <(θ) > 0.

Corollary 20. Further if we take m = 1, µ = 1 and λ = 1/2 in (18) and then by
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using (9), we obtain:∫ 1

0

tη−1(1− t)2θ−1

(
1− t

3

)2η−1(
1− t

4

)θ−1

Hνty(1− t/3)2dt

=

(
2

3

)2(η+θ+1)√
π (

y

2
)ν+1Γ(θ)2ψ4

 (1, 2), (η + θ + 1, 4);

(η + θ + ν + 1, 4), (ν + 3/2, 2), (3/2, 2), (1/2, 1);

y4

6561


+

(
2

3

)2(η+θ+1)√
π

2

(
− 16y2

81

)
(
y

2
)θ+1Γ(θ)

× 2ψ4

 (2, 2), (η + θ + 3, 4);

(η + θ + ν + 3, 4), (ν + 5/2, 2), (5/2, 2), (3/2, 1);

y4

6561

 , (34)

where <(η) > 0 and <(θ) > 0.

4. Reducibility of the Wright Hypergeometic Function

Now we state two reduction formulas for the Wright hypergeometric function as
follows:

2ψm+2

[
(θ + ν + 2λ, 2)(1, 1);

(λ+ 1, 1), ...(λ+ 1, 1)(η + θ + ν + 2λ, 2)(ν + λ+ 1, µ);
− y2

4

]
=
√
π2ψm+3

[
(θ + ν + 2λ, 4)(1, 2);

(λ+ 1, 2), ...(λ+ 1, 2)(1/2, 1)(η + θ + ν + 2λ, 4), (ν + λ+ 1, 2µ);

y4

64

]
+

√
π

8
y2

2ψm+3

[
(θ + ν + 2λ+ 2, 4)(2, 2);

(λ+ 2, 2), ...(λ+ 2, 2)(η + θ + ν + 2λ+ 2, 4)( 3
2 , 1)(µ+ ν + λ+ 1, 2µ);

y4

64

]
(35)

2ψm+2

[
(η + θ + 2λ, 2)(1, 1);

(λ+ 1, 1), ...(λ+ 1, 1), (η + θ + ν + 2λ, 2), (1 + ν + λ, µ);

−4y2

81

]
=
√
π 2ψm+3

[
(η + θ + 2λ, 4)(1, 2);

(λ+ 1, 2), ...(λ+ 1, 2)(1/2, 1), (η + θ + ν + 2λ, 4)(ν + λ+ 1, 2µ);

y4

6561

]
+
√
π

(
− 4y2

81

)
× 2ψm+3

[
(η + θ + 2λ+ 2, 4)(2, 2);

(λ+ 2, 2), ...(λ+ 2, 2)(3/2, 1)(η + θ + ν + 2λ+ 2, 4)(ν + λ+ µ+ 1, 2µ);

y4

6561

]
(36)

By comparing (11) and (17),results (35) can be established and by comparing (14) and
(18),result (36) can be established.

Declaration
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