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SOME NEW RESULTS ASSOCIATED WITH THE GENERALIZED
LOMMEL-WRIGHT FUNCTION

S. HAaqQ, K.S. NisAr, A.H. KHAN

ABSTRACT. The aim of this article is to establish a new class of unified integrals
associated with the generalized Lommel-Wright functions.Some integrals involving
trigonometric, generalized Bessel and Struve functions are also mentioned as special
cases of the main results. Further, we establish two reduction formulas for the
Wright hypergeometric function.
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1. INTRODUCTION

The Wright hypergeometric function defined by the series [15]:

(a1, Ay), ..,(ap,Ap); s lﬁ [(ay + Ajk)2*
p¥q =)’ ; : (1)
(/81731)'-‘7(5q7Bq) k=0 l:[ (,Bj—i-Bjk)k!

where the coefficients A1, ....A, and By, ....B, are positive real numbers such that

q p
1+> Bj—=) A;>0. (2)
i=1 i=1

can be slightly generalized (1) as given below.
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where ,Fy is the generalized hypergeometric function defined by [15, 13]

o 8 3 ¥ :Z((C;l))”"”"(((;zin; = Fy(an, .., ap; By, Bgs 2), (4)
1y -+ Pgq k=0 Ny ey nn!

where (1), is denote the Pochhammer symbol [15].
The series representation of the generalized Lommel Wright function as [5];
00 kI‘(k‘ )(g>2k+u+2/\
() = 2 5
v Z;)F)\+k+ mD(v+ kp + A+ 1)kU (5)

(z € N/(=00,0l meN, v,Ae C,u>0).
Also, we have the following relations of generalized Lommel Wright functions
with trigonometric functions and the generalized Bessel function and Struve func-
tion:

T5ho(2) = V(=) sin2) (6)

=

T s0(2) = V() cos(z) ™

TZ

T (2) = I8 (2) (8)
T a(2) = Hy(2). 9)

Here, we recall the following Lavoie and Trottier integral formula[8].

/1 (1 — )20 <1 - t)%_l <1 - t>§_1dt = (2>2HF(“)F(19), (10)
0 3 4 3) T(k+7)
where R(x) > 0 and R(J) >0
Various generalizations and cases of Lommel-Wright function have been inves-
tigated (see, for details, [1, 14, 7]). For more details of integral involving various
special functions, one may be referred to the recent research papers [4, 9, 10, 11]
Integral formulas involving Lommel-Wright functions have been developed by
many authors (see, e.g., [2, 3, 6, 12]). In this sequel, here, we aim at establishing
certain new generalized integral formula involving the generalized Lommel-Wright
function Jﬁ ;\n(z) interesting integral formulas which are derived as special cases.
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2. MAIN RESULTS

The integrals involving Lommel-Wright function is given in this section.

Theorem 1. Forn,0 € C and t > 0 with R(n) > 0,R(0) > 0, the following integral
formula holds true

[ (1=5)" (1-5) e (o1-5)a- o)
o) (3)
(1,1), (0 + v+ 2X,2); yz}

2 [ A+ 1,1, A+ 1,1), (+ 0+ v+2X0,2), (v + A+ 1,0); 4
(1)

Proof. On using (5) in the integrand of (11) and then interchanging the order of
integral sign and summation which is verified under the given conditions, we get

/01 (1 — )20t <1 — ;))277—1 (1 — i)e_l,];jf”‘ <y<1 — i) (1— t)2>dt

(N Dk +1)(—y?/9)"
2 — FA+Ek+1)"T(v+ kp+ X+ 1)k!

1 A t
0 3 4

Now using (10) in the above equation we get

/01 71— )Pt (1 — ;)277_1 <1 - Dg—lj,j{” <y<1 — 3 (1— t)2> dt = (?2))277

14 oo _ 2
(Y +23 L(k+1)T(0 4+ v+ 2X + 2k)(=5)* '
FA+Ek+1)mT(n+0+v+2X+2E)(v + kp+ A+ 1)k!
(13)

(0+2k+v+2))—1
) dt. (12)

k=0

Finally, using (1) in the above equation, we get our assertion (11).

Theorem 2. The following integral formula holds true: Forn,0 € C andt > 0 with
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R(6) > 0,R(n) >0,
1 91 ¢ 2n—1 ¢ 0—1 ¢ 2
n—=1¢1 _ - _Z _Z Hym _Z
[emtamm (-8 (-8 e ((1-2) e

_ g 2(n+v+2X) y V+2)\F(0)
3 2
(1’1)’(77—|—]/—|—2)\’2); _4y2

X 9WVm+2
A+1L1),.,A+1L,1)A4+v+\p),n+0+v+2X2);
(14)

Proof.  On using (5) in the integrand of (14) and then interchanging the order of
integral sign and summation which is verified under the given conditions, we get

/01 (1 — )21 (1 _ ;)277_1 <1 - i)g_lJﬂ” (ty(l - ;)2> dt
T(k+ 1)( j)k

2V+2/\
= W/2) Z TON+ &+ 1) (v + kp+ A + )&

" 2(n+v+224+2k)—1 " 0—1
% / t77+u+2>\+2k:—1(1 _ t)29—1 (1 _ 3) (1 — > dt. (15)
0

Now using (10) in the above equation we get
1 2n—1 -1
t t t
O ) el 1——) I y(1——))dt
/0 (1=1) 3 4 wA \I\PT

2(n+v+2X) v42)
-(5) o)
3 2

k
T'(k+1)D(n+v—+2\+ 2k)(§1y2>
TA+E+1)"T(v+ku+ A+ 1DT(n+ 60+ v+ 2\ + 2k)k!

(16)

M

>
Il

0

Finally, using (1) in the above equation, we get our assertion (14).
Next we consider other variations of Theorem 1 and Theorem 2 in the form of

corollaries.
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Corollary 3. In (13), on separating the hypergeometric series into its even and odd
terms,we get,

g 20-1 AN AN t 2 2\
/0 P11 1) (1_3> (1_4> Je <y<1—4>(1—t) >dt:<3> Jr
v+2A (172)7(0+V+2)‘74); 4
X (%) (1) 2¥m43 Y 1

2\21\/7 1y u+2,\+2F
() 7 )

(2,2), (6 + v + 2\ + 2,4);
X oWpni3

A+ 1,2), 0y A+ 1,2)(1/2,1), (7 + 0+ v+ 20, 4), (v + A+ 1,2); 04

(n)

y4

A 2,2), s A+ 2,2)( 4+ 0+ 1+ 20 +2,4), (3/2,1), (1 + v+ A+ 1,20); 64]
(17)
where R(n) > 0 and R(F) > 0.

Corollary 4. On expanding the r.h.s of (16) in series form and then separating the
resulting series into its even and odd terms, we obtain.

1 ) 991 " 2n—1 ¢ 0—1 n 2
n— _ - _ _ H,mm _
/0 11— 1) (1 3) (1 4) g (ty(l 3) )dt
2\ 2(n+6+2X) V42X
=30 vA(3) e
3 2
(1,2), (n+ 604 2X,4);

4
X 2Pm+3 635/61
b 1,2)s oy A4 1,2)(1/2,1), (74 0+ v+ 20, 4), (v + A+ 1, 20);
(2 AN R (P (y V+2Ap(9)
3 2 81 2

X oW i3 656l |
A+2,2), 0, (AN +2,2)(3/2,1), 0+ 0 + v+ 2X +2,4), (v + A+ p + 1, 2);
(18)

where R(n) > 0 and R(F) > 0.

3. SPECIAL CASES

In this section, we derive some integrals containing trigonometric function and gen-
eralized Lommel-Wright function as follows:
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Corollary 5. If we take m =1, u=1,A=0 and v = 1/2 in (11) and then by using
(6), we derive the following integral formula:

1 £\ 211 M\ (0-1/2)-1
/ 1711 — ¢)20-1/2)~1 <1 - 3) (1 - 4) sin (y(1 —t/4)(1 — t)%)dt

0
2 (0 +1/2,2); 2
= (g) nx/?(g) L(n) 112 — yz (19)
(n+60+1/2,2),(3,1);

where R(n) > 0 and R(F) > 0.

Corollary 6. Again by takingm =1,u=1,A=0 and v =1/2 in (14) and then by
using (6), we deduce the following integral formula:

e (=) (o) )

B (2>2(n+e) y (n+6,2); 42

VT (5) T(0)192 -0 (20)
(n+0+3,2),(3,1);

2

where R(n) > 0 and R(F) > 0.

Corollary 7. If we put m =1,u=1,A=0 and v =1/2 in (17) and then by using
(6), we obtain:

1 2n—1 (0-3)-1
/0 $171(1 — £)20-)-1 (1 - ;) (1 - i) " sin (y(l — i) (1— t)2>dt

m 0+ 3.4); 4
- (3) o 2 v
(n+0+3.4),(3,1),(1/2,1);
2 3 (6 + 3,4); 4
~(3) Eormw : 2l ey

(n+0+3,4),(3,1),(3,2);
where R(n) > 0 and R(6) > 0.

Corollary 8. Further we take m =1,y =1,A=0 and v =1/2 in (18) and then by
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using (6), we obtain:

1 2(n—3)—1 6—1 2
/ t=2) =11 — p)20-1 <1 - t> ’ <1 - t) sin (ty<1 - t> >dt
0 3 4 3

2(n+0) (n+0,4); 4
-(3) e { 645%1]
(m+0+4,4),(3,1),(3,2);
2(n+0) 3 (n+0+2,4); 4
+<§> F(a)(%)lwi” [ 645%1} » (22)
(m+0+3,4),(3,1),(5,2);

where R(n) > 0 and RN(6) > 0.

Corollary 9. If we take m = 1,40 = 1,A = 0 and v = —1/2 in (11)and then by
using (7),we get the following integral formula:

1 2n—1 (6-1)-1
/0 (1 - 75)2(6'*%)*1 <1 — ;) (1 - fl) Y s (y(l - i) (1—t*)dt

2 l, 5 2
- (3)" VAt 2 -2 e
(77"' 0 — %72)7 (%v 1);

where R(n) > 0 and R(F) > 0.

Corollary 10. Again we take m =1, =1,A=0 and v = —1/2 in (14) and then
by using (7), we get the following integral formula:

[ (- (e (12 1)

2(7+6) (n+0,2);
_ (g) R TO)1s ! - 492} . (24)
(77+9_ %72)’(%v1)§

where R(n) > 0 and R(H) > 0.

Corollary 11. If we take m = 1,u = 1,A =0 and v = —1/2 in (17) and then by
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using (7), we obtain:

2 2n/ol (1 - t)2(9‘§)—1(0 154));2771 (1 - i)jé)l Cos <y (1 - i) (1- t2)> dt
Yy
) <3> T { (n+0—1,4),(5.2), (1/2,1); 64]

2 .2 (6 + 3,4); 4
+<§> n(lii)r(ﬁ)ﬂbs { i y] ,(25)
(n+6+35,4),(3,1),(3,2);

where R(n) > 0 and RN(6) > 0.

Corollary 12. Further if we take m = 1,up = 1,A =0 and v = —1/2 in (18) and
then by using (7), we obtain:

1 2(n—23)—1 6—-1 2
/ t=3)=1(1 — 4)20-1 <1 - t> ’ <1 - t) cos (ty<1 - t> >dt
0 3 4 3

9\ 2(7+) (n+0,4); "
= <3> ml'(0)143 G561
(n+6—1%.4),(3,1),(3,2);
o\ 201t0) g2 (n+6+2,4); 4
+(3) >r<e>1w3{ Ll e
(n+6+3,4),(3,1),(3,2);

where R(n) > 0 and R(O) > 0.

Corollary 13. If we take m =1 in (11) and then by using (8), we obtain:
1 ¢ 2n—1 ¢ 6—1 9 2n y
/ R - ) I -t/ -0*dt= (5] (5)7Tmn)
0 3 4 Ys 3 2
(0+V+2>‘72)7(171)a 2]

X 213 -
A+1L1),(n+0+v+2X2),(v+X+1,p0);

where R(n) > 0 and R(H) > 0.

110



S. Haq, K.S. Nisar, A.H. Khan — Some new results associated with ...

Corollary 14. Further if we take m = 1 in (13) and then by using (8), we obtain:

1 ; 2n—1 ¢ 0—1
/ =1(1 — )21 (1 _ 3> (1 - 4) Iy aty(1 — t/3)%dt
0

2\ e (n+6+2X2),(1,1); 4y
=13 (2) ['(0)213 CEE
A+1L,1),(n+0+v+2X\2),(1+v+Ap);
(28)

where R(n) > 0 and R(F) > 0.

Corollary 15. If we take m =1 in (17) and then by using (8), we obtain:

/01 =11 — )%t <1 - ;>2n_1 (1 - i)e_lﬂi)\y(l —t/4)(1 —t)3dt

2 2n y (172)7(0+V+2)‘74); y4
= <3) VT (§)V+2AF(77)2¢4 61
(A +1,2), (1/2,1), (7 + 0 + v+ 2X,4), (v + A + 1, 2p);

F(2) o)

(2,2), (0 + v+ 2 + 2, 4);
X 9y

4
ol (29)
(A+2,2),(n+0+v+2X+2,4),(3/2,1), (u+ 60+ A+ 1,2u);

where R(n) > 0 and R(F) > 0.

Corollary 16. Further if we take m = 1, in (18) and then by using (8), we obtain:

1 " 2an—1 ¢ 6—1
/ = (1 - L= Tty —t/3)%dt
0 3 4 :

) 2(n+6+2X) y (17 Q)v (77 + 0+ 2)‘7 4)7
-(3) VAEQreu

y4
1 . 6561
(>\+172)a(§a1)7(n+9+y+2Aa4)7(V+>\+172,u)7

T R Y (A TR
3 2 81 2

(2,2),(n+ 60 +2X+ 2,4);
X 2y

4
6?61 ’ (30)
A+2,2),(3,1),(n+0+v+2X+2,4), (v+ A+ p+1,2u);
where R(n) > 0 and R(F) > 0.

Corollary 17. If we take m = 1,u =1 and A = 1/2 in (11) and then by using (9),
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we obtain:
lAIW_%l—tV“4<1—;>%F1<1—i)&Jﬁb@U:—U4X1—tfﬁﬁ
2n O+v+1,2),(1,1); 9
~(3) Grorm { -y ] 6
m+0+v+1,2),(v+3/2,1),(3/2,1);

where R(n) > 0 and RN(6) > 0.

Corollary 18. Further if we take m = 1, =1 and A\ = 1/2 in (13) and then by
using (9), we obtain:

1 ¢ 2n—1 " 0—1 2 2(n+6+1) y
/t%%y%ﬁﬁl1— 1— =) Hyty(l—t/3)%dt= (% (5)7'r()
0 3 4 3 2

51 (32)

X 213 {
(n+0+v+1,2),(v+3/2,1),(3/2,1);
where R(n) > 0 and R(O) > 0.

Corollary 19. If we take m =1,u=1 and A = 1/2 in (17) and then by using (9),
we obtain:

/01 11— t)29_1 (1 B ;)277—1 (1 - i)e_lHVy(l v —

9\ 20 y I (1,2), (0 +v +1,4); ¢_

= (3> \/7?(§)V+1F(77)2¢4 o1
L+ 0+ +1,4),(v+3/2,2),(3/2,2), (1/2,1); ]

- [ (2,2), (0 +v+3,4); 4]
() 5o vl
N+ 041 +3,4),(v+5/2,2),(5/2,2),(3/2,1); |

(33)
where R(n) > 0 and R(F) > 0.

Corollary 20. Further if we take m = 1,0 =1 and X = 1/2 in (18) and then by
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using (9), we obtain:

1 " 2n—1 ¢ 6—1
/ tn—l(l _ t)29—1 (1 _ ) (1 — ) H}/ty(l — t/3)2dt
0 3 4

9\ 2O+ (1,2),(n+ 0+ 1,4); "
= (3) v (5)"+1F(9)2¢4 6561
m+60+v+1,4),(v+3/2,2),(3/2,2),(1/2,1);

(2,2),(n+0+3,4); 4 ]

Y
(+0+v+3,4), (v +5/2,2), (5/2,2), (3/2,1); 9701

where R(n) > 0 and R(0) > 0.

X 2y

(34)

4. REDUCIBILITY OF THE WRIGHT HYPERGEOMETIC FUNCTION
Now we state two reduction formulas for the Wright hypergeometric function as
follows:

(@+v+2X2)(1,1); yT
2Vm+42

A+ LD), A+ L)+ 0+ v+ 202 (v + A+ L)y 4

_ (04 v +2X4)(1,2); vt T 5
= V2t { A+ 1,2), A+ 1,2)(1/2, )+ 0+ v +2X0,4), (v + A+ 1,2u); 64| Y
r 4

. (04 v+ 2X +2,4)(2,2); v 35
PEmES L (N 4+2,2), A+ 2,2)(n+ 0+ v+ 20+ 2,4) (3, 1) (p+ v+ A+ 1,20); 64

LALLM+ L), (p+ 0+ v +2X,2), (T+v+ A, p); 81

) (n+ 6+ 2X,4)(1,2); y'

VI MBS (A 4+1,2), (A +1,2)(1/2,1),(n+ 0+ v+ 20, ) (v + A+ 1,20); 6561
42

(- %)

X 31 (n+ 60 +2X +2,4)(2,2); y!

2EmES (N 42,2), (A +2,2)(3/2, ) (n+ 0+ v+ 22+ 2,4) (v 4+ A+ p+1,2u); 6561

(36)

By comparing (11) and (17),results (35) can be established and by comparing (14) and
(18),result (36) can be established.
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