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1. INTRODUCTION

Let A denotes the class of analytic functions of the form
oo
f@) =24 a2 (1)
k=2

that map the unit disc conformally onto a domain whose complement with respect
to a convex that satisfies the normalization f(1) = oco,the opening angle of f(U) at
infinity is less than or equal to am.

The families of these functions is referred to as a concave univalent function
denoted as C, () if it satisfies the condition Py > 0, where

2 |ot+ll+z | f(2)

Py =
ITaC1| 21— “Fl2)

In [11], the concept of meromorphic concave function was introduced, that a
conformal mapping of meromorphic functions on the unit disc is referred to as a
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concave function if its image is the complement of a compact convex function.
We define the class of meromorphic functions to be of the form

1 o0
_ - k
f(z)—z—l-Zakz . (2)
k=1
A function of the form (2) is referred to as a concave meromorphic if it satisfied the

condition ,
1+ Re | (z)] <0. (3)

f'(2)

The concept of harmonic univalent function was first introduced by Clunie and
Sheil-Small in [5]. The class of function is applied in the study of minimal surfaces
and other areas of sciences. We say that a continuous function f = u+4v is complex
harmonic function in a domain U C C, if both u and v are real harmonic in U. Let
f =h+7g, where h and g are analytic in U. A necessary and sufficient condition for
f to be locally univalent and preserving in U is that |k ()| > |g'(2)| in U.

In [6], it was shown that a complex valued, harmonic, sense preserving, univalent
mapping f must admit the representation

f(2) = h(2) + g(2) + Alog|z| (4)

where h(z) and g(z) are defined by
h(z) = az+ Z arz” ", g(z) =z + Z bz " (5)
k=1 k=1
for 0 < |B| < |af. In [7], For z € U. Sy was define to be the class of functions
1 oo oo
=h = k by, 2"
fz) =h(z) +9(2) = — + ;akz + ; k2", (6)

which are harmonic in the unit disc U, h(z) and ¢(z) are analytic in U, respectively.

A function f € Sy is said to be in the subclass S7; of meromorphic harmonic
starlike functions in U, if its satisfied the condition

Re

?;(Z)] >0,(zeU\D0).
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Also A function f € Sp is said to be in the subclass SC of meromorphic
harmonic convex functions in (U \ 0), if its satisfied the condition

C2h(2) + W (2)—2g" (2) +9,(Z)] >0,(€U\0).

Re

W(z) = g'(2)

These two classes ware studied in [8, 9, 10].

In [12], the integral operator was introduced as the following:

z 240-1 2\ o—
Lonf(2) = /0 %(wgt) fa,

and expressed as
fz)=2z+ E yt+l (7)
7 v+ k

In [13], the inverse of the integral operator was considered as

z 210—1 2\ —(o—
Tuod ) = [ LR (1002) T sty ©

an expressed as
v+ k k
=z+ E 9
Loafl2) =2 (7 + 1> ®)

so that
Lony(Ton[(2)) = f(2). (10)

If v =0, n = 0 we have D" f(z), known as the Salagean operator.

In this work , we studied a new class of meromorphic concave functions defined
by inverse of an integral operator denoted SHYCp and define the class as follows:

Definition 1 Let SHYCy denote the class of meromorphic harmonic concave func-
tion define by inverse of Integral Operator on the function of the form (2)

Lonf(z +Z<7+1> +Z<zi® bezF, (0> 0,y > 1) (11)

such that )
(Lo f(2))

fie Lonf(2)

1+ < 0.
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2. MAIN RESULTS
2.1. Coefficient Inequalities for the class SH?Cy
Theorem 1. Let L, f = h+ g be of the form (11) , if

o0 ’y—i—k o
S (258 anl 4 <1 (12)
k=1

then f is harmonic univalent, sense preserving in U

Proof. For 0 < |z1| < |22| < 1, we have

R Y A AN R S Y O A Y
Lo f(21) £07vf(22)|—‘z+2(7+1> akzy +Z<7+1> bi2]

k=1 k=1
> |211| _ ‘212| _ ki;l (m)g lag ||z — 25 g (:;lj__lf)o |bg||2F — 25
=l Xk () ol e
k=1
TR o
k=1
e -5 ) e

(e
The last expression is non negative by > re | k? (3—1?) (lag] + b]) <1, Lo~ f(2) is

univalent in U.

Now we want to show that f is sense preserving in U , we need to show that

B (2)| = 1g'(2)] in U,

/ 1 > ’)/+:I€ 7 _
b (2)] Z\ZP_Zk(VH> ‘akHZ’k !
k=1
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>1—Zk< > |ag|

21— ( > |ag|
k=1
oo +]{} o

sz‘2<7> ||
perEEAN A

v+ k _ = v+ E\? _ /
>3k () et = ok () e 2

k=1

+ +

Thus this completes the proof of the theorem.

Theorem 2. Let L,,f = h + g be of the form (11) , then f € SHSCq if the

condition holds -

3K <m> (Jan] + [ba]) < 1 (13)

k=1

Proof. with the condition that Rew < 0 < |“tl| < 1, it suffices to show that
‘w+1| < 1.
Let

w= Re |1+

HLon f(2)
Lo f(2)

such that w = g(()), where g(2) = 2(Ly~f(2)) we have that

’w +1 ’ | SR R (y Ry Dagzt — 3R (K + k) (y + k/y + Dbzt
w=1] 2430 (B +k)(v+k/y+ Darzk = 332, (K2 + k) (v + k/y + 1)bg2F
_ Soae i (B2 + k) (v + k/y + Dlar] = Y02 (k2 4+ k) (y + k/y 4+ 1) |bi| (14)

2= 301 (B2 = k) (v + b/ + Dar| = 22021 (k2 = k) (v + k/v + 1) o]

The last expression is bounded above by 1 if

S (B + k) (v + /v +1) ak—l—z K2+ k) (y + k/y + )by
k=1 k=1

(K — k)(v + k/v + 1)bk

M8

Z k) (v + k/y + Da

B
Il

1
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which is equivalent to our condition by
o g
+k
S (258 (anl 40D <1
k=1

Conversely, assume f € SHYCp, then we have

2Loah(2) =L 10(2))"
1+ Lonh(2)) —Lo~g(2)) 1 <1
14 ZCO—,Yh( Z)))”—zﬁa 29"

Loyh(2))' ~Lo9(2))

S (K2 + k) (v + k/y + Dag — Spq (K% + k) (v + k/v + 1)by
5 =300 (B2 = k) (y+ k/y+ Dag = Y02 (k2 = k) (v + k/v + Dby

By letting |z| — 1, we obtain (12).

Theorem 3. Let f = h+g of the form (11), then a necessary and sufficient condition
for Lo~ f(2) to be in SHICy is that

o0 g
vtk
k2<> arl + b)) < 1
> (I57) (ld+
Proof. From Theorem 2, we assume that
o g
+k
2 (251) (and + 1o > 1
2 F (T

Since L, f(2) € LoSiCo, then 1+ Rez(Ly~f(2))" /(Lo f(2)) is equivalent to

zg (2) z (z% + 2 K (%) apz2" T+ 300 kP (%) bkzk—1>
Re = Re

(l +ZZO:1 L2 (Lﬁ)aakszFZZO:l 2 (Lﬂ)a—bkzk)
v Y | ) <y
*"‘Z?lk( +1) akzk+ZZ‘;1k(§%’f) by 2"

for |z| = r > 1, the above expression reduce to

= Re

Re A =
L SRk () Gl + el

L S () (ol + et (400
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from our assumption that Y 5 | k2 (sz) (lax|+ |bx|) > 1, then A(r) and B(r) are
positive for r sufficiently close to 1. Thus there exists a zg = rg > 1 for which the
quotient is positive. This contradicts the required condition that gg; < 0, so the

proof is complete.

2.2. Distortion and Extreme point

Theorem 4. If L, fi, = hi, + gx be of the form (11) and 0 < |z| =17 < 1, then

1+ 72
r

[Lon fr(2)] <

and

1—r2

r

|£U,’yfk(z)| <

Proof. Taking the absolute of fr, we have that

sy () e G e

Also




Yusuf Abdulahi and Maslina Darus — On a Certain Class of Concave ...

by applying Y37, k2 (225 (Jax| + |bu) <1

1472

1
il < =
r

Theorem 5. Let L,.f = h + g be of the form (11). Set hpno = gno =

k=1,2,3,--- set

1 1 1 1
hmk( ) 7+?2 7gn,k’( ) 7_‘_?,214

then Ly~ f(2) to be in SHICo if and only if fi can be expressed as

o0

k=0
where Uy, > 0,8, >0 and > 52 (¥ + P5) = 1.

Proof. For function f = h + g to be of the form (11), we have that

k:l

00
= \I’Ohn,o + (I)Ogn,() + Z(\thn,k(z) + (I)kgn,k(z))
k=1

[o¢]
1
= VYohno + Pogn,o + kz_: Wy (z + — > Z D, ( zk>

= 1 1 —
E (\I/k + (I)k -+ E ﬁ \I/kzk + @kzk).
k=0 k=1

l\z

Now by Theorem 1,

o0 o
1
§ (\Iik?k%rfb ﬁk’ﬁ’ § U+ P, =1—-Tyg—Py<1
k=1 k=1

we have L, - f(2) to be in SHICy. The converse is similar to the above proof
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2.3. Convolution Properties

For harmonic functions

I = (v+ o (7t E A
onfn(2) = = + () axz +Z( (15)
o k=1 7+1 k=1 +1
and
R AR AN R S o A Y
LonFr(z)=— — | A —— ) Bgzk. 16
~Fn(2) z+;<7+1> % +;<7+1 % (16)

The convolution of L, fn(2) and Ls~Fp(2) is given by (Lo fn * LonyFn)(2) =
Ea,'yfn(z) * ['a,'yFn(Z)

1 0 ’Y+k o
= - A § ByoF. 1
z+;<7+1> el Al + ( +1> 15l Bz (17)

The geometric convolution of fi and Fj is given by

() = ful2)oFul f+z (’Y+ N VA () B
k=1

v+1 vy+1
(18)

The integral convolution of fr and Fj is given by

. +k\7 lanAr| o~ (7 +k\ |bkBi|—
(feoF)(2) = fulz)oFile) = - + (7 ) o ( ) =
Z v+1 21 v+1 k

(19)
Theorem 6. Let L, fr(2) € SHICy and Ly Fi(2) € SHICy. Then the convolu-
tion Lo fr(2) * Lo Fr(2) € SHTCo.

Proof. From (17), (18), then the convolution given by (19). We need to show that
the coefficients of L, - fi(2) * Lo F)(2) satisfy the condition of theorem (2.1). We
obtain that

v+ k e v+ E\?
S (25) (44 + 3 (255 i

k=1

Y+k — 2 (VY +E\’
<326 (T e 2 (30) <1
k=1 k=1

Therefore Lo~ fi(2) ¥ Loy Fi(2) € LoySuCo, where [Ay| < 1, |Bg| < 1. This
completes the proof.
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Theorem 7. Given fy and Fy of the form (17) and (18) belong to the class SHSCo,
then the geometric condition (f(z) e Fy)(2) € SHYCy.
Proof. From (19), and by Cauchy-Schwartz’s inequality, it follows that

o0

S (ZEE) (Vi + VBB < 1

k=1 r+1

Theorem 8. Given fi and Fy of form (17) and (18) belong to the class SHSCo,
then the integral convolution (f(z) o Fy)(z) € SHYCy.

Proof. Let |Ag| <1 and |Bg| < 1, then
- +k\7 A Byb
Zkz(’y > (! kax| | kk\)
P v+1 k k

> + K\’ b

P v+1 k k

> +k\7 ak|  |bk
< N2 (T FY %] O
<o () e s

The proof is complete.

2.4. Convex Combinations
Theorem 9. The class SH,‘y’C’O is closed under convex combination.

Proof. Let i =1,2,---, then

1 oo 7_,_]{3 o i 00 ’7+k a‘
Lonfi(z) =+ 3 (122) T et
~fi(2) z+;(’y+1> iz +k:1 <’y+1 iby 2

where a;;, > 0, bjr, > 0, by theorem (2)

o0 —|—k‘ o
> K <77+) (Jai| + |bir]) < 1.
k=1

For 72, t; =1, 0 <t <1, the convex combinations of L, f(z) is written as

0 1 0o oy o i oo oy o
tiloqfi(z) = - — | (tia — | tibix)2".
> tiLes (2 Z+g(,y+1) () + Y (17 ) e
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Then by
+k
2 (2 » b)) <1
E <7+ 1> (|lag| + [bix]) <

[e.e] k o oo oo
> K <1il) [| > (tiaik] + | ZtibikD]
k=1 k=1

k=1
e o0 ’7+k o e
<SS () ot ] < -
k=1 k=1 =

. Then thil tiﬁo,yfi(z) S SH,?CQ.
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