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1. Introduction

After the development of quantum calculus, popularly known as q−calculus, by
Jackson (see [14, 15, 16]) in 1909-1910, quantum calculus has been applied in physics,
quantum mechanics, analytic number theory, sobolev spaces, group representation
theory, theta functions, gamma functions, operator theory and several other areas.
For the definitions and properties of q−calculus, one may refer to [5, 6, 9, 10, 11, 18].

In 1990, Ismail, Merkes and Styer [13] used q−calculus in the theory of analytic
univalent functions by defining a class of complex-valued functions that are analytic
on the open unit disc D := {z : |z| < 1} with the normalizations f(0) = 0, f ′(0) = 1,
and |f(qz)| ≤ |f(z)| on D for every q, q ∈ (0, 1). Motivated by these authors,
several researchers used the theory of analytic univalent functions and q−calculus;
for example see [4, 20, 23].

Though the theory of harmonic univalent functions was discovered by Clunie
and Sheil-Small in 1984 [7], but the role of q−calculus in this specialized area of
research is quite new. Motivated by a method for q−calculus, outlined by Ernst [9]
in 2003, we in this paper make an attempt to apply q−calculus and harmonic convex
functions. In particular, we introduce and study a class of generalized harmonic
univalent convex functions by using q−calculus approach.
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2. Preliminaries

Throughout this paper, we shall assume that q−satisfies the condition q ∈ (0, 1).

Definition 1. Let q ∈ (0, 1) and λ ∈ C. The q−number, denoted by [λ]q, is defined
by

[λ]q =
1− qλ

1− q
.

When λ = n ∈ N, we obtain [n]q = 1 + q + q2 + ... + qn−1, and when q → 1−, then
[n]q = n.

Applying the above q−number and motivated by Jackson [14], q−derivative is
defined below.

Definition 2. The q−derivative (or q−difference operator) of a function f , defined
on a subset of C, is given by

(Dqf)(z) =


f(z)−f(qz)

(1−q)z , z 6= 0

f ′(0), z = 0.

(1)

We note that limq→1−(Dqf)(z) = f ′(z) if f is differentiable at z.

For definitions and properties of q−derivative and q−calculus, one may refer to
[5, 10, 11, 18].

For a function f(z) = zn, we observe that

Dqz
n =

1− qn

1− q
zn−1 = [n]qz

n−1.

Let A denote the class of normalized functions of the form

f(z) =

∞∑
n=1

anz
n, a1 = 1 (2)

which are analytic in the open unit disk D. In view of (1) and (2), it follows that
for any f ∈ A, we have

Dqf(z) =

∞∑
n=1

[n]qanz
n−1 and Dq(zDqf(z)) =

∞∑
n=1

[n]2qanz
n−1,

where q ∈ (0, 1).
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Jackson [15] introduced the q−integral of a function f as∫ z

0
f(t)dqt = z(1− q)

∞∑
n=0

qnf(zqn)

provided the series converges.
In order to use q−calculus and harmonic univalent functions, we first need some

notations and terminology of harmonic univalent functions.
Let H denote the family of continuous complex-valued sense-preserving functions

f = h+ g in the unit disc D that are harmonic and where

h(z) = z +

∞∑
n=2

anz
n, g(z) =

∞∑
n=1

bnz
n |b1| < 1. (3)

Note that f = h + g is locally univalent and sense-preserving in D if and only if
|g′(z)/h′(z)| < 1 in D (see [7]). Also, let SH be a subclass of functions f in H that
are univalent in D. We observe that for g(z) ≡ 0 in D, the class SH reduces to the
class S of normalized analytic univalent functions in D.

We also recall that convolution of two complex-valued harmonic functions

f1(z) = z +
∞∑
n=2

a1nz
n +

∞∑
n=1

b1nzn and f2(z) = z +
∞∑
n=2

a2nz
n +

∞∑
n=1

b2nzn

is defined by

f1(z) ∗ f2(z) = (f1 ∗ f2)(z) = z +

∞∑
n=2

a1na2nz
n +

∞∑
n=1

b1nb2nzn, (z ∈ D).

A comprehensive study for the theory of harmonic univalent functions may be found
in Duren [8]. One may also refer to the survey articles by the first author [1] and
[2].

We now define the class Hq consisting of q−harmonic functions in D.

Definition 3. A harmonic function f = h+g defined by (3) is said to be q−harmonic,
locally univalent and sense-preserving in D denoted by Hq, if and only if the second
dilatation wq satisfies the condition

|wq(z)| =
∣∣∣∣Dqg(z)

Dqh(z)

∣∣∣∣ < 1, (4)

where q ∈ (0, 1) and z ∈ D. Note that as q → 1−, Hq reduces to the family H.
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We also define a new operator and we call it as q−Bernardi harmonic integral
operator.

Definition 4. Let f = h+ g ∈ Hq be defined by (3). Then the operator L : H → H
is said to be q−Bernardi harmonic integral operator denoted by L(f) = F defined as

F (z) =
[c+ 1]q
zc

∫ z

0
tc−1h(t)dqt+

[c+ 1]q
zc

∫ z

0
tc−1g(t)dqt, c = 1, 2, ... . (5)

Note that for q → 1−, this operator reduces to the operator studied for a class defined
by fractional operator in [21]. Letting g(z) ≡ 0 for all z ∈ D, the operator (5) gives
the corresponding operator introduced in [20]. The operator defined by (5) is named
after Bernardi because by letting q → 1− and g(z) ≡ 0, we obtain the operator
I : A → A defined by

I(z) =
c+ 1

zc

∫ z

0
tc−1f(t)dt.

In fact, for q → 1−, g(z) ≡ 0 and c = 1, our operator (5) reduces to the Libera
integral operator defined and studied by Libera [19].

In this paper, we introduce and study the class SCHq
(α) defined as below.

Definition 5. A function f = h+ g in Hq is said to be in SCHq
(α) if

Re

(
zDq(zDqh(z)) + zDq(zDqg(z))

zDqh(z)− zDqg(z)

)
> α, |z| = r < 1, (6)

where q ∈ (0, 1) and α ∈ [0, 1). A function f in SCHq
(α) is called q−harmonic convex

function of order α .

Remark 1. When q → 1−, then the class SCHq
(α) reduces to the traditional class

SCH(α), known as harmonic convex functions of order α (see for example [1, 2, 8]).
Also, note that when q → 1− and g(z) ≡ 0 in D, then the class SCHq

(α) reduces to

the traditional class SC(α), known as convex functions of order α, was studied by
Robertson in 1936 [22]. Moreover, if g(z) ≡ 0 in D, then SCHq

(α) ≡ SCq (α), [23].

3. Coefficient Bounds and Univalence Criteria

We begin with a theorem that relates the modulus of the coefficients to the q−harmonic
class Hq.
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Theorem 1. Let f = h+ g be given by (3). Also, suppose

∞∑
n=1

(
[n]q

[n]q − α
1− α

|an|+ [n]q
[n]q + α

1− α
|bn|
)
≤ 2, (7)

where a1 = 1, α ∈ [0, 1) and q ∈ (0, 1). Then f is locally univalent and sense-
preserving in D; that is f ∈ Hq.

Proof. Since

|Dqh(z)| = |1−
∞∑
n=1

[n]qanz
n−1|

> 1−
∞∑
n=1

[n]q|an|

≥ 1−
∞∑
n=1

[n]q
[n]q − α
1− α

|an|

≥
∞∑
n=1

[n]q
[n]q + α

1− α
|bn|

≥
∞∑
n=1

[n]q|bn|

>
∞∑
n=1

[n]q|bn||z|n−1 ≥ |Dqg(z)|,

it follows that f ∈ Hq, by Definition 3.

The following theorem gives necessary and sufficient convolution condition for
q−harmonic convex functions of order α.

Theorem 2. Let f = h + g with h and g of the form (3), where f belongs to Hq.
Then f ∈ SCHq

(α) if and only if

H1(z) +G1(z) 6= 0, (8)

where

H1(z) = h(z) ∗
(
2− 2α

)
z +

[
2− 2α+

(
2α+ ζ − 1

)
(1 + q)

]
qz2

(1− z)(1− qz)(1− q2z)
,

G1(z) = g(z) ∗
(
2ζ + 2α

)
z +

[
2ζ + 2α−

(
2α+ ζ − 1

)
(1 + q)

]
qz2

(1− z)(1− qz)(1− q2z)
,

|ζ| = 1, ζ 6= −1, α ∈ [0, 1), q ∈ (0, 1) and 0 < |z| < 1.
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Proof. Since at z = 0

zDq(zDqh(z)) + zDq(zDqg(z))

zDqh(z)− zDqg(z)
= 1,

the required condition (6) is equivalent to

zDq(zDqh(z))+zDq(zDqg(z))

zDqh(z)−zDqg(z)
− α

1− α
6= ζ − 1

ζ + 1
. (9)

It is straight forward to verify that

f(z) ∗ z

1− z
= f(z) and f(z) ∗ z

(1− z)(1− qz)
= zDqf(z). (10)

Using (9), (10) and algebraic manipulations, we get

0 6= (ζ + 1)
[
zDq(zDqh(z)) + zDq(zDqg(z))− αzDqh(z) + αzDqg(z)

]
− (ζ − 1)

[
zDqh(z)− zDqg(z)− αzDqh(z) + αzDqg(z)

]
:= H2(z) +G2(z),

where

H2(z) = zDqh(z) ∗
(

(ζ + 1)z

(1− z)(1− qz)
− α(ζ + 1)z

1− z
− (ζ − 1)z

1− z
+
α(ζ − 1)z

1− z

)
= zDqh(z) ∗

((
2− 2α

)
z +

(
2α+ ζ − 1

)
qz2

(1− z)(1− qz)

)
= h(z) ∗ zDq

((
2− 2α

)
z +

(
2α+ ζ − 1

)
qz2

(1− z)(1− qz)

)
= h(z) ∗

(
2− 2α

)
z +

[
2− 2α+

(
2α+ ζ − 1

)
(1 + q)

]
qz2

(1− z)(1− qz)(1− q2z)
= H1(z)

and

G2(z) = zDqg(z) ∗
(

(ζ + 1)z

(1− z)(1− qz)
+
α(ζ + 1)z

1− z
+

(ζ − 1)z

1− z
− α(ζ − 1)z

1− z

)
= zDqg(z) ∗

((
2ζ + 2α

)
z −

(
2α+ ζ − 1

)
qz2

(1− z)(1− qz)

)
= g(z) ∗ zDq

((
2ζ + 2α

)
z −

(
2α+ ζ − 1

)
qz2

(1− z)(1− qz)

)
= g(z) ∗

(
2ζ + 2α

)
z +

[
2ζ + 2α−

(
2α+ ζ − 1

)
(1 + q)

]
qz2

(1− z)(1− qz)(1− q2z)
= G1(z).

This completes the proof.
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Remark 2. When q → 1− and α = 0, Theorem 2 reduces to the corresponding
convolution condition obtained in [3].

Theorem 3. Let f = h+ g with h and g of the form (3). If

∞∑
n=1

(
[n]q

[n]q − α
1− α

|an|+ [n]q
[n]q + α

1− α
|bn|
)
≤ 2, (11)

where a1 = 1, q ∈ (0, 1) and α ∈ [0, 1), then f is univalent in D and f ∈ SCHq
(α).

Proof. In order to prove that f is univalent, we use a technique that was first used
by Jahangiri [17] for the univalence of harmonic functions. To this end, we need to
show that f(z1) 6= f(z2) when z1 6= z2. Suppose z1, z2 ∈ D so that z1 6= z2. Since D
is simply connected and convex, we have z(t) = (1− t)z1 + tz2 ∈ D, where 0 ≤ t ≤ 1.
Then we can write

f(z2)− f(z1) =

∫ 1

0

[
(z2 − z1)Dqh(z(t)) + (z2 − z1)Dqg(z(t))

]
dt.

Dividing the above equation by z2 − z1 6= 0 and taking the real parts, we obtain

Re
f(z2)− f(z1)

z2 − z1
=

∫ 1

0
Re

[
Dqh(z(t)) +

(z2 − z1)
z2 − z1

Dqg(z(t))

]
dt

>

∫ 1

0

[
ReDqh(z(t))− |Dqg(z(t))|

]
dt

≥
∫ 1

0

[
ReDqh(z(t))−

∞∑
n=1

[n]q|bn|
]
dt

≥
∫ 1

0

[
1−

∞∑
n=2

[n]q|an| −
∞∑
n=1

[n]q|bn|
]
dt

≥
∫ 1

0

[
1−

∞∑
n=2

[n]q
[n]q − α
1− α

|an| −
∞∑
n=1

[n]q
[n]q + α

1− α
|bn|
]
dt.

The last inequality is non-negative by the condition (11). This proves that f(z1) 6=
f(z2). This leads to the univalence of f .

In order to prove that f ∈ SCHq
(α), from (8) we notice∣∣∣∣h(z) ∗

((
2− 2α

)
z +

[
2− 2α+

(
2α+ ζ − 1

)
(1 + q)

]
qz2

(1− z)(1− qz)(1− q2z)

)
+ g(z) ∗

((
2ζ + 2α

)
z +

[
2ζ + 2α−

(
2α+ ζ − 1

)
(1 + q)

]
qz2

(1− z)(1− qz)(1− q2z)

)∣∣∣∣
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O. P. Ahuja, A. Çetinkaya, Y. Polatoğlu – Harmonic Univalent Convex . . .

=

∣∣∣∣(2− 2α
)
[qz2Dq(Dqh(z)) + zDqh(z)] +

(
2α+ ζ − 1

)
(qz2Dq(Dqh(z)))

+
(
2ζ + 2α

)
[qz2Dq(Dqg(z)) + zDqg(z)]−

(
2α+ ζ − 1

)
(qz2Dq(Dqg(z)))

∣∣∣∣
=

∣∣∣∣(2− 2α
)
z +

∞∑
n=2

[n]q

(
(ζ + 1)[n]q − 2α− (ζ − 1)

)
anz

n

+

∞∑
n=1

[n]q

(
(ζ + 1)[n]q + 2α+ (ζ − 1)

)
bnzn

∣∣∣∣
≥
(
2− 2α

)
|z|
[
1−

∞∑
n=2

[n]q

∣∣∣∣(ζ + 1)[n]q − 2α− (ζ − 1)

2− 2α

∣∣∣∣|an||z|n−1
−
∞∑
n=1

[n]q

∣∣∣∣(ζ + 1)[n]q + 2α+ (ζ − 1)

2− 2α

∣∣∣∣|bn||z|n−1]

>
(
2− 2α

)
|z|
[
1−

∞∑
n=2

[n]q

∣∣∣∣(ζ + 1)[n]q − 2α− (ζ − 1)

2− 2α

∣∣∣∣|an|
−
∞∑
n=1

[n]q

∣∣∣∣(ζ + 1)[n]q + 2α+ (ζ − 1)

2− 2α

∣∣∣∣|bn|], for |ζ| = 1

= 2
(
1− α

)
|z|
[
1−

∞∑
n=2

[n]q
[n]q − α
1− α

|an| −
∞∑
n=1

[n]q
[n]q + α

1− α
|bn|
]
.

This last expression is non-negative because of (11). In view of Theorem 2, it follows
that f ∈ SCHq

(α).
The q− harmonic convex mappings

f(z) = z +

∞∑
n=2

1− α
[n]q([n]q − α)

xnz
n +

∞∑
n=1

1− α
[n]q([n]q + α)

ynzn, (12)

where
∞∑
n=2
|xn|+

∞∑
n=1
|yn| = 1, show that the coefficient bound given by (11) is sharp.

Remark 3. When q → 1−, (11) reduces to the corresponding result obtained by
Jahangiri [17]. Also, when q → 1− and g(z) ≡ 0, equation (11) yields to the
corresponding results for analytic convex functions of order α obtained by Goodman
[12].

In order to establish that (7) is also necessary condition, we need to define a
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class T Hq consisting of functions f = h+ g, where

h(z) = z −
∞∑
n=2

|an|zn and g(z) = −
∞∑
n=1

|bn|zn, (z ∈ D). (13)

The condition (11) is also necessary for the class T SCHq
(α) defined by T SCHq

(α) :=

T Hq ∩ SCHq
(α). In fact, we prove the following coefficient characterization.

Theorem 4. Let f = h + g be defined by (13), where f belongs to T Hq. Then
f ∈ T SCHq

(α) if and only if

∞∑
n=1

(
[n]q

[n]q − α
1− α

|an|+ [n]q
[n]q + α

1− α
|bn|
)
≤ 2, (14)

where a1 = 1, q ∈ (0, 1) and α ∈ [0, 1).

Proof. Since T SCHq
(α) ⊂ SCHq

(α), we only need to prove the ”only if” part of this

theorem. To this end, for functions f = h + g of the form (13), we notice that the
condition (6) is equivalent to

Re

{(1− α)z −
∞∑
n=2

[n]q([n]q − α)|an|zn −
∞∑
n=1

[n]q([n]q + α)|bn|zn

z −
∞∑
n=2

[n]q|an|zn +
∞∑
n=1

[n]q|bn|zn

}
≥ 0. (15)

The above required condition (15) must hold for all values of z ∈ D, |z| = r < 1. By
choosing the values of z on the positive real axis where 0 ≤ |z| = r < 1, we must
have

(1− α)−
∞∑
n=2

[n]q([n]q − α)|an|rn−1 −
∞∑
n=1

[n]q([n]q + α)|bn|rn−1

1−
∞∑
n=2

[n]q|an|rn−1 +
∞∑
n=1

[n]q|bn|rn−1
≥ 0. (16)

If the condition (14) does not hold, then the numerator in (16) is negative for
r sufficiently close to 1. Thus there exists a point z0 = r0 in (0, 1) for which the
quotient in (16) is negative. This contradicts the required condition for f ∈ T SCHq

(α)
and so the proof is complete.
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4. Extreme Points, Convolution and Convex Combinations

In this section, we first determine the extreme points of the closed convex hulls of
T SCHq

(α), denoted by clcoT SCHq
(α).

Theorem 5. Let f be given by (13). Then f ∈ clcoT SCHq
(α) if and only if f(z) =

∞∑
n=1

(xnhn(z) + yngn(z)), where

h1(z) = z, hn(z) = z − 1− α
[n]q([n]q − α)

zn, (n ≥ 2)

,

gn(z) = z − 1− α
[n]q([n]q + α)

zn, (n ≥ 1)

and
∞∑
n=1

(xn + yn) = 1 where xn ≥ 0 and yn ≥ 0. In particular, the extreme points of

T SCHq
(α) are {hn} and {gn}.

Proof. For a function f of the form f(z) =
∞∑
n=1

(xnhn(z) + yngn(z)), where
∞∑
n=1

(xn +

yn) = 1, we obtain

f(z) = z −
∞∑
n=2

1− α
[n]q([n]q − α)

xnz
n −

∞∑
n=1

1− α
[n]q([n]q + α)

ynz
n.

Then f ∈ clcoT SCHq
(α) because

∞∑
n=2

[n]q([n]q − α)

1− α

(
1− α

[n]q([n]q − α)
xn

)
+
∞∑
n=1

[n]q([n]q + α)

1− α

(
1− α

[n]q([n]q + α)
yn

)

=
∞∑
n=2

xn +
∞∑
n=1

yn = 1− x1 ≤ 1.

Conversely, suppose f ∈ clcoT SCHq
(α). In view of (14), we have |an| ≤ 1−α

[n]q([n]q−α)
and |bn| ≤ 1−α

[n]q([n]q+α)
. Set

xn =
[n]q([n]q − α)

1− α
|an|, (n ≥ 2) and yn =

[n]q([n]q + α)

1− α
|bn|, (n ≥ 1).

By Theorem 4,
∞∑
n=2

xn+
∞∑
n=1

yn ≤ 1. Therefore we define x1 = 1−
∞∑
n=2

xn−
∞∑
n=1

yn ≥ 0.

Consequently, we obtain f(z) =
∞∑
n=1

(xnhn(z) + yngn(z)) as required.
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Using definition of convolution, we show that the class T SCHq
(α) is closed under

convolution.

Theorem 6. For 0 ≤ β < α < 1, suppose f ∈ T SCHq
(α) and F ∈ T SCHq

(β). Then

f ∗ F ∈ T SCHq
(α) ⊂ T SCHq

(β).

Proof. Let f(z) = z−
∞∑
n=2
|an|zn−

∞∑
n=1
|bn|zn and F (z) = z−

∞∑
n=2
|An|zn−

∞∑
n=1
|Bn|zn,

then

(f ∗ F )(z) = z +
∞∑
n=2

|an||An|zn +
∞∑
n=1

|bn||Bn|zn.

Since of F ∈ T SCHq
(β), it follows from Theorem 4 that |An| ≤ 1 and |Bn| ≤ 1.

Therefore, we have

∞∑
n=2

[n]q([n]q − α)

1− α
|an||An|+

∞∑
n=1

[n]q([n]q + α)

1− α
|bn||Bn|

≤
∞∑
n=2

[n]q([n]q − α)

1− α
|an|+

∞∑
n=1

[n]q([n]q + α)

1− α
|bn| ≤ 1.

In view of Theorem 4, it follows that f ∗ F ∈ T SCHq
(α) ⊂ T SCHq

(β).

We now prove that T SCHq
(α) is closed under convex combination of its members.

Theorem 7. The class T SCHq
(α) is closed under convex combination.

Proof. For j = 1, 2, 3, .., let fj ∈ T SCHq
(α), where fj is given by

fj(z) = z −
∞∑
n=2

|anj |zn −
∞∑
n=1

|bnj |zn.

Then, by Theorem 4

∞∑
n=1

(
[n]q([n]q − α)

1− α
|anj |+

[n]q([n]q + α)

1− α
|bnj |

)
≤ 2. (17)

For
∞∑
j=1

tj = 1, 0 ≤ tj ≤ 1, the convex combination of fj may be written as

∞∑
j=1

tjfj(z) = z −
∞∑
n=2

∞∑
j=1

tj |anj |zn −
∞∑
n=1

∞∑
j=1

tj |bnj |zn.
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Using (17), we have

∞∑
n=1

(
[n]q([n]q − α)

1− α

∞∑
j=1

tj |anj |+
[n]q([n]q + α)

1− α

∞∑
j=1

tj |bnj |
)

=
∞∑
j=1

tj

∞∑
n=1

(
[n]q([n]q − α)

1− α
|anj |+

[n]q([n]q + α)

1− α
|bnj |

)

≤ 2
∞∑
j=1

tj = 2,

and so by Theorem 4, we have
∞∑
j=1

tjfj(z) ∈ T SCHq
(α).

5. Distortion Bounds and Covering Theorem

The following theorem gives distortion bounds for functions in T SCHq
(α), which yields

covering result for this class.

Theorem 8. If f ∈ T SCHq
(α), then for |z| = r < 1 we have

|f(z)| ≤ (1 + |b1|)r +
1

[2]q

(
1− α

[2]q − α
− 1 + α

[2]q − α
|b1|
)
r2 (18)

and

|f(z)| ≥ (1− |b1|)r −
1

[2]q

(
1− α

[2]q − α
− 1 + α

[2]q − α
|b1|
)
r2. (19)

Proof. Let T SCHq
(α). Taking the absolute value of f , we obtain

|f(z)| ≤ (1 + |b1|)r +

∞∑
n=2

(|an|+ |bn|)rn

≤ (1 + |b1|)r +
∞∑
n=2

(|an|+ |bn|)r2

≤ (1 + |b1|)r +
1− α

[2]q([2]q − α)

∞∑
n=2

(
[2]q([2]q − α)

1− α
|an|+

[2]q([2]q − α)

1− α
|bn|
)
r2

≤ (1 + |b1|)r +
1− α

[2]q([2]q − α)

∞∑
n=2

(
[n]q([n]q − α)

1− α
|an|+

[n]q([n]q + α)

1− α
|bn|
)
r2

≤ (1 + |b1|)r +
1− α

[2]q([2]q − α)

(
1− 1 + α

1− α
|b1|
)
r2.
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This proves (18). We omit the proof of (19) because its proof similar to (18).

The following covering result follows from the inequality (19).

Corollary 9. If f ∈ T SCHq
(α), then{

w : |w| <
[2]q([2]q − α)− 1 + α+

(
1 + α− [2]q([2]q − α)

)
|b1|

[2]q([2]q − α)

}
⊂ f(D).

Remark 4. For q → 1−, the covering theorem in Corollary 9 yields the correspond-
ing traditional result for harmonic convex functions of order α obtained in [17].

Moreover, for q → 1−, α = b1 = 0, Corollary 9 yields the following result given
in [17].

Remark 5. If f ∈ T 0SCH(0), then {w : |w| < 3/4} ⊂ f(D).

6. q− Bernardi Harmonic Integral Operator

In this section, we prove that the class T SCHq
(α) is closed under q−Bernardi harmonic

integral operator given by (5).

Theorem 10. Let f = h + g ∈ T Hq be given by (13) and f ∈ T SCHq
(α), then F

defined by (5) also belongs to T SCHq
(α).

Proof. From (5), it follows that

F (z) = z −
∞∑
n=2

(
[c+ 1]q
[c+ n]q

)
|an|zn −

∞∑
n=1

(
[c+ 1]q
[c+ n]q

)
|bn|zn.

Since f ∈ T SCHq
(α), it follows that the inequality (14) is equivalent to

∞∑
n=2

[n]q
[n]q − α
1− α

|an|+
∞∑
n=1

[n]q
[n]q + α

1− α
|bn| ≤ 1.

Therefore
∞∑
n=2

[n]q
[n]q − α
1− α

(
[c+ 1]q
[c+ n]q

|an|
)

+

∞∑
n=1

[n]q
[n]q + α

1− α

(
[c+ 1]q
[c+ n]q

|bn|
)

≤
∞∑
n=2

[n]q
[n]q − α
1− α

|an|+
∞∑
n=1

[n]q
[n]q + α

1− α
|bn|

≤ 1.

Thus F ∈ T SCHq
(α), by Theorem 4.
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