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THE UNIVALENCE CONDITIONS FOR A GENERAL INTEGRAL
OPERATOR
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ABSTRACT. In this paper, we obtain univalence conditions for a new general
integral operator defined on the space of normalized analytic function in the open
unit disk U. Some corollaries follow as special cases.
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1. INTRODUCTION

Let A be the class of the functions f which are analytic in the open unit disk
U={zcC:|z|<1}and f(0)= f(0)—1=0.

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

Let P denote the class of functions p which are analytic in ¢, p(0) = 1 and
Rep(z) > 0, for all z € U.

We consider the integral operator

Ma(2) = {5 I tﬁ—ljz[l [(fif))ai_l (gl 1) - <gi(tt>>>%] dt}(ls, &

for f;,9; € A and the complex numbers §, o, i, 7;, with § # 0, 7 = 1,n, n € N\ {0} .

2. PRELIMINARY RESULTS

We need the following lemmas.

133


http://www.uab.ro/auajournal/

C. Barbatu, D. Breaz — A new general integral operator

Lemma 1. [6] Let 7,9 be complex numbers, Rey >0 and f € A. If
2f"(2))
f'(2)
for all z € U, then for any complex number 6, Red > Rey , the function Fs defined

by

1— |Z|2R€’y

<1
Rey ‘_’

51 ’
mit) = o [Tepoa)”
0
1s reqular and univalent in U.

Lemma 2. [5] Let f be the function regular in the disk Ur = {z € C: |z| < R} with
|f(2)| < M, M fized. If f(z) has in z =0 one zero with multiply > m, then

M
|f(2)] < Rimzm’
the equality for z # 0 can hold only if

fle) =€t 2,

where 0 is constant.

3. MAIN RESULTS

Theorem 3. Let 7,0, a;, Bi,v;be complex numbers, ¢ = Rey >0, i =1,n, M;, N;, P,
real positive numbers, i = 1,n, and fi,g; € A, fi(z) = 2z + a22®> + az;i2> + ...,
gi(2) = 24 bo 22 4 b3 2+ ..., i=1,n

If

zfi(2)
fi(2)
'ZQQ(Z)
9i(2)

zg; (2)
9i(2)

> I,

forallzel,i=1,n and

2c+1
2c+1) 2
3 lloi — 110 418 P+ il ) < EEFD &)

i=1

3
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then for all § complex numbers, Red > Rev, the integral operator M,,, given by (1)
1s in the class S.

Proof. Let us define the function

Hy(2) = /Oﬁl <fit(t))ai_1 (g ()™ <9it(t))% dt,

for fi,g; € A, i :1,771.
The function H, is regular in & and satisfy the following usual normalization

conditions H,(0) = H, (0) — 1 = 0.

n
Now, calculating the derivatives of H,, of the first and second orders, we readily

obtain
B = TT(ED) ey (22)"

. z z
=1

Hn// (Z) _

"1 [@. i <fz- <>> (o () (gz» <>> | <zf/<z>z2— ﬁ(z))] |

T[R9 e (22)

+

for all z e U.
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We have
e :Z[ DT ) e e G )
forall ze U.
Therefore
1= el | sH(2)
o |
I A e

i=1
for all z e U.

By applying the General Schwarz Lemma to the functions f;,g;, i = 1,n we
obtain

Sre i R

z2g;(2) ,
gz(Z) _1'§N1|Z|7
zg; (2) _

‘ 9i(2) < Bilzl.

forall z €U, i=1,n.
Using these inequalities from (3) we have

1— |2 |zH"(2)| _1—|2*, <
Tyl e \zgnai—1\Mi+|ﬁm+m|m], (4)
forall ze U.
Since
2
(1= 1% I2] 2
max = ,
|Z|S1 c (2C + 1)26+1

from (4) we obtain

1 — |Z|2C

C

ZH{L’(Z)
H} (z)

i — 1| M; + |Bi] P; + |vi| N4,

(2C+ 1= 1
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and hence, by (2) we have

1 - |=* |2H}(2) 2 (2e+1)% _
¢ HLE) | (2e+ 1) 2 ’
for all z € Y.
So,
2
c [ Hp(z) |~

and using (5), by Lemma 1, it results that the integral operator M,,, given by (1)
is in the class S.

If we consider § = 1 in Theorem 3.1, obtain the next corollary:

Corollary 4. Let v, o, 3,7 be complex numbers, 0 < Rey <1, ¢ = Rey, i = 1,n,
M;, Ny, P; real positive numbers, i = 1,n, and f;, g; € A, fi(2) = z4agiz®+az;iz3+....,
Gi(2) =2+ by22 + 03,22 + ..., i=1,n

If
Ao
18)<n

forallzel,i=1,n and

2c+1

(2c+1) 2
2 )

3

D i = 1 My + |Bi| P+ || Ni <
i=1
then the integral operator N, defined by

wir= [ I [(ff))l (o) (g"(f)’)%] i ¢

s in the class S.

~—

If we consider § =1 and y; = v2 = ... = 7, = 0 in Theorem 3.1, obtain the next
corollary:
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Corollary 5. Let vy, ay, 3; be complex numbers, 0 < Rey < 1, ¢ = Rey, i = 1,n,
M;, P; real positive numbers, i = 1,n, and f;,g; € A, fi(2) = z +a2” +a3:2° + ...,
gz(z) =2z bgiZQ + bgiz?’ +..,i=1,n

If
/
fi(z)
!
1),
9:(2)
forallzelU,i=1,n and
n (2¢ + 1) "2
o = 11 M; + 8] P < =——,

=1

then the integral operator F, defined by

e /Oﬂl [(ﬁf))ai—l o (t))ﬁi] i -

s in the class S.

If we consider § =1 and 1 = B2 = ... = 5, = 0 in Theorem 3.1, obtain the next
corollary:

Corollary 6. Let v, a;,7; be compler numbers, 0 < Rey < 1, ¢ = Rey, i = 1,n,
M;, N; real positive numbers, i = 1,n, and f;,gi € A, fi(2) = z+az® +aziz> + ...,
gl(z) =z+ bgiZQ + bgiz?’ +..,1=1n

If
SHON 1‘ v
fi(z)
/
)|,
9i(2)
forallzel,i=1,n and
n (2¢ + 1)
DMl = 1 My + || Ni) < =——,

i=1
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then the integral operator G, defined by

Guls) = /oHl [(ﬂiﬂ)ai_l , (giiw))%‘] " ®

If we consider § = 1 and oy = ag = ... = o, = 0 in Theorem 3.1, obtain the next
corollary:

18 in the class S.

Corollary 7. Let v, 3;,7; be complex numbers, 0 < Rey < 1, ¢ = Rey, i = 1,n,
N, P; real positive numbers, i = 1,n, and g; € A, gi(z) = z + bg;z? + b3;2° + ...,
1=1,n

If
/
<,
9i(2)
/!
Zg/i (2) <P,
9:(2)
forallzelU,i=1,n and
n (2¢ +1)72
c c
> Bl P+ il Ni] < —

i=1

then the integral operator I, defined by

s in the class S.

If weconsider 6 =1, 81 =p0y=..=0,=0and vy =% =..=79,=0in
Theorem 3.1, obtain the next corollary:

Corollary 8. Let vy, a;be complex numbers, 0 < Rey <1, ¢ = Rey, i = 1,n, M; real
positive numbers, i = 1,n, and fi € A, fi(2) =z + a2®> + aziz® + ..., i=1,n

If

2fi(z) ‘ |
() 1 < M;

forallzeU,i=1,n and
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n 2c+1

(2¢41) 2
Z[IO@—HMI-]S#,

=1

then the integral operator I, defined b

s

i—1

1s in the class S.

If we consider d =1, a1 =as = ... =ap,=0and vy =y =.. =7, =0in
Theorem 3.1, obtain the next corollary:

Corollary 9. Let v, 3; be complex numbers, 0 < Rey <1, ¢ = Rey, i = 1,n, P; real
positive numbers, i = 1,n, and g; € A, gi(2) = 2+ bgiz? + b3iz° + ..., i = 1,n
If

29" (2

g/l( ) gP'L,

9:(2)

forallzelU,i=1,n and
n 2c+1
(2¢41) 2

>l py < X
=1

then the integral operator I, defined by

_ /0]_[ (g (1)) dt (11)
i—1

s in the class S.

If we consider § =1, a1 =as =... =a, =0and 5y = P2 = ... =5, =01in
Theorem 3.1, obtain the next corollary:

Corollary 10. Let v,~; be compler numbers, 0 < Rey <1, ¢ = Rey, i = 1,n, N;
real positive numbers, i = 1,n, and g; € A, gi(2) = 2+ by;22 + b3;2> + ..., i =1,n

If

forall zeU,i=1,n and
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n 2c+1
2c+1) 2
> il Vi) < (2>7
i=1
then the integral operator I, defined by

In(z):/oz - (g"(tt)))% dt (12)

i—1

s in the class S.

If we consider n =1, =y =« and a; —1 = §; = ; in Theorem 3.1, obtain the
next corollary:

Corollary 11. Let a be complex numbers, Rea > 0, M, N, P real positive numbers,
and f,g € A, f(2) = z+agz® + a3z + ..., g(2) = 2+ boz? + b323 + ...,
If

/
L <
f(z)
/
zg'(2) 1‘ <N
9(2)
/!
0G| p
9'(2)
forall z €U, and
(2Rea + 1) 2fea
la —1|(M 4+ N+ P) < 5 )
then the integral operator M defined by
1 1
M(z) = {a INICRCE dt} , (13)
0

s in the class S.

Theorem 12. Let v, «;, 8;,7v; be complex numbers, i = 1,n, ¢ = Rey > 0 and
fi:gi €S, g € P, filz) =2+ agiz? + a3z + ..., gi(2) = 2z 4 byiz? + b3z + ...,
1=1,n

If
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n n n
C
Z\ai—1!+Z|5i|+2Z|WIS§, for 0<e<1 (14)
i=1 i=1 i=1
or

n n n 1
22;ai_1’+21|5i‘+221|%‘ §§, for c¢>1 (15)

1= 1= 1=

then for any complex numbers 6, Red > ¢, the integral operator M,, defined by (1)
is in the class S.

Proof. We consider the function

H, (z) = /Oﬁl <fit(t))ai_l (g ()7 <9i7§(t)>w dt,

for fi,9; €S, g, €P,i=1n.
The function H,, is regular in &/ and satisfy the following usual normalization
conditions H(0) = H' (0) — 1 = 0.

‘We obtain
1— |2* | zH)(2)
o | H()
1— |2 & [ o ‘Zf{(Z)_ ’ , 292'(2)) 1zgiz) H
S c Zz; ‘al 1‘ fz(z) ]- +|Bl’ g;(Z) +|fy7z| gz(Z) 1 ?
forall ze U.
1— |2* | zH}(2)
c H! (2)
L=z 2f{(2) za )L (174z)
< e (|5 ) s e ([ )

=1

for all z € Y. Since f;,g; € S we have

forall z €U, i=1,n.
For g, € P we have

S| 1+ )
fi) | ST
()| 1+
5() | ST
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297 (2) 22|
9i(2) | = 1— |2
forall z€ U, i=1,n.
Using these relations we get
1— |21* | zHp(2)
c H;L(z)
1—|z* 1+¢4 - gl QVI
c ZW—H c 22’5%”
1—|z* | /1 + |z - _1- 2] 2 1—|z*
c Z c s ; i — 1 + -
2 \z| 2
Z Bz’ + ’ Z ”Yz‘ ) (16)
4 ¢ 1o
for all z € U.
For 0 < ¢ < 1, we have 1 — ]2\20 <1— 2%, z €U and by (16) we obtain
1—|z]* zH”
B2 zra, 1+ 2 zm Zm, (17)
for all z € U.
From (14) and (17) we have
¢ n(2)

forall z €Y and 0 < ¢ < 1,
Forczlwehave1|| <1—|z/* z €U and by (16) we obtain

<4§:m,—u+QEZWJ+4§:hz, (19)

1— |z zH”

c

forall zelf and ¢ > 1.
From (15) and (19) we obtain

1— ’Z|26
C

n(2)
n(2)
for all z € Y and ¢ > 1. and by (18), (20) and Lemma 1 it results that the integral
operator M,, defined by (1) is in the class S.

<1 (20)
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If we consider § = 1 in Theorem 3.2, we obtain the next corollary:

Corollary 13. Let v, «;, i, be complex numbers, i = 1,n, 0 < Rey < 1 and
firgi €S, gl € P, fi(2) = 24 a2iz® + a3iz® + ..., gi(2) = z + boiz? + bgi2® + ...,
1=1,n

If

2 i— 1 il + 2 il < ——,
Z;Ia |+;|ﬁ|+ ;hl 5
then the integral operator N, defined by (6) belongs to the class S.

If we consider § =1 and 81 = 5 = ... = B, = 0 in Theorem 3.2, we obtain the
next corollary:

Corollary 14. Let v, a;,7; be complex numbers, i = 1,n, 0 < Rey <1 and f;,g; €
S, fi(2) = 2+ a2’ + aziz® + ..., gi(2) = 2+ bgiz® + b3izd + .., i=1,n
If

n n Rey
Z\ai—l\JrZ’%" <
i=1 i=1

then the integral operator F, given by (7) is in the class S.
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