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COEFFICIENT BOUNDS AND FEKETE-SZEGO PROBLEM FOR
NEW CLASSES OF ANALYTIC FUNCTIONS DEFINED BY
SALAGEAN INTEGRO-DIFFERENTIAL OPERATOR

PALL-SZABO AGNES ORSOLYA

ABSTRACT. In this paper we introduce new classes containing the linear opera-
tor " A— A L (2) =1 =N 2"f(2) + A" f (z), where 2" is the Sidldgean
differential operator and I™ is the generalized Alexander operator. We study the
characteristics and other properties of these classes. We obtain Fekete-Szegs func-
tional for these classes.
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1. PRELIMINARIES

Let A denote the class of functions of the form:
f(z):z—i—Zakzk, (1)
k=2

which are analytic and univalent in the open unit disk U = {z € C : |z| < 1}.
Definition 1. [9/
Forfe A, neN=/{0,1,2,...}, the Sdlagean differential operator 2" is defined
by
9" A— A,
2°f(2) = f(2),
P (2)=2(2"f () ,2€U

Remark 1. If f € A and f(2) = z+2akzk, then
k=2

D"f(z)=z+ Zk"akzk,z eU.
k=2
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Definition 2. [9/
For f € A;n € N\ {0}, the Sdlagean integral operator I" is defined by

1°f(z) = f(2),
I'f(2) =If(z /f t)ttdt, .

I"f(z)=1(I""'f(2)),2€U
I' is the Alexander operator used for the first time in [1], and I™ is called the

generalized Alexander operator.

Remark 2. If f € A and f(z) =z + Zakzk, then
k=2

Z,;’“ ¢ (2)
k=
zeU, (neN\{0}) and z (I"f(2)) = "1 f(2).

Remark 3. We have "1 f(2) =1"9"f(z) = f(z2), f€ A, z€U.

Definition 3. Let A > 0,n € N. Denote by £ the operator given by
L A= A,
L) =1 =N2"f(z)+A["f(z),z€U.

Remark 4. If f € A and f(z) =2+ Zakzk, then
k=2

z)zz+i[/€"(1—)\)+)\;n] apz®, 2z e U. (3)

In the following definitions, new classes of analytic functions containing the new
operator (3) are introduced:

Definition 4. Let f € A. Then f(2) is in the class 8" (u) if and only if

(L () .
3‘%( 20 >>u, 0<u<lzel. (4)

Definition 5. Let f € A. Then f(2) is in the class C" (u) if and only if
)

%<W>>M, 0<pu<lzel. (5)
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Definition 6. [3] Let ¢(z) = 1+ Bz + Boz? + -+ be an univalent starlike function
with respect to 1 which maps the unit disk U onto a region in the right half plane
which is symmetric with respect to the real azis, p(0) = 1 and ¢’'(0) > 0. The class
S*(p) consists of all functions f € A satisfying the following subordination:

2 (L7 f (7))

G <o) (6)

and C(p) be the class of functions f € A for which

[2 (27 f ()]
(L7 f (2))

B 1—i—(11_—22,u)z then 8™ (1) = 5™ () and C" () = C(pp).-

< ¢(2). (7)

Remark 5. If p,(z)

2. MAIN RESULTS
2.1. Coefficient estimates

Theorem 1. Let the function f(z) defined by (1) be in A. If

o0

> (=) 110 gl < 1 ®)

k=2
then f(z) € 8" (u). The result (8) is sharp.

Proof. Suppose that (8) holds true. Since

L= 3o (1 1= )+ gy
k=2

Flvﬂéé I

1 1
K (1= )+ Ay | lanl — o >0 [ (1= 2) + A
. |: ( )‘) Ak,n—1:| ‘ak‘ /‘kz? |: ( )‘) )‘kn ‘ak|

£
I

then this implies that

o0

n 1
=2 " > p, 9)
1 _kz_z [k”(l ~ ) +>\kn} g
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because the denominator is positive, we have from (8)

> 1
Z[k”(l—)\)+>\ }|ak|<“<1
k=2 2—p

On the other side,

2 (L[ (2)) 2 (L f ()
Zf (2) _1‘<1_“$ %[ 2 f () ]>”'

But

= —1
Z [k”“ -k (1-=X)+ )\kkn } apzF1

L=
1+ Z [k" (1-X)+ )\k1n:| apzt 1
k=2

2 f(2)

3 [k" (1) (k—1)+ Akk_ﬂ ]
k=2

1= {k”(l—A)Jr/\kln] |ag|

k=2

<1l-pu

is equivalent with (9), hence (4) holds true.
The assertion (8) is sharp and the extremal function is given by:

o0 1_
_— b &

k=2 (k — ) [kn(l—)\)+>\kn:|

Corollary 2. If (8) holds true, then

L—p

n 1
(k — ) [k (1—/\)+)\kn]

lak| < Yk > 2.

Theorem 3. Let the function f(z) defined by (1) be in A. If

o

S () B (1= )4 Aol < 1

k=2
then f(z) € C" (). The result (12) is sharp.
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Proof. The proof is similar to the proof of Theorem 1.
Corollary 4. If (12) holds true, then

1 _
lag| < a Wk > 2. (13)

n 1

3. DISTORTION THEOREMS
Theorem 5. If (8) holds true, then

M|z|2, VzeU,0<p<l.
i

1- 1-—
ol = g 1o <12 G < Jel 5

Proof. By (8) it is easy to verify that

(2 — Ni[ }ya,@y<2k u[km—A)HMakg—u.

Z[k"l— ]'ak|<2ﬂ
k=2
We obtain

277 < 1+ 3 [0 0= 304 A ol 41
k=2

= 1
<P+ 3 [ 00 4 Al
k=2

=y

L—p o
< .
<lel+ 5L

z
The other assertion can be proved as follows

> 1
277 @) 2 =3 |0 =24 a4

k=2
= 1

> el = [kz"(l - “kn} jax |2/
k=2
L—p 2

>zl = — 7|

2 el - 5=, 4
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Theorem 6. If (12) holds true, then

1-— % 2 17:“ 2
z <|ZL"Mf ()| <zl + =—=— 2|7, VzeU0<u<l.
ol - gy Il < 127 (9] < 21+ s e

Proof. By (12) it is easy to verify that

2(2- uZ{knl—)\)—l—/\ ]|ak|<2k ,u[k:"“( - ) k lag| < 1—p.
k=2 k=2

Hence,

We obtain

= 1
277 < 1+ 3 [ 0= 3+ A ol 41
k=2
= 1
<1 [k 03 g oo

—

<2+ 57— |21
2(2—-p)

The other assertion can be proved as follows

n . n 1
277 02 = 3 [ 1= 30+ A ol 4P
k=2
> 1
> 1= 3 1 1= 0+ gy a1
k=2
I—p 2
> - .

Theorem 7. If (8) holds true, then

1-— 1-—
E P <If () < e+ e
(2—p) |21 =X) + Agn (2-p) (2" (1= N+ A5,

2| —

VzeU,0< u<1.
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Proof. By (8) we have

2 ) [2”(1—A>+A;];|ak|sgk—m [k”(l—A)H,jn] al <1,

thus -
1 _
PIIHE T
k=2 (2—p) [2" (1-X)+ )\Qn]
We obtain
o
If ()] <24+ ap
k=2
oo
2
<ol + > laxl 2]
k=2
]_ _
< el + - 2|2

(2 - p) [2”(1—)\)+/\2n

The other assertion can be proved as follows

o
If ()] =24+ ap
k=2
o0
2
> |2 = > laxl 2]
k=2
L—p 2
> |z = 2|7

2 ) [2"(1 —A)HH

Theorem 8. If (12) holds true, then

I—p
2(2 — ) 2n(1—A)+A2Ln]

L—p
|2[— 217 <|f (2)] < J2|+ 1 2%,
2(2 — p) [2”(1—A)+,\2n

VzeU,0< u<1.
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Proof. By (12) we have
2(2- 1) |2 (1= 0+ Ay > o <Dk @0l < 1o

thus

> 1

Z\ak\ <

= 2(2 — p) [Qn(1—>\)+/\21n].

—

We obtain

|f(2)] <

o
>t

Z+ agz
k=2

[e.e]
2
<zl + ) lax] 2]
k=2

< |z +

1 —p

’2
2(2— p) [2”(1—)\)+>\2n

|z

The other assertion can be proved as follows

1f ()] =

o

Z+ Z akzk
k=2
[e.@]

2
> |2] = > lax| ||

k=2

> |z] = ”.

1—p P
1

2(2 — p) [2"(1—)\)+)\2n

4. FEKETE-SZEGO PROBLEM FOR THE CLASSES S™ () AND C™ (p)

Many authors obtained Fekete-Szegs inequalities for different classes of functions.

[81,[3],[6],[10],[2]

Next we determine the upper bound for |az| for the classes 8™ () and C" (u),
that is sharp. Also, we calculate the Fekete-Szeg6 |as — az| functional for the above
classes.
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Lemma 9. [5] Let p € P (the class P is a Carathéodory class of functions which are
analytic with positive real part in U) be of the form p(z) = 1+ c12 + c22% + ... then

2
<o laf

Ccy — — and |cx| <2, VkeN.

2

Lemma 10. [7] If p(z) = 1+ c12 + c22® + ..., 2 € U is a function with positive real
part in U and € is a complex number, then

‘02 - fc%’ < 2max {1;]2§ — 1]} .
The result is sharp for the function given by

1+ 22 14z
p(z) = 1-.2 and p(z) = 1
Theorem 11. Let 0 < < 1 and ¢ = @,. If f(2) given by (1) belongs to the class

S™(u), then

zeU.

By
lag| < 1
2"(1—/\)—1—/\2—”
and V€ € C
’a;;—fag‘g
1
M1 =)+ A=
B B B n
< ! [7mas I,Bﬁz— ! T | 2 315*1
43"(1—>\)+)\3—n ! 2"(1= N+ A, 2 (1= X+ A5y

The result is sharp.

Proof. If f € 8™ (u), then there exists a Schwarz function w(z) which is analytic in
U with w(0) = 0; |w(z)| < 1, and such that

2 (L f (2))
G — s, (14)
For the Schwarz function w(z); let p € P be defined by
14 w(z) 9 B
pz) =1 wG) L+ciz+ez”+--, Rp(z) >0, p(0) = 1. (15)
Therefore,
(P (L LA e L S ANER
w(w(Z))—90<p(z)+1) —¢(201z+2 <02 5 )7 Tola—acet )0 =
(16)
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1 1 A 2| 2
:1+§B101Z+ 531 cg— |+ Baci| 2"+

Define the function p;(z) by :

_ 2L ()

p1(2)— .i”"f(z) :1+b12—|—b222—|—---

50,

(z)—l—l—chz—l— 1B c—ﬁ +1B02 22+
p1(z) = 511 Pt 275 472
From (17) and (18) we obtain:

1 1 2 1
by = 53101 and by = §B1 (62 — 621> + ZBQC%

JE T P o
+{{2-3”(1—A)+A32n] as — [2”(1—A)+A21n]2a§}z2+~-

then we get:

3101
ag = 1
2 [2”(1 =Y +>\2n]
and
2
a1y o
By <C2 2> + 23261 B2
4= 17 " 1 1]
8 [3”(1—)\)+)\3n] 8 [3”(1—)\)+A3n] [2”(1—)\)+)\2n
We obtain

ag — a3 = = 1 {0236% [1g2+
4[3“(1—A)+A3n} !
n 1
) 3 (L= + A5
+ B 1 2 1{—1
2"(1=X) + A \ (1= N +Ag;
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By Lemma 9, it follows that

2
lag — €a3| < H (|e1]) = C+CD|cjl|

where
H(z)=C+CDz* z=|c| <2,

B
C = ! >0, D=|B|-1,
4[3"(1=2) + A5

1
37 (1= A) + Ao
By 1 3n
E=-22. 2 1
B1+ 1 15

1
(1= N FAg \ 20N A5
As |e1| < 2 we infer that

|a, —§a2‘< H()=C, |E[<1
PSR Y m@e) =B, B> 1

The result is sharp for the function f(z) given by
Z(gnf(z))/ _ (22)
2 f (2)

. S L)
) @ (2).

Theorem 12. Let 0 < < 1 and ¢ = ¢,. If f(2) given by (1) belongs to the class
C" (u), then

By
‘CLQ’ S 5 1
n+ _
2 (1 )\) + /\271_2
and V¢ € C
2
|ag — €a3| <
37 (1 —A) + A !
< T ll T m(wc{l, ? i 51 T 2. " 37L;1 -1 .
nt 7 i ntl ntl o
4 {3 (1 >\)+)\73n_1] 2 (=N +A— 2 (=N +A =

The result is sharp.

Proof. The proof is similar to the proof of Theorem 11.

157



Pall-Szab6 Agnes Orsolya — Coefficient bounds and Fekete-Szeg6 problem . . .

REFERENCES

[1] J.W. Alexander, Functions which map the interior of the unit circle upon simple
regions, Ann. of Math. 17(1915), 12-22.

[2] M. K. Aouf, R. M. El-Ashwah, A. A. M. Hassan, A. H. Hassan, Fekete-Szegd
problem for a new class of analytic functions defined by using a generalized differential
operator, Acta Univ. Palacki. Olomuc., Fac. rer. nat., Mathematica 52, 1 (2013) 21-34.

[3] R. Bucur, L. Andrei, D. Breaz, Coefficient bounds and Fekete-Szegd problem for
a class of analytic functions defined by using a new differential operator, Appl. Math.
Sci, Vol. 9, 28(2015), 1355-1368.

[4] M. Darus, R. Ibrahim, New classes containing generalization of differential op-
erator, Applied Mathematical Sciences, Vol. 3, 51(2009), 2507-2515.

[5] P. L. Duren, Univalent functions, Springer-Verlag, New York, 1983.

|6] J. Dziok, A general solution of the Fekete-Szegd problem, Bound Value Probl,
(2013) 2013:98.

[7] W. Ma, D. Minda, A unified treatment of some special classes of univalent
functions, In: 1i Z., Ren F., Lang L., Zhang S.(eds.): Proceedings of the conference
on complex analysis, Int. Press. Conf. Proc. Lect. Notes Anal. Tianjin, China, 1(1994),
157-169.

[8] R. K. Raina, Poonam Sharma, G. S. Salagean, Some characteristic properties
of analytic functions, An. St. Univ. Ovidius Constanta, 24(1)(2016), 353-369.

[9] G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math.
(Springer Verlag), 1013(1983), 362-372.

[10] T. M. Seoudy, Fekete-Szegd problems for certain class of non-Bazilevié functions
involving the Dziok- Srivastava operator, ROMAI J., 10(1)(2014), 175-186.

[11] H. Silverman, Univalent functions with varying arguments, Houston J. Math.,
17(1981), 283-287.

Pall-Szab6 Agnes Orsolya,
Babeg-Bolyai University,
Cluj-Napoca, Romania,

email: pallszaboagnes@math.ubbcluj.ro

158



	Preliminaries
	Main results
	Coefficient estimates

	Distortion theorems
	Fekete-Szego problem for the classes Sn() and Cn() 

