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NEW CLASSES OF ANALYTIC FUNCTIONS DEFINED BY

S�AL�AGEAN INTEGRO-DIFFERENTIAL OPERATOR
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Abstract. In this paper we introduce new classes containing the linear opera-
tor L n : A → A, L nf (z) = (1− λ) Dnf (z) + λInf (z), where Dn is the S�al�agean
di�erential operator and In is the generalized Alexander operator. We study the
characteristics and other properties of these classes. We obtain Fekete-Szeg® func-
tional for these classes.
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1. Preliminaries

Let A denote the class of functions of the form:

f(z) = z +

∞∑
k=2

akz
k, (1)

which are analytic and univalent in the open unit disk U = {z ∈ C : |z| < 1}.

De�nition 1. [9]
For f ∈ A, n ∈ N = {0, 1, 2, . . .}, the S�al�agean di�erential operator Dn is de�ned

by
Dn : A → A,

D0f(z) = f(z),

Dn+1f(z) = z (Dnf (z))′ , z ∈ U

Remark 1. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

Dnf(z) = z +
∞∑
k=2

knakz
k, z ∈ U.
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De�nition 2. [9]
For f ∈ A, n ∈ N \ {0}, the S�al�agean integral operator In is de�ned by

I0f(z) = f(z),

I1f(z) = If(z) =

∫ z

0
f (t) t−1dt, . . .

Inf(z) = I
(
In−1f (z)

)
, z ∈ U

I1 is the Alexander operator used for the �rst time in [1], and In is called the
generalized Alexander operator.

Remark 2. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

Inf(z) = z +

∞∑
k=2

ak
kn
zk, (2)

z ∈ U , (n ∈ N \ {0}) and z (Inf(z))′ = In−1f(z).

Remark 3. We have DnInf(z) = InDnf(z) = f(z), f ∈ A, z ∈ U .

De�nition 3. Let λ ≥ 0, n ∈ N. Denote by L n the operator given by
L n : A → A,

L nf (z) = (1− λ) Dnf (z) + λInf (z) , z ∈ U.

Remark 4. If f ∈ A and f(z) = z +
∞∑
k=2

akz
k, then

L nf (z) = z +
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
akz

k, z ∈ U. (3)

In the following de�nitions, new classes of analytic functions containing the new
operator (3) are introduced:

De�nition 4. Let f ∈ A. Then f(z) is in the class Sn (µ) if and only if

<
(
z (L nf (z))′

L nf (z)

)
> µ, 0 ≤ µ < 1, z ∈ U. (4)

De�nition 5. Let f ∈ A. Then f(z) is in the class Cn (µ) if and only if

<

([
z (L nf (z))′

]′
(L nf (z))′

)
> µ, 0 ≤ µ < 1, z ∈ U. (5)
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De�nition 6. [3] Let ϕ(z) = 1 +B1z+B2z
2 + · · · be an univalent starlike function

with respect to 1 which maps the unit disk U onto a region in the right half plane
which is symmetric with respect to the real axis, ϕ(0) = 1 and ϕ′(0) > 0. The class
S∗(ϕ) consists of all functions f ∈ A satisfying the following subordination:

z (L nf (z))′

L nf (z)
≺ ϕ(z), (6)

and C(ϕ) be the class of functions f ∈ A for which[
z (L nf (z))′

]′
(L nf (z))′

≺ ϕ(z). (7)

Remark 5. If ϕµ(z) =
1 + (1− 2µ)z

1− z
then Sn (µ) = S∗(ϕµ) and Cn (µ) = C(ϕµ).

2. Main results

2.1. Coe�cient estimates

Theorem 1. Let the function f(z) de�ned by (1) be in A. If

∞∑
k=2

(k − µ)

[
kn (1− λ) + λ

1

kn

]
|ak| ≤ 1− µ, (8)

then f(z) ∈ Sn (µ). The result (8) is sharp.

Proof. Suppose that (8) holds true. Since

1− µ ≥
∞∑
k=2

(k − µ)

[
kn (1− λ) + λ

1

kn

]
|ak|

≥
∞∑
k=2

[
kn+1 (1− λ) + λ

1

kn−1

]
|ak| − µ

∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak|

then this implies that

1−
∞∑
k=2

[
kn+1 (1− λ) + λ

1

kn−1

]
|ak|

1−
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak|

≥ µ, (9)
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because the denominator is positive, we have from (8)

∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| ≤

1− µ
2− µ

< 1.

On the other side,∣∣∣∣z (L nf (z))′

L nf (z)
− 1

∣∣∣∣ < 1− µ ⇒ <
[
z (L nf (z))′

L nf (z)

]
> µ.

But

∣∣∣∣z (L nf (z))′

L nf (z)
− 1

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣

∞∑
k=2

[
kn+1 (1− λ)− kn (1− λ) + λ

k − 1

kn

]
akz

k−1

1 +
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
akz

k−1

∣∣∣∣∣∣∣∣∣∣

<

∞∑
k=2

[
kn (1− λ) (k − 1) + λ

k − 1

kn

]
|ak|

1−
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak|

≤ 1− µ (10)

is equivalent with (9), hence (4) holds true.
The assertion (8) is sharp and the extremal function is given by:

f(z) = z +
∞∑
k=2

1− µ

(k − µ)

[
kn (1− λ) + λ

1

kn

]zk.

Corollary 2. If (8) holds true, then

|ak| ≤
1− µ

(k − µ)

[
kn (1− λ) + λ

1

kn

] ,∀k ≥ 2. (11)

Theorem 3. Let the function f(z) de�ned by (1) be in A. If

∞∑
k=2

(k − µ)

[
kn+1 (1− λ) + λ

1

kn−1

]
|ak| ≤ 1− µ, (12)

then f(z) ∈ Cn (µ). The result (12) is sharp.
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Proof. The proof is similar to the proof of Theorem 1.

Corollary 4. If (12) holds true, then

|ak| ≤
1− µ

(k − µ)

[
kn+1 (1− λ) + λ

1

kn−1

] ,∀k ≥ 2. (13)

3. Distortion theorems

Theorem 5. If (8) holds true, then

|z| − 1− µ
2− µ

|z|2 ≤ |L nf (z)| ≤ |z|+ 1− µ
2− µ

|z|2 , ∀z ∈ U, 0 ≤ µ < 1.

Proof. By (8) it is easy to verify that

(2− µ)

∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| ≤

∞∑
k=2

(k − µ)

[
kn (1− λ) + λ

1

kn

]
|ak| ≤ 1− µ.

Hence,
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| ≤

1− µ
2− µ

.

We obtain

|L nf (z)| ≤ |z|+
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|k

≤ |z|+
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|2

≤ |z|+ 1− µ
2− µ

|z|2 .

The other assertion can be proved as follows

|L nf (z)| ≥ |z| −
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|k

≥ |z| −
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|2

≥ |z| − 1− µ
2− µ

|z|2 .
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Theorem 6. If (12) holds true, then

|z| − 1− µ
2 (2− µ)

|z|2 ≤ |L nf (z)| ≤ |z|+ 1− µ
2 (2− µ)

|z|2 , ∀z ∈ U, 0 ≤ µ < 1.

Proof. By (12) it is easy to verify that

2 (2− µ)

∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| ≤

∞∑
k=2

(k − µ)

[
kn+1 (1− λ) + λ

1

kn−1

]
|ak| ≤ 1−µ.

Hence,
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| ≤

1− µ
2 (2− µ)

.

We obtain

|L nf (z)| ≤ |z|+
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|k

≤ |z|+
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|2

≤ |z|+ 1− µ
2 (2− µ)

|z|2 .

The other assertion can be proved as follows

|L nf (z)| ≥ |z| −
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|k

≥ |z| −
∞∑
k=2

[
kn (1− λ) + λ

1

kn

]
|ak| |z|2

≥ |z| − 1− µ
2 (2− µ)

|z|2 .

Theorem 7. If (8) holds true, then

|z|− 1− µ

(2− µ)
[
2n (1− λ) + λ 1

2n
] |z|2 ≤ |f (z)| ≤ |z|+ 1− µ

(2− µ)

[
2n (1− λ) + λ

1

2n

] |z|2 ,
∀z ∈ U, 0 ≤ µ < 1.
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Proof. By (8) we have

(2− µ)

[
2n (1− λ) + λ

1

2n

] ∞∑
k=2

|ak| ≤
∞∑
k=2

(k − µ)

[
kn (1− λ) + λ

1

kn

]
|ak| ≤ 1− µ,

thus
∞∑
k=2

|ak| ≤
1− µ

(2− µ)

[
2n (1− λ) + λ

1

2n

] .
We obtain

|f (z)| ≤

∣∣∣∣∣z +

∞∑
k=2

akz
k

∣∣∣∣∣
≤ |z|+

∞∑
k=2

|ak| |z|2

≤ |z|+ 1− µ

(2− µ)

[
2n (1− λ) + λ

1

2n

] |z|2 .
The other assertion can be proved as follows

|f (z)| ≥

∣∣∣∣∣z +

∞∑
k=2

akz
k

∣∣∣∣∣
≥ |z| −

∞∑
k=2

|ak| |z|2

≥ |z| − 1− µ

(2− µ)

[
2n (1− λ) + λ

1

2n

] |z|2 .

Theorem 8. If (12) holds true, then

|z|− 1− µ

2 (2− µ)
[
2n (1− λ) + λ 1

2n
] |z|2 ≤ |f (z)| ≤ |z|+ 1− µ

2 (2− µ)

[
2n (1− λ) + λ

1

2n

] |z|2 ,
∀z ∈ U, 0 ≤ µ < 1.
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Proof. By (12) we have

2 (2− µ)

[
2n (1− λ) + λ

1

2n

] ∞∑
k=2

|ak| ≤
∞∑
k=2

k (k − µ)

[
kn (1− λ) + λ

1

kn

]
|ak| ≤ 1−µ,

thus
∞∑
k=2

|ak| ≤
1− µ

2 (2− µ)

[
2n (1− λ) + λ

1

2n

] .
We obtain

|f (z)| ≤

∣∣∣∣∣z +

∞∑
k=2

akz
k

∣∣∣∣∣
≤ |z|+

∞∑
k=2

|ak| |z|2

≤ |z|+ 1− µ

2 (2− µ)

[
2n (1− λ) + λ

1

2n

] |z|2 .
The other assertion can be proved as follows

|f (z)| ≥

∣∣∣∣∣z +

∞∑
k=2

akz
k

∣∣∣∣∣
≥ |z| −

∞∑
k=2

|ak| |z|2

≥ |z| − 1− µ

2 (2− µ)

[
2n (1− λ) + λ

1

2n

] |z|2 .

4. Fekete-Szeg® problem for the classes Sn (µ) and Cn (µ)

Many authors obtained Fekete-Szeg® inequalities for di�erent classes of functions.
[8],[3],[6],[10],[2]

Next we determine the upper bound for |a2| for the classes Sn (µ) and Cn (µ),
that is sharp. Also, we calculate the Fekete-Szeg® |a3 − ξa2| functional for the above
classes.
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Lemma 9. [5] Let p ∈ P (the class P is a Carathéodory class of functions which are
analytic with positive real part in U) be of the form p(z) = 1 + c1z + c2z

2 + . . . then∣∣∣∣c2 − c21
2

∣∣∣∣ ≤ 2− |c1|
2

2
and |ck| ≤ 2, ∀k ∈ N.

Lemma 10. [7] If p(z) = 1 + c1z + c2z
2 + . . . , z ∈ U is a function with positive real

part in U and ξ is a complex number, then∣∣c2 − ξc21∣∣ ≤ 2 max {1; |2ξ − 1|} .

The result is sharp for the function given by

p(z) =
1 + z2

1− z2
and p(z) =

1 + z

1− z
, z ∈ U.

Theorem 11. Let 0 ≤ µ < 1 and ϕ = ϕµ. If f(z) given by (1) belongs to the class
Sn (µ), then

|a2| ≤
B1

2n (1− λ) + λ
1

2n

and ∀ξ ∈ C ∣∣a3 − ξa22∣∣ ≤
≤ B1

4

[
3n (1− λ) + λ

1

3n

]max
1,

∣∣∣∣∣∣∣
B2

B1
− B1

2n (1− λ) + λ
1

2n

2 ·
3n (1− λ) + λ

1

3n

2n (1− λ) + λ
1

2n

ξ − 1


∣∣∣∣∣∣∣
 .

The result is sharp.

Proof. If f ∈ Sn (µ), then there exists a Schwarz function w(z) which is analytic in
U with w(0) = 0; |w(z)| < 1, and such that

z (L nf (z))′

L nf (z)
= ϕ (w(z)) . (14)

For the Schwarz function w(z); let p ∈ P be de�ned by

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + · · · , <p(z) > 0, p(0) = 1. (15)

Therefore,

ϕ (w(z)) = ϕ

(
p(z)− 1

p(z) + 1

)
= ϕ

(
1

2
c1z +

1

2

(
c2 −

c21
2

)
z2 +

1

2

(
c3 − c1c2 +

c31
4

)
z3 + · · ·

)
=

(16)
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= 1 +
1

2
B1c1z +

[
1

2
B1

(
c2 −

c21
2

)
+

1

4
B2c

2
1

]
z2 + · · ·

De�ne the function p1(z) by :

p1(z) =
z (L nf (z))′

L nf (z)
= 1 + b1z + b2z

2 + · · · (17)

so,

p1(z) = 1 +
1

2
B1c1z +

[
1

2
B1

(
c2 −

c21
2

)
+

1

4
B2c

2
1

]
z2 + · · · (18)

From (17) and (18) we obtain:

b1 =
1

2
B1c1 and b2 =

1

2
B1

(
c2 −

c21
2

)
+

1

4
B2c

2
1 (19)

Since
z (L nf (z))′

L nf (z)
= 1 +

{
a2

[
2n (1− λ) + λ

1

2n

]}
z+

+

{[
2 · 3n (1− λ) + λ

2

3n

]
a3 −

[
2n (1− λ) + λ

1

2n

]2
a22

}
z2 + · · · (20)

then we get:

a2 =
B1c1

2

[
2n (1− λ) + λ

1

2n

]
and

a3 =

B1

(
c2 −

c21
2

)
+

1

2
B2c

2
1

8

[
3n (1− λ) + λ

1

3n

] +
B2

1c
2
1

8

[
3n (1− λ) + λ

1

3n

] [
2n (1− λ) + λ

1

2n

] .
We obtain

a3 − ξa22 =
B1

4

[
3n (1− λ) + λ

1

3n

] {c2 − 1

2
c21

[
1− B2

B1
+

+B1
1

2n (1− λ) + λ
1

2n

2
3n (1− λ) + λ

1

3n

2n (1− λ) + λ
1

2n

ξ − 1




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By Lemma 9, it follows that

∣∣a3 − ξa22∣∣ ≤ H (|c1|) = C + CD
|c1|2

4

where
H (x) = C + CDx2, x = |c1| ≤ 2,

C =
B1

4

[
3n (1− λ) + λ

1

3n

] > 0, D = |E| − 1,

E = −B2

B1
+B1

1

2n (1− λ) + λ
1

2n

2
3n (1− λ) + λ

1

3n

2n (1− λ) + λ
1

2n

ξ − 1

 .

As |c1| ≤ 2 we infer that

∣∣a3 − ξa22∣∣ ≤
{

H (0) = C, |E| ≤ 1

H (2) = C |E| , |E| > 1
.

The result is sharp for the function f(z) given by

z (L nf (z))′

L nf (z)
= ϕ

(
z2
)

or
z (L nf (z))′

L nf (z)
= ϕ (z) .

Theorem 12. Let 0 ≤ µ < 1 and ϕ = ϕµ. If f(z) given by (1) belongs to the class
Cn (µ), then

|a2| ≤
B1

2n+2 (1− λ) + λ
1

2n−2

and ∀ξ ∈ C ∣∣a3 − ξa22∣∣ ≤
≤

B1

4

[
3
n+1

(1 − λ) + λ
1

3n−1

]max
1,

∣∣∣∣∣∣∣∣
B2

B1

−
B1

2
n+1

(1 − λ) + λ
1

2n−1

2 ·
3
n+1

(1 − λ) + λ
1

3n−1

2
n+1

(1 − λ) + λ
1

2n−1

ξ − 1


∣∣∣∣∣∣∣∣
 .

The result is sharp.

Proof. The proof is similar to the proof of Theorem 11.
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