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SHARP FEKETE-SZEGO COEFFICIENTS FUNCTIONAL FOR
CERTAIN P-VALENT CLOSE-TO-CONVEX FUNCTIONS

S. KANT AND P. P. Vvas

ABSTRACT. In the present paper certain subclass K s(¢) of p-valent close-
to-convex functions in the unit disc are defined by means of subordination. Sharp
estimates for the Fekete-Szeg6 functional for functions belonging to the class C) s(¢)
is obtained. Sharp distortion theorem and growth theorem are also obtained.
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1. INTRODUCTION AND DEFINITIONS

Let A, be the class of all p-valent analytic functions of the form

f(z2) = 2"+ ) anip™  (pEN), (1)
n=1

in the open unit disk U = {z € C: |z| < 1}. In particular, we write A; = A.

Let f and g be analytic in U, then f is subordinate to g in U, written as f < g
if there is an analytic function w(z), with w(0) = 0 and |w(z)| < 1, such that
f(2) = g(w(2)). In particular, if g is univalent in U, then f is subordinate to g iff
7(0) = g(0) and £(U) C g(U).

Let ¢ be an analytic function with positive real part in U with ¢(0) = 1, ¢/(0) > 0
and ¢ maps U onto a region starlike with respect to 1 which is symmetric with respect
to the real axis. Let S;(¢) be the class of functions f € A, satisfying

122 Ly
E < e )
and Cp(¢) be the class of functions f € A, satisfing
Lo 2 (2)
; (1 + ) <¢(z) (z€U). (3)
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These classes are recently studied by Ali et.al [1] and they obtained sharp distortion,
growth, covering and rotation theorems for these classes. The classes S;(¢) and
Cp(¢) include several well known subclasses of p-valent starlike and p-valent convex

_2vy,
function as special cases. In particular, for an analytic function ¢(z) = %
in U, (2) gives

2f'(2)  pt+(p—2)z
0< U 4
) 12 (0<~y<p,z€) (4)
or equivalently
2f (2)
Re >> 0<y<pzel). 5
) = ( ) (5)

Any function satisfying (4) or (5) belongs to class of p-valent starlike function of
order v denoted by S; (7). For p = 1 the classes S;(¢) and Cp(¢) are introduced and
studied by Ma and Minda (see[8]). We denote that

Si0)=8;, S =8() and S(0)=8"
Let K,(¢) be the class of functions f € A, satisfying

1zf(2)
p g(2)

<¢(z) (2€0) (6)

for some g € ;.
The class K,(¢) include several well known subclasses of p-valent close-to-convex
function as special cases. Very recently by means of subordination one of the author
Kant [6] discussed the following subclass ) (¢) of the class Kp(¢):
A function f € A, is said to be in the class KC3(¢), if it satisfies the subordination

relation

1 ((—1)pzp+1f’(2)

P\ 9(2)9(=2)
for some function g € S;(p/2).

)<6(x) (€U

g(f)g()—p»Z)
p-valent starlike function in U. So instead of % with g € S;(p/2), we can

Here the assumption of g is a starlike function of oder £ makes the function

consider W with g(z) € S,, which motivates us to define a new subclass
ICp,s(¢) of close-to-convex function as follows:
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Definition 1. Let ¢ be an analytic univalent function with positive real part in U
with ¢(0) = 1. The class K, s(¢) consists of functions f € A, satisfying

YA ) o) zev) @

PAVIOETES)

- *
for some function g € S.

For some recent investigations on the class of close-to-convex functions, one
can find in [[2], [3], [4], [7], [9], [11], [12], [13], [14], [15]] and the references cited
therein. In the present investigation, we obtain a sharp estimates for the Fekete-
Szegd functional for functions belonging to the class ICp, s(¢). Also distortion, growth
and covering theorems are derived.

2. FEKETE-SZEGO INEQUALITY

In this section we assume that ¢ is an analytic function with positive real part in U
with ¢(0) = 1,¢'(0) > 0 and which maps the open unit disc U onto a region starlike
with respect to 1 which is symmetric with respect to the real axis. In such case the
function ¢ has an expansion of the form

P(2) =1+ A1z + A2+ (A1 >0,z €0). (8)
Let € be the class of analytic functions of the form
w(z) = wiz + w2 + - - (z € ) 9)

satisfying the condition |w(z)| < 1 in D. We need the following lemmas to prove our
results:

Lemma 1. [5] If w € Q, then for any complex number v:
lwi] <1, lwy — vw?| < max{1, |v|}. (10)
2

The result is sharp for the functions w(z) = z or w(z) = 2.

Theorem 2. Let f € A, of the form (1) belonging to the class ICp s(¢), Then

p
< ——A 11
\ap+1!_p+1 1 (11)
and
2
D pAq Ay vp(p+2)
‘QP+Q—VCLIQ)+1‘ Sm+p+2m&X{1,’E—WA1|} (VGC) (12)

The results are sharp.
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Proof. Let f € IC, s(¢). In view of Definition 1, there exists a Schwarz function w
such that

1 2f(2)
5(m) =o¢(w(z)) (€0, (13)
2
for some function g € S;. Let
9(2) = 2P + by 2P 4 by

Then by a simple calculation, we have

9(2) —g9(=2)
2

Series expansion (14) and Taylor expansion (1) for f, give

= 2P + bppozP T2 4 bppaeP 4 (14)

1/ zf'(2) p+1 p+2
Saitgt) =1 P et (O R pa) e

Also,
d(w(z)) =1+ Ajwiz + (Ajwy + Agw?) 22+ - - - . (16)

Making use of (15), (16) in (13) and then equating the coefficients of z and 22 in
the resulting equation, we get

b
=2 4 17
apr1 = —g A (17)
and »
=——(b A Asw?). 18
Ap42 e 2( pi2 + Ajws + Aswy) (18)
Thus for a complex number v, we have
2 p 2 2
- = ——(b A A — A
Apt2 — Va1 Py 2( p+2 + Ajwa + 2w1) (p 1 1w1)
2 P vp(p+2)A1  As o
- = 2 A _(BEETAA 22
ap+2 Vap+1| p + 2} D42 + 1{U)2 ( (p + 1)2 Al )wl}’
p pA; vp(p+2)A1 Az
< ——1b + wy — (———— — —Z)wi|.
— p+2}p+2| p+2| ( (p+1)2 Al) 1‘

By virtue of Lemma 1 and a result [[10], Theorem 4, p.66], we have

2
p pAL vp(p + 2 Ap
ps2 — va | < {1, | 2222, - 22y

p+2 p+2 (p+1)?
This complete the required assertions (11) and (12).
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For sharpness consider the function f; by

z

!
fl(z) = p/ m¢<t>dt
0
The function f; clearly belongs to the class K, s(¢) with g(z) = ﬁ €S
Since — 1 |
mcb(Z) = p{2P 7 AP 4 (A +p)2P T4,
we have

fl(Z) = p/{tpl + At + (A2 + p)tp+1 + .. }dt

pA1 P p(Az +p) p+2

_Zp+p+1 b2 4.
Next, we consider
R = [ oot

0
Then, we obtain

A
fa(2) :Zp+p(p1++2p)zp+2+m .

Functions f; and fo show that the results (11) and (12) are sharp.

3. DISTORTION AND GROWTH THEOREMS

Theorem 3. Let ¢ be an analytic univalent function with positive real part and

¢(—=r) = min |¢(z)| , ¢(r) = max |¢(z)].

|z|=r<1 |z|=r<1

If p is an odd number and f belongs to the class KCp s(¢), then

rp—1 r)rP—1
A <1< A0 (el =r <) (20)
and
p 1 p—1
/¢1+;2 / l Sl (= <. (21)

The results are sharp.
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Proof. Suppose f € ICp s(¢). By (7), we have

2f'(2)
< ¢(z 22
G <o) (22
where
is an odd p-valent starlike function, which has the inequalities
Tp G al 1 2
— < < — = .
Ty SOOI oy (=r<y) (23
From (22) for a Schwarz funcion w, we have
p|G(z
el = P o)
prot
< mgﬁ)ﬂ(ﬁ@)‘ (Iz| =r <1)
pro!
< = 1). 24
< oot (H=r<y) (24)
Similarly
/ prpil
()| = mﬁb(—ﬂ (| =r<1). (25)
To prove the sharpness of our results, we consider the function
z tpfl
fi(2) :p/ méf’(t) dt
0
and
z tpfl ]
f2(2) —p/m_ﬂ)pfb(t) t.
0
Clearly f1(z) and fa(z) are of p-valent close-to-convex functions with g1 (z) = ﬁ
and go(z) = (Hf%)l’ respectively in U. Functions g1 and go are of p-valent starlike.

Thus the functions f; and f, are members of the class KCp s(¢). The sharpness of
upper estimates for | f’| and |f| are given by the function f; while the sharpness for

lower estimates are provided by fo.
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