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ON SOME NEW ESTIMATES RELATED TO POISSON-TYPE
INTEGRAL IN PRODUCT DOMAINS
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ABSTRACT. In this note we define new Poisson-type integral in the unit ball
and unit polyball and we extend a known classical maximal theorem related with
it. Related results for such type integrals will be given.
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1. INTRODUCTION

In this short note we extend the notion of classical Poisson integral in a simple
natural way in the unit ball and extend some well known estimates related with
it, in particular an extension of a known maximal theorem will be provided in the
unit ball. Such type results probably can be proved in context of more general
pseudoconvex domains with smooth boundary.

Poisson type integrals on product domains considered recently also in papers [1]
and [3].

In this short note, also, in particular, we provide an extension of a known result
concerning estimate from below of Poisson kernel (see [7]).

Let B, = {z € C" : |z| < 1} be the unit ball and let S,, = {z € C" : |z| = 1} be
the unit sphere.

Let £ € S, r >0, Q. (&) = {2z € By, d(z,§) <r},d(z,w) = |1- < z,w > \%,
z,w € By,

We recall @ () is Carleson tube at . Let Mo (f)(§) = sup.cp, () |f(2)], where

Da(€) ={2€By:|1- < 26> < %(1— 1212), a> 1}

where € € S),.
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Let

P = [ SRR s en,

1 -
(M) = sup —s /Q RG]

where Q(&,0) ={ne S, :d(&,n) <d},d>0,£€S,, z€ By

We denote, as usual, by ¢y, co, etc various positive constants in estimates in this
paper which depend on various parameters.

For a function f we denote by P[f], M f similar new expressions using standard
changes (see [2], [7]).

Theorem A. (a maximal theorem in the ball, see [2], [7]) Let a > 1, then
1u(§) = (Mo Pp])(€) < eMp(§), & € Sn,

and [[17()lze(s,) < Ellfllr», p > 1 for a p positive complex finite Borel measure on
B,.

This maximal theorem result has many applications (see, for example, [2], [7]).

2. A MAXIMAL THEOREM IN THE UNIT BALL RELATED WITH THE POISSON TYPE

INTEGRAL
Let further (1 |2
— |z
Pz(7,¢) = -,
“ [T 11— 2€]%
where £ € Sy, zj € By, |zj| = |2|,a; >0, =1,...,m.
Theorem 1. Let
(1 —|z])"du(§)

P&[M](g) = s, H;n:1 ’1 _ Zj£|aj’

m

zj€B, j=1,...,m, Zaj = 2n.
j=1

Then we have that

Ke(p) = sup  Palp)(2) < aMup(), re€(0,1),
€D (€).)z]=r

where [ is a positive Borel measure, and
I Ke ()l Lo (sp,doce)) < c2llflle(s,,do(e))s P> 1.
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Proof. Let Z € Dq(€). Let z = (|z1]e1, .-+, [2mlem), |25] = |zi], 1 <@ < j < m,
r=|zjl,t=8a(1—7). Let Vo ={n € Sy :|1—-<n,&>|<t}, 1<k<N, 2Nt > 2
Vi=1{n€ S, : 281t <|1— < n, &> | < 2Ft}.

Note that we have obviously

/SnPa(Zn)du(n) —/VOP~ 2 m)dp(n Z el ).

It is enough to show that
/S Pa(Z,m)dp(n) < c(o,n)(Mp(§)), € € S, zj € Da(§), j=1,....m,

for some constant c(a,n). We have by definition that Vi, C Q(&,V2kt), 1 <k < N
and hence

p(Ve) < m(Q(E, V2R)) < (Mp)(€)o(Q(E, V2h)) < e(2M)"Mpu(€), 0 < k < N.
Pa(zm) < 2°(1— )"
We have hence, since p(Vy) < et M pu(§)

[ patzmautn < e (15 ) (1u©) < Canari 0
Vo

Then if n € S,, we have
- < 2,6>|<é(l -2 <& |1-<2,n>|
d(%,€) < Va'd(z,m).
Hence we have from definition of d
d(fﬂ?) < d(‘fa )+d(z 77) < ~”d(zan)v zZ= 255 ]: 17- <o, M.

Hence

| (P myatutn)) < CGH0110(6)

where 1 < k < N, the rest is clear.

The last estimate follows from the fact that

1- < &n>| <éla,n)|l— < zj,n> | forevery z;, j=1,...,m, 1 <k <N,
1n € Vi. And hence we have that

& (a,n)t" d"(a,n)

Px(Z,n) < 11— <&n> |2n = gkngn -
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The second assertion of theorem follows from the first part of our theorem and the
well known maximal theorem, (see [2], [7]).

Theorem is proved.

Let further, as usual, P(z,&) = (1 2P z € By, £ € Sy, be the Poisson

’ ’ ’ - < z,&> |27 " "

kernel on B, unit ball (see [2], [6], [7]). Let P[f](z) = [q P(2,8)f(§)do(§), f €
LY(S,,do), where o is a normalized measure on S,,.

It is natural to study the following extension of P[f], ﬁ[f](??), 2j € By, j =
1,...,m, where

Pf)(2) = /S P(2.6)f(€)do (©),

where T 2 2)
- . (1 —|z]7)
P(z,¢6)=DP. 2,6) = =11 d ,
a;,B; >0, j=1,...,m, ZTzl aj =n, ZTzl B; = 2n and even more generally on

product domains.

k
G(Z%,...,Z,,ln,...,Zf,...,Zfr“gl,...,fk):H-Pi(?,f), PZ:P—>_>U
=1

a;*,B;

zlj ,§j € By, 1,5 =1,...,k, and try to expand classical known assertions.

Very similar procedure of extension of Bergman projection was provided and
used intensively in connection with trace problem (see [4], [5]).

We found the following results for Poisson P kernel as modification of known
proofs for P kernel (see [7] for m =1 case).

Theorem 2. Let p, p; be positive Borel measures on B, and let p; € (0,00),
i=1,...,m. Then we have that

1)

sup / P(w, Z)dp(w) > ¢ ,u(?;gf)), €€ Sy, re(0,1),

ZjEBn,j:L..m

and even generally we have for r; € (0,1), j=1,...,m.

2)

sup (/ (/ |G(Z, w')]pld,ul(zl)) " dua(z2) - ~-dum(zm)> >
w;€Bp,j=1...m n n
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e 11 (Qry (61)) - - (@, (€))

L 0<p;j<oo, j=1...m,

1 m
« «
T
for some o, a) > 0, j = 1,...,m, where u, uj, j = 1,...,m are positive Borel
measures on B, for some constants ¢, ¢ where §; € Sy, j=1,...,m.

Proofs are heavily based on arguments of proofs of m = 1 case and they will be
given elsewhere.

Remark 1. These results of Theorem 2 extend some known assertions from [2] and

[7].

REFERENCES

[1] I. Chyzhykov, O. Zolota, Growth of the Poisson - Stieltjes integral in the poly-
disk, Zh. Mat. Fiz. Anal. Geom., 7(2), (2011), 141-157.

[2] W. Rudin, Function Theory in the Unit Ball of C™, Springer, New York, 2008.

[3] R. Shamoyan, A note on Poisson type integrals in pseudoconver and convex
domains of finite type and some related results, Acta Universitatis Apulensis, 40,
(2017), 19-27.

[4] R. Shamoyan, O. Mihié¢, In search of traces of some holomorphic functions in
polyballs, Revista Notas de Matemtica 4, (2008), 1-23.

[5] R. Shamoyan, O. Mihi¢ On traces of holomorphic functions on the unit polyball,
Appl. Anal. Discrete Math. 3, (2009), 198-211.

[6] S. V. Shvedenko, Hardy classes and related spaces of analytic functions in the
unit disc, polydisc and ball, in Russian, Itogi nauki i tekhniki, VINITI, 23, (1985),
3-124.

[7] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Graduate Texts in
Mathematics 226, Springer, New York, 2005.

Romi F. Shamoyan

Department of Mathematics,
Bryansk State Technical University,
Bryansk, Russia

email: rsham@mail.ru

Olivera R. Mihi¢

Faculty of Organizational Sciences,
University of Belgrade,

Belgrade, Serbia

email: oliveradj@fon.rs

91



	Introduction
	A maximal theorem in the unit ball related with the Poisson type integral

