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RICCI ALMOST SOLITON ON (k, ) SPACE FORMS

A. SARKAR, P. BHAKTA

ABSTRACT. The object of the present paper is to study Ricci almost solitons on
(K, p) space forms. It is shown that the scalar curvature of a (k, u) space form with
Ricci almost soliton is invariant by the application of £. We have also studied gra-
dient Ricci soliton on (k, p) space forms. We have proved that the scalar curvature
of a (k, ) space form admitting Ricci soliton is constant.
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1. INTRODUCTION

The notion of (k, 1) contact metric manifolds was introduced by Blair[2]. T. Koufo-
giorgos [9] studied (k, ;1) contact metric manifolds with constant ¢-sectional curva-
ture. A manifold with constant ¢-sectional curvature is known as a space-form. A
(K, p) contact metric manifold with constant ¢-sectional curvature is called (k,p)
space form. (k,p) space forms have been also studied in the paper [1]. A full clas-
sification of (k, ) contact metric manifolds has been given in the paper [3] . (k, u)
contact metric manifolds have been also studied by the first author in the papers [5]
and [13].

The notion of Ricci flow has become a popular topic of research due to its applica-
tion by Perelman [10] to solve the long standing open problem ’Poincare conjecture’.
The notion of Ricci flow was introduced by Hamilton [8]. In the same time D. Fridan
[6] introduced the concept of Ricci flow to apply it in some relativistic problems in
physics. A Ricci soliton is a constant solution of Ricci flow up to diffeomorphism
and scaling. A Ricci flow is a heat type parabolic partial differential equation given
by

0
7% = —2Si5,  9i;(0) = go,

9The first author is supported by DST PURSE II
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where g;; are components of Riemannian metric and S;; are components of Ricci
curvature. For more details please see [4] . The study of Ricci soliton in contact
manifolds was first started by R. Sharma [12]. Again in the paper [7] Ricci soliton
on Kenmotsu 3-manifolds has been studied. The notion of Ricci almost soliton has
been given by S.Pigola [11]. Ricci solitons have also been studied by the first author
in the papers [14] and [15].

The present paper is organized as follows:

Section 2 contains preliminary results. In section 3, we study Ricci almost soliton
in (k, p)-space forms. Section 4 contains the study of (k, u)-space forms with gradient
almost Ricci solitons. The last section contains an example.

2. PRELIMINARIES

A (2n + 1) dimensional differential manifold M is said to admit an almost contact
metric structure (¢,&,n, g) if it satisfies the following relations [2]:

¢2X =-X+ 77(X)§7 77(5) =1, (1)

P =0, n(¢X)=0, g(X,§) =n(X). (2)

For a contact metric manifold we know

V€ = —6X — 6hX, 3

hé =0, h¢ = —oh (4

for all vector fields X,Y and Z on M. In a contact metric manifold the (1,1)
tensor field h defined by h = %quﬁ, where £ denotes the Lie differentiation is a

symmetric operator anti-commutative with ¢. In [2] Blair et al, introduced a class
of contact metric manifold M satisfying

)
)

R(X,Y)E = r{n(Y)X —n(X)Y} + pu{n(Y)hX —n(X)hY}, (5)

where r, p are real constants. This class of contact metric manifolds are called (k, p1)
contact manifolds.
In a (k, ) contact metric manifold, the following relations also hold [2]:

g(QX,Y) = S(X,Y), (6)
h? = (k—1)¢* K < 1, (7)
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S(X,Y) = i{(c(?n F1) 4+ 6n+ 4k — 5)g(X,Y) — (e(2n+ 1)
+ 6n+4x—5—=8nk)n(X)n(Y)+ (8 —8n+4u)g(Y,hX)}, (8)

r = 2{e(@n+ 1) + 6+ 45— 5} + 2, (9)

29((LVV)(X3Y)7Z) = (VXLVQ)(KX)+(VYLV9)(Z’X)
+ (VzLyg)(X,Y), (10)

where S is the Ricci tensor of type (0,2) and r is the scalar curvature of the
manifold. If u=0, the (k, pu)-nullity distribution reduces to the x-nullity distribution,
where the xk-nullity distribution N (k) of a Riemannian manifold M is defined by

N(k):p—= Np(k) ={W € T,(M)/R(X, Y)W = k(g(Y, W)X — g(X,W)Y)}.

If £ € N(k), then we call M a N(k)-contact metric manifold.

The class of (k, pt)-contact metric manifolds contain both the class of Sasakian
(k =1 and h = 0) and non-Sasakian (k # 1 and h # 0) manifolds. Through out the
paper we denote by M?"*! a (2n + 1)-dimensional non-Sasakian (k, y1)-space form.
A contact metric manifold is said to be n-Einstein if Q = ald 4+ bn ® n, where a, b
are smooth functions on M?7+1,

A space form is said to be (k, u)-space form if the ¢-sectional curvature is con-
stant. In this space form the curvature tensor is given by [1]

AR(X,Y)Z = [(c+3)){g(Y,2)X — g(z, Z)Y} + (c+ 3 — 4x) {n(X)n(2)Y
n(Y)In(2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)&}
+ (e = 1){29(X,9Y)dZ + g(X, 0Z)pY — g(Y,02)p X }
— 2{g(hX, Z)hY — g(hY, Z)hX) + 29(X, Z)hY — 2¢9(Y, Z)hX
— 2(X(2)hY +2n(Y)n(Z)hX +29(hX,2)Y —2g9(hY, Z)X
2g(hY, Z)n(X)€ — 29(hX, Z)n(Y)E — g(9hX, Z)phY
g(ohY, Z)ph X'} + 4p{n(Y)n(Z)h X — n(X)n(Z)hY
g(hY, Z)n(X)¢ — g(hX, Z)n(Y )&} (11)

+ o+ o+

3. Ricci almost soliton on (k, ;1) space forms

Definition 3.1. A metric g of a manifold M is called Ricci almost soliton if it
satisfies
(Lyg)(X,Y) +2S(X,Y) + 2 g(X,Y) =0 (12)
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for a function A. The notion of Ricci almost soliton was introduced in the paper [11]
by S.Pigola. Let us consider a (k, pt) space form. From (8) we get
1
QY = Z{(C(Qn +1)+6n+4x—5)Y — (c(2n+1)
+ 6n+4k—5—8nk)n(Y)E+ (8 — 8n + 4u)hY }. (13)

From the property of covariant derivative and Lie derivative we have from (13)

(VxQ)Y = —{c2n+1)+6n+4k—5—8nx}{(Vxn(¥Y))E+n(Y)VxE}
%(8 80+ 4K){VxLed)Y + LoV Y

{c@2n+1)+6n+4x —5—8nkin(VxY)E
(8 — 8n + 4p)hV x Y. (14)

+ 4+ o+

Now, from (14),

g(VxQ)Y,X) = —{c(2n+1)+ (6n+4k —5—8nk)}
{g((Vxn(Y))&, X) +g(n(Y)Vx¢, X)}
588+ 45) {g(VxLed)Y. X)
+ {c(2n+1)+6n+4x—5—8nk}g(n(VxY)E X). (15)

Let{e1,e2,£} be an orthonormal ¢-basis of the tangent space of the manifold at any
point. Then we know

divQY = g((va Q)Y7 61) + g((ve2Q)Y7 62) + g((V53Q)Y, 63)‘ (16)

Using (15) in (16) we have

divQY —{c@n+1)+6n+4k —5—8nc}H{g(Ve,n(Y)E, e1) + g(n(Y)Ve, € €1)

Q(VGQW(Y)§7 62) + Q(H(Y)Vezfa 62) + Q(Vesn(y)f’ 63)

91V Ve e3)} + 5(8 = 8n -+ 4) {9((Ve, Led)Vs )

9(Ve, L)Y, €2) + 9(Vey L)Y, €3)}
{c@2n+1)+6n+r—5—8nk}{g(n(Ve,Y)E, e1)

9((Ve,Y)E, e2) + 9(n(Ve, Y)E, €3). (17)

+ o+ + o+ +

But it is well known that )
idr(Y) = divQY.
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So, from (17) we get

SAr(Y) = {2+ 1) + 60+ 4 — 5 — S Hg(Vern(Y € 1) + g(1(Y) Tr 1)
g(ve2’l7(Y)§, 62) + Q(U(Y)Vezfa 62) + g(V63n(Y)§, 63)
90V ) Vs )} + 58— 0+ 4 {g((Ter L0V, )

(

9(Ve, Le@)Y €2) + 9((Ves L)Y €3) }
{c2n+1)+6n+r—5—8nc}{g(n(Ve, Y)E €1)
9(Ve,Y)E €2) + g(n(Ves Y)E, €3). (18)

Putting ¥ = ¢ in (18) and using (3) we have

+ o+ + o+ +

%dr(f) = (8 —8n+4u){g(—h(—ge1 — dhe1),e1) + g(—h(—(de2 — phes), e2)
+ g(=h(—des — dhes), e3)}. (19)
If we consider {ej,e2,e3} as a ¢-basis and e3 = £ then (18) and (4) we have
&r=0.

Thus we can state the following:

Theorem 3.1. If a (2n+1)-dimensional (x, u)-space form admits Ricci almost
soliton, then the scalar curvature is invariant by the application of .

Since the manifold is Ricci almost soliton, we get
(Lvg)(X,Y) +25(X,Y) + 2Ag9(X,Y) =0, (20)

here A is a function.
Using (8) in (20) we get,

(Lyvg)(X)Y) = 2{c(2n+1)+6n+4k —5— 8nk}n(X)n(Y)
1
- 5(8 —8n+4u)g(Y,hX)
1
- {5(0(2n+1) +6n+4k —5) + 22} g(X,Y). (21)
Differentiating covariantly with respect to W we get from (21)

(VwLyg)(X,Y) = 2{c2n+1)+6n+ 4k —5— Snc}{(Vwn(X))n(Y)
+ (X)) (Vwn(Y))} (22)
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Replacing W by Z in (22) we get,
(VzLyg)(X,Y) = 2{c(2n+1)+6n+4k —5—8ns}{(Vzn(X))n(Y)
+ 2(X)(Vzn(Y))}. (23)
Again replacing W by Y and X by Z , Y by X in (22) we get
(VyLyvg)(Z,X) = 2{c(2n+1)+6n+4k —5—8nk}{(Vyn(Z))n(X)
+ (Z)(Vyn(X))}. (24)
Finally replacing W by X and X by Y, Y by Z in (22) we get
(VxLyg)(Y,Z) = 2{c(2n+1)+6n+ 4k —5—8nx}{(Vxn(Y))n(2)
+ n(Y)(Vxn(2)}- (25)
From (10) we have,
20((LyvV)(X,Y), Z) = 2{c(2n+1)+6n+4r —8nx}{(VxnY)n(2)
+ 0(Y)(Vxn(2)) + (Vyn(2))n(X) +n(Z2)(Vyn(X))
+  (Vzn(X))n(Y) +n(X)(Vzn(Y)}. (26)

20((LyV)(X,Y),0Z) = 2{c(2n+1)+6n+ 4k —8nc}{(VxnY)n(¢Z)
+ n(Y)(Vxn(92)) + (Vyn(oZ))n(X) +n(Z)(Vyn(X))
+ (oVzn(X))n(Y) +n(X)(¢Vzn(Y)}. (27)
Putting Z = £ in (27) and using (2) we get,
2{c(2n+1) +6n + 4k — 5 — 8nkH{(¢V2zn(X))n(Y) + (6Vzn(Y))n(X)} = 0. (28)
Assume
(@Vzn(X))n(Y) + ¢(Vzn(Y))n(X)} # 0.

Then from (28) we get,
_ 5—6n—c(2n+1)
T A )

Putting the value of k in(9) we get,

~co(1.5n +4n? + 2n3) + 4n? + 12n° — 5n
N 2(2n — 1) '

Hence we can state the following:

Theorem 3.2. If a (2n+1) dimensional (k, ) space admits Ricci almost soliton
then, the scalar curvature is constant.
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4. (k, ) space forms admitting gradient almost Ricci soliton

Definition 4.1. A Ricci almost soliton on a (x, p) space form will be called gradient
Ricci almost soliton if the vector field V' is equal to the gradient of a potential
function —f.

For the gradient Ricci almost soliton we get the following:

VVS =5+ Mg, (29)
where ) is a function. From (Lyg)(X,Y) 4+ 2S5(X,Y) + 2Ag(X,Y) = 0, we have
VyDf = QY + )Y, (30)

where D is the gradient operator of g and @ is the Ricci operator. Putting X=¢
and Z=Df in (11) we get

REY)Df = —wn(Df)Y +rg(Y,Df)E
— (Df)RY + ug(hY, Df)E. (31)
Now,
9(R(&Y)Df, &) = —sn(Df)n(Y) + rg(Y, Df) + pg(hY,Df). (32)
From (30) we have
R(X,Y)Df = (VxQ)Y — (VyQ)X. (33)

Using (14) in (33) we get

R(EY)Df = —{c(2n+1)+6n+4x—5—8nk}
{(Ven(Y))€ + (QY + ¢hY)} + (4 — 4n + 2x)
{(Ve2h)Y + 20V — (Vy2h)E + 2h(¢ + ohY)}
+ {c(2n+1)+6n+4xk —5—8nk}
{n(VeY)E —n(Vy )&}
+ (8= 8n+4u)(hVeY + hgY + hohY). (34)

Now,

g(R(EY)Df, &) = {c2n+1)+6n+4k—5—8nk}
{n(VeY) —n(Ven(Y))E}
+ (4 —dn+26)[n{(Ve2n)Y} —n{(Vy2h)E}].  (35)
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From (32) and (35) we get

(DY) +rg(Y,Df) + pg(hY,Df)
= {c(2n+1)+6n+4x — 5 — 8nk}
{n(VeY) —n(Ven(Y)6)}
+ (4—4n+2k)n{(Ve2h)Y'}
— n{(Vy2h)¢}]. (36)

Putting Y=¢Df in (36) we obtain

{c(@2n+1) +6n+4r —5—8nk} + (4 —4n + 2k)n{(Ve2h)pD f}
g(h¢Df,Df) '

(37)
So we state the following:

Theorem 4.1. In (2n+1) dimensional (k, u)-space forms admitting gradient
Ricci almost soliton, the potential function —f is related with p by the formula

{c@2n+1)+6n+4k —5—8nk} + (4 —4n + 2r)n{(Ve2h)pD f}
g(h¢Df,Df) '

M:

5. Example

In this section, we give an example of a (k, p)-space form which admits a Ricci al-
most soliton.

We consider the 3-dimensional manifold M = {(z,y,2) € R3®/z # 0}, where

(z,y, 2) are the standard coordinates in R3. Let {e1, e, e3} be linearly independent
global frame on M given by

2 0 o) 4z 0 o) el
6125%762:2%—5@—%3@&,63:%.

Let g be the Riemannian metric defined by
gle1,e3) = g(ez, e3) = g(e1,e2) =0,

gler,e1) = g(ez,e2) = g(es,e3) = 1.
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Let n be the 1-form defined by

n(U) = g(U,e3) for any U € x(M). Let ¢ be the (1,1) tensor field defined
by

per = ez, pegy = —ey, gez = 0.

Then using the linearity of ¢ and g we have n(e3) = 1,
¢*(U) = =U +n(U)es

and g(oU, oW) = g(U, W) — n(U)n(W )for any U,We x(M).
Moreover he; = —ej, hea = e and hes = 0. Thus for e3 = &, (¢,£,n,9g) defines
a contact metric structure on M. Let V be the Levi-Civita connection with respect
to the Riemannian metric g and R be the curvature tensor of g. Then we have
[e1,e2] = 2e3 + 2e1 , [e1,e3] =0, [ea, €3] = 2e;.
The Riemannian connection V of the metric tensor g is given by

QQ(VXKZ) = Xg(Y,Z)—{—Yg(Z,X)—Zg(X,Y)
- g(X,[Y,Z])—g(Y,[X,ZD—}—g(Z,[X,Y]).

Taking e3 = £ and using the above formula for the Riemannian metric g, we can
easily calculate that
velel = 72637 veleQ = %ela v€163 = 07
v52€1 = _%627 v8262 = 07 veze?) = 261)
Vese1 =0, Vegea =0, Veez = 0.
From the above it can be easily seen that (¢,&,n,g) is a (k, u)-contact metric
structure on M.

Using the above relations, we can easily deduce the following:

R(€1,62>62 = %62, R(eg,el)el = (—4 =+ %)61 + %63, R(€3,€2)€2 = %61.
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Now
5(61,61) == O, S(eg,eg) = 0, S(eg,eg) == 0, and 5(61,62) = %
Thus S is not indetically zero.
Again r = 0, a constant. Which varifies Theorem (3.2).
We see that from (3.9)

(Le,9)(X,Y)+25(X,Y) +209(X,Y) =0, (38)
(Le,9)(X,Y)+25(X,Y) +209(X,Y) =0, (39)
(Les9)(X,Y)+25(X,Y) +209(X,Y) =0, (40)

where \ = —%.

Hence the manifold M is a Ricci almost soliton.
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