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A NOTE ON SPECIAL SMARANDACHE CURVES IN THE NULL
CONE Q3
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ABSTRACT. As it is well-known, the geometry of curve in three-dimensions is
actually characterized by Frenet vectors. In this paper, we obtain Smarandache
curves by using cone frame formulas in null cone Q3 . Also, we give an example
related to these curves.
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1. INTRODUCTION

Human being were bewitched by curves and curved shapes long before they took
into account them as mathematical objects. But the greatest effect in the research
of curves was, of course, the discovery of the calculus. Geometry before calculus
includes only the simplest curves.

Smarandache geometry is a geometry which has at least one Smarandachely
denied axiom [4]. An axiom is said to be Smarandachely denied, if it behaves in at
least two different ways within the same space. Smarandache curve is defined as a
regular curve whose position vector is composed by Frenet frame vectors of another
regular curve.

The popularity of Smarandache curves in various ambient spaces have been
classfied in [1]-[7], [13]-[16]. In this study, we define special Smarandache curves
such as xaf, xBy, ray, afy-Smarandache curves according to asymptotic orthonor-
mal frame in the null cone Q* and we examine the curvatures and the asymptotic
orthonormal frame’s vectors of Smarandache curves. We also give an example related
to these curves.
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2. PRELIMINARIES

Some basics of the curves in the null cone are provided from, [8]-[9].
Let Ef be the 4—dimensional pseudo-Euclidean space with the

g(Xa Y) = <X>Y> =T,y T TY, T T3y — T,Y,

for all X = (z,,%,,2,,3,) Y = (Y,, Y5, Y5, 9,) € E*. E*is a flat pseudo-Riemannian
manifold of signature (3, 1).

Let M be a submanifold of Ef. If the pseudo-Riemannian metric g of Ef in-
duces a pseudo-Riemannian metric g(respectively, a Riemannian metric, a degener-
ate quadratic form) on M, then M is called a timelike( respectively, spacelike, de-
generate) submanifold of Ef’ Let ¢ be a fixed point in Ef. The pseudo-Riemannian
lightlike cone(quadric cone ) is defined by

QU0 — € B ala—cca -0 =0},

where the point c is called the center of Q:f(c). When ¢ = 0, we simply denote Q3(0)
by Q3 be and call it the null cone.

Let Ef be 4-dimensional Minkowski space and Q? the lightlike cone in Ef. A
vector V # 0 in E? is called spacelike, timelike or lightlike, if (V,V) >0, (V,V) < 0
or (V, V) = 0, respectively. The norm of a vector z € E is given by ||z|| = \/(z, z),
[12].

We assume that curve z : I — Q3 C Ef is a regular curve in Q3 for ¢t € I. In the
following, we always assume that the curve is regular.

A frame field {z,a, 8,y} on Ef is called an asymptotic orthonormal frame field,
if

(m,z) = (y,y) =(z,0) = (y, ) = (B, ) = (y,B) = (z,8) =0,
(2,y) = (aa)=(88) =1

Using 2'(s) = a(s) we know that {x(s),a(s),5(s),y(s)} from an asymptotic
orthonormal frame along the curve x(s) and the cone frenet formulas of z(s) are
given by

2(s) — y(s) (2.1)

where the functions x(s) and 7(s) are called cone curvature functions of the curve
x(s), [10].
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Let z: I - Q3 C Ef be a spacelike curve in Q3 with an arc length parameter
s. Then x = z(s) = (x,,z,,x,,x,) can be written as

1

RN

for some non constant function f(s) and g(s), [11].

(2f72gal_f2_9271+f2+92) (22)

3. SMARANDACHE CURVES IN THE NuLL CONE Q?

In this section, we define binary Smarandache curves according to the asymptotic
orthonormal frame in Q3. Also, we obtain the asymptotic orthonormal frame and
cone curvature functions of the Smarandache partners lying on Q? using cone frenet
formulas.

Smarandache curve v = ~(s*(s)) of the curve x is a regular unit speed curve
lying fully on Q3. Let {z,a,,y} and {’y, aw,ﬂv,yv} be the moving asymptotic
orthonormal frames of x and ~, respectively.

Definition 1. Let x be unit speed spacelike curve lying on Q> with the moving
asymptotic orthonormal frame {z,a, B,y} . Then, xaS— Smarandache curve of x is
defined by

Yoas(5) = ijﬁ (az(s) + ba(s) + cB(s)) (3.1)

where a, b, c € ]Rgr.

Theorem 1. Let x be unit speed spacelike curve in Q3 with the moving asymptotic
orthonormal frame {x, o, 3,y} and cone curvatures k(s), 7(s) and let 7,5 be T f—
Smarandache curve with asymptotic orthonormal frame {’ymﬂ,amﬂ,ﬁmﬁ,ymﬁ}.
Then the following relations hold:

i) The asymptotic orthonormal frame {’ymﬁ, amﬁ,ﬂmﬁ,ymﬁ} of the xa - Smaran-
dache curve y,apg 1S given as

a b c 0
Teas VPrE VPR VRid x
« brter a 0 =b| |a
vap | — T T T , (3.2)
Bzaﬁ Bl BQ BS B4 B
yzaﬁ Tl TQ TJ T4 y
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where
v
U =+/a? — 2b(bk + ¢T),w = ———= 3.3
Va (bk + c7),w N (3.3)
bk 4+ cT a 1
Al = U 7A2 = @7‘43 = E; (34)
and
N
B, = %(\Iﬂ(bn +er) + UK + o) + alk), (3.5)
N )
B, = %(\IJ(Z)KZ +ec1) —a— VsV + ?),
—7(b? 2 /b2 2
33:7—(\11;_0)734 \Ij—;c \Ij+1/b2+02
aD bD cD
Y, =B -2 Yy -B- -~ T --B- -
! R IV oo+ ooV 4 2
T, = B,
i (AL + KA (A, + A) 1
+K —A, +
D =2-"1 2w2 23 +E(A1+A;—/€A3)2—|—(TA3)2
or
b2 2
D = (;—60)(—2(\11/(1)/43 +c7) + U(bK' + ') + a¥k)(a¥ + Vb2 + ¢2)
2002 4 2
+(U(bk + cT) — a — Ur\/bB2 + c2)?) + 7'(()\1];1—0)

it) The cone curvatures k~ @(S*) and T~ B(S*) of the curve vy is given by

— \/2(T1 — KT, + (T, — k)2 + T2 — k2

zaf

where

§F = Va2 — 2b (b + cr)ds.
\/b2 +c? /
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Proof. i) We assume that the curve x is a unit speed spacelike curve with the
asymptotic orthonormal frame {z, «, 5,y} and cone curvatures k, 7. Differentiating
the equation (3.1) with respect to s and considering (2.1), we have

Yease) = (i) o)+ (g Trato) + (1) wto) (3.7
where
ds* 1
wzgzﬁ\/ﬁ—%(bm—i—m), (3.8)
U =+/a2 — 2b (bk + cT). (3.9)

It can be easily seen that the tangent vector ’y;aﬁ (8") = a,,5(s") is a unit space-
like vector.
Differentiating (3.7), we obtain equation as follows

V1.4(8%) = Ba(s) + Bya(s) + B, B(s) + By(s), (3.10)
where B, = #5842 p, - MMl g ey g At
Y Ly
Yoap(5") = ~Voap ~ 5 <'ywﬁ,’ym6> Vous (3.11)
By the help of previous equation (3.11), we obtain
Yzap(s™) = T x(s) + T,a(s) + T, 8(s) + T, y(s), (3.12)

Y,=-B,.

_ aD _ bD _ cD
where T, = —B, — T, =-B, T, =-B, - b2’ 4

2v/b2+c2’ N

ii) Using equations meg (3*) — —% <’ygaﬁ,’)’;/a5> and

(s*) = (2" — ka — K'z, 2" — ko — K'z) — fi% (s¥).

zafB zafB

2
Ty

The curvatures s s*) and T s*) of the v _(s*) are explicity obtained by
8l 8 ol 8 za8

N 1
Ry (s*) = faD

) =200 R (R (3.13)
Thus, the theorem is proved. i
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Definition 2. Let x be unit speed spacelike curve lying on Q3 with the moving
asymptotic orthonormal frame {z,a, B,y}. Then, xfy—smarandache curve of x is

defined by
1

s (8 = ey (a(s) - DB(5) + ey(s) (3.14)

where a,b.c € RY.
Theorem 2. Let x be unit speed spacelike curve in Q3 with the moving asymptotic

orthonormal frame {z, o, B,y} and cone curvatures r(s),7(s) and let v _, be zBy—

Smarandache curve with asymptotic orthonormal frame {’ywy,awy,ﬁwy,yzﬁy}.
Then the following relations hold:

i) The asymptotic orthonormal frame {va Qs 6sz , yzﬁy} of the xBy— Smaran-
dache curve Yoty s given as

0 b

a C
’yzﬂy v2ac+b? V2ac+b2  /2ac+b? T
« br a—ckK —cT 0 o
zfy — 77* T]* 77* . s (315)
B sy B’ B; B! B p
way Wy Wy Wy Wy Y
where
n ds*
= a2 —2ac+ (k2 +12),w= —r—— = :
g \/ ( ) V2ac + b2 ds
A = b—T,Az _ a—cm’A3 _ —CT;
n n n
B — A,1+KJA2+TA3’B; _ A1+A/2,B§ _ A—é,BZ _ A
w w w w
and
aTl bT
w, = -B-——ruwn—- 1w, =-Bw,=-B — ———,
! Voov2ac+ 2 P 27 2 2v/2ac + b2
cT
w, = —-B'"——+——
‘ Y 2v/2ac+ b2
1
T = = (—24,(A] + KA, +TA,) + (A, + A))? + A?).
or
2 —
o 20D At (b(r'n — o)+ (ka — ¢ (k2 + 72)))
Dl — 2 - 2
n —i—n% ((77 (bt —ck) + 1 (a— cm))2 4 ST (mn n) )
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i) The cone curvature K- ; (s*) and T ; (s*) of the curve y_, is given by
xBy Py

N -T
fr,0, ) = 5
T?Yx,By (s") = 2(w, — KNw, + (w, — k)% + wg — /{,%wy (3.16)
where
s* = a2 — 2ac + c2(k2 4+ 72)ds. 3.17
=V (W25 7%) (3.17)

Proof. i) We assume that the curve z is a unit speed spacelike curve with the
asymptotic orthonormal frame {z, «, 3,y} and cone curvatures k, 7. Differentiating
the equation (3.14) with respect to s and considering (2.1), we have

br a—Ccr_y cT

V() =T+ SR - B o1

or

V() = AT AT+ A,
By considering (3.17), we get

'y;ﬁy(s*) =a(s) = a,g,- (3.19)
Here, it can be easily seen that the tangent vector 31 5, 18 a unit spacelike vector.
Differentiating (3.19) and using (3.17), we obtain
Vis(s) =B @+ BIa + B — B'Y, (3.20)
where B} = AH”’?}JQJ“TA:‘ B = A1+A2 ,Br = —/,B: _ _TA2
By the help of equation y,_, (s ) = —wmy 1 <7x5y77xﬁy> V5,0 We Write
Yopy(s™) = w,2(s) + w,a(s) + w, B(s) +w,y(s), (3.21)
where
w, = —Bf- 2\/%,0% = —B;,
I or w, =B cr

3 5 9Pac+ 02 9 Pac+ 2

. 1
ko, (5= =5 (V7 )
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2 (s") = (8 —ka —K'z,B — ka — K'x) — /ﬁ% , (3.22)
zBy

By using (3.22), the curvatures & , (s*) and 7, ; (s*) of the 7y , (s*) are explicity
xPBy TPy

obtained
Y\ 1 " " . —T
/mxﬂy(s ) = D) <7$ﬁy’7$5y> =5
T%zﬁa (s) = 2wy —K)wg + (wo — /<a)2 + w% — mg/m
where
2ac + b W(b(ﬂ? —711) +n(ka—c(k*+77)))
T=—— 1 / 2 2 (rn/ —7'n)?
o\ (0 = er) 4 (a— o)) 4 ST
|

Definition 3. Let x be unit speed spacelike curve lying on Q> with the moving
asymptotic orthonormal frame {x,c, B,y}. Then, zay— Smarandache curve of x is

defined by .
Ty () = s (an(s) + ba(s) + ey(s). (3.23)

where a,b,c € RF.

Theorem 3. Let = be unit speed spacelike curve in Q3 with the moving asymp-
totic orthonormal frame {z,a, B,y} and cone curvatures k,T and let Vzay e TOY—
Smarandache curve with asymptotic orthonormal frame {’ymy, Aoy Bmy, ymy} . Then
the following relations hold:

i) The asymptotic orthonormal frame {vmy, Qyoys ﬁmy,ymy} of the xay— Smaran-
dache curve vy s given as

a b c
Yoy V2ac+b? V2ac+b? 0 V2ac+b? T
Aoy Py Py Py P, o
8 = pLtEp,+p, T pht+p, —Kp, PY—Th, —p,tp) 3|
i S o P
Yooy _% —ad _ P2 pj/[ KPy bo _Ps MT”4 _ p?\/[% —co Y
(3.24)
where
_ bk _a—ckK _ —cT b
pl_Qupg_ Q 7p3_ Q 7p4_ Q
Q
Q=+/a2—2(ac+b2) K+ A (k2 + 72); M = (3.25)

V2ac + b2’
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1
L= W(2(p/1 + kp, +P37')(—f72 +pi;) + (p/2 +p1 - Iip4)2 + (p; - Tp4)2),
L

2v2ac + b2

i1) The cone curvatures o (s*) and T (s*) of the curvey, is given by

¢ =

. L
Veoy (s") = 5 (3.26)
/
2 *\ p1+/€p2+p37' / p2+
72 () =2 AR ERT (Tl )
p’2+p1 — Kp, 2 p;+Tp4 2 L?
Pat P 7 BPy Bs T TPay2 27 2
T R ) (3.27)
where
s* = a? — 2 (ac+ b?) Kk + 2(k% + 72)ds. 3.28
[V Vh+ 2(nT 4 2 (3.28)

Proof. i) Let the curve x be a unit speed spacelike curve with the asymptotic or-
thonormal frame {z,a, 8,y} and cone curvatures x, 7. Differentiating the equation
(3.23) with respect to s and considering (2.1), we find

7;%(3*)% — \/m (b,«;ﬁ + (a — ck)a @ —crﬁ@ — by(*sg) .

This can be written as following

Uy *ﬁ == m@ - %B@g - %gﬁ (3.29)

where

Q= +/a2 —2(ac+ b2) k + (k2 + 72). (3.30)
Differentiating (3.29) and using (3.30), we get

Py + kp, + p,T

" py+p, — Ep
’Y:Bay = ( M )x (1T4)a
Py — TP, —p, + 0,
31

_ bk _ a—cK —cT —b
where p =G0, = S0 0, = 0P = o

\ 1
Yaus (57) = =700, — 3 <V;’ay,’ymy> Vpay: and < myﬁmy> = L. (3.32)

119



F. Almaz, M.A. Kiilahci — A Note on Special Smarandache Curves ...

By the help of equation (3.32), we obtain

ouy (%) = (PR EIT gys) 4 (<P2EL I pgyas)
+ (BT 5() 4+ (-2 gy, (33

where

L 1
¢ = o va = W(Q(Pi + kp, + p,7)(=p, + 1))

(o +p, = kp,)? + (05 = 7p,)%),
ii) Using (3.22), we have (3.26) and (3.27). 1

Definition 4. Let x be unit speed spacelike curve lying on Q3 with the moving
asymptotic orthonormal frame {x, o, B,y}. Then, afy—Smarandache curve of x is

defined by .
Vosy (87) = Ty (ace(s) +bB(s) + cy(s)) , (3.34)

where a,b,c € R .

Theorem 4. Let x be unit speed spacelike curve in Q® with the moving asymp-
totic orthonormal frame {x,a, B,y} and cone curvatures k,T and let Vg, € OBY—
Smarandache curve with asymptotic orthonormal frame {’yaﬁy,aaﬁy,ﬁaﬁy,y&ﬁy}.
Then the following relations hold:

i) The asymptotic orthonormal frame {vaﬁy,aaﬁy,ﬁaﬁy, yaﬁy} of the afy— Smaran-
dache curve Y sy 18 given as

a b c

Vasy 0 Vo VT Ve v
Qopy | A1 Az As A4 @
e c, c, c, 5|

- -C, ——aM o __bdM M | |y
Yapy 1 27 3202 37 2202 47 a2 02

(3.35)
where
19 ds*

€ =+/c212 + (2 — 2a2) K2 — 2abT;w = Trip ds
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A = aHZbTvAQZ_EHaA:z:_gm—’A4:_§a;

c - & (ak +b7) + §(a/<;;;— br') — c(k% 4 72) Nl
o, - £(2ak +§b37> — ek’ JETR

c = Ee(ar —€T3’) —cr¢’ s 2,

_|_
04 = Cﬁzg a\/ a2+b2,

—2a(ak + b1) + c(k? + 72)
& '

i) The cone curvatures K- . (s*) and T ; (s*) of the curve ~ ; is given by
apy apby apby

M =

(3.36)

2a(ak + b1) — c(k? + 72)

Ky . (s%) = 2 : (3.37)
riaﬂy (s*)=2(C, ++)(C, + 2\/%) +(C, + 2\/% + K)?
+(Cy — 2\/22M7+b2)2 — K2 (3.38)
where
s* = \/anw / V272 + (2 — 2a) k2 — 2abr.ds; a,b,c € RY. (3.39)

Proof. 1) Differentiating the equation (3.34) with respect to s and considering (2.1),
we find

’y;ﬂy (5*)% = \/ﬁ ((ak 4+ b7)z(s) + (—cr)a(s) + (—eT)B(s) —ay(s)). (3.40)

This can be written as follows

* —(m—'—bT:Es T a(s) + —EB(s) + “2y(s
g, (s7) = ¢ (s) + (s) + g/5’()+ gy( ) (3.41)

where s* 7

s

— /22 2 2 ;.2 — —
€ =/272 + (¢ — 2a2) K2 — 2abr, Pl s

W. (3.42)
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Differentiating (3.41) and using (3.42), we get
va? +b?

Vog, () = 573((5’(6“6 +b7) + E(ar’ +07') — ek +77))a(s)
+(£(2ak +b7) — erf)a(s) + (Ee(ar — 7') — er¢)B(s)
+(crg +a)y(s))
yo‘ﬁy (S*) - _’y/a,ﬁy o % <’y/a,/3y”y/o:ﬁy> ’yaﬁy' (3'43)

By the help of equation (3.43), we obtain

* aM
sy (8%) = (=C1)2(s) = (G, + === )als) (3.44)
bM M
( ’ 2 a2+b2)6(8) ( 4 9 a2+b2)y(8)
where M = —2a(ar+br)+c(k?472)

2

ii) Using (3.22), we have (3.36) and (3.37). where &

Example 1. The curve

L.
x(s) = 7 (sin 2s, cos 25,0, 1)
is spacelike in Q3 with arc length parameter s. Then we can write the Smarandache
curves of the x-curve as follows:
1) zaf— Smarandache curve Vs 15 givEN by

1
§) = ———= ((a — 4c¢) sin 2s + 2bcos 2s, (a — 4c) cos 2s — 2bsin 25,0, a
aals) = s ((a = 40) (040 )
2) xfy— Smarandache curve Yesy is given by
1
§) = ————=((a — 4c¢) sin2s — 8ccos 2s, (a — 4c) cos 2s + 8csin 25,0, a
T ) = s (0 40) (@40 )
3) xay— Smarandache curve Yoy 1S givEN by
1
§) = ———(asin2s + (2b — 8¢) cos 2s, a cos 2s + (—2b + 8c) sin 2s,0, a
o (8) = s (2b — 8c) ( ) )
4) aBy— Smarandache curve Vg, S glvEn by
1
s) = ————— ((a — 4b) sin 2s — 8ccos 2s, (a — 4b) cos 25 + 8csin 25,0, a
T (8) = g (= ) (a - 4b) )

where a, b, c € ]Rg‘.
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