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NEW CLASSES OF HARMONIC UNIVALENT FUNCTIONS

G.S. SALAGEAN, L.-I. COTIRLA

ABSTRACT. We define and investigate new classes of harmonic univalent func-
tions defined by Salagean integral operator, denoted by H(m,n, «, f)and H ™ (m,n, a, 3).
We obtain coefficient inequalities and distortion bounds for the functions in the
class H(m,n,a,3). We determine the extreme points of closed convex hulls of
H~(m,n,a, ), denoted by clcoH ™ (m,n,a, ). We show that H™(m,n,«, () is
closed under convex combination of its members.
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1. INTRODUCTION

A continuous complex valued function f = w + iv defined in a complex domain D
is said to be harmonic in D if both u and v are real harmonic in D. In any simply
connected domain we can write f = h + g, where h and g are analytic in D. A
necessary and sufficient condition for f to be locally univalent and sense preserving
in D is that |h/'(2)] > |¢'(2)], 2z € D.(See Clunie and Sheil-Small[2]).

Denote by H the class of functions f = h + g that are harmonic univalent and sense
preserving in the unit disc U = {z : |z| < 1} so that f = h + g is normalized by
f(0) =h(0) = f1(0) -1 =0.

Let H(U) be the space of holomorphic functions in U. We let:

Ap={f e HU), f(2) = 24 anp12" T + ...,z € U}, withA; = A.
We let H[a,n] denote the class of analytic functions in Uof the form
f(z)=a+apz" + anp12" M+ .,z eU.
The integral operator I™ is defined in [4] by:

()I°f(2) = f(2);
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(i) f(2) = Tf(z / f()tLat;
(i5)I"f(2) = II" ' f(2)),n € N = {0}, f € A.

Ahuja and Jahangiri [1] defined the class H(n),n € N, consisting of all univalent
harmonic functions f = h 4+ g that are sense preserving in U and h and g are of the
form:

IS st g(2) = 113 bk o < 1. (1)
k=2 k=1
For f = h + g given by (1) the integral operator I™ is defined as:
I"f(z) =1"h(z) + (—1)"I"g(z),z € U, (2)
where
I"h(> fz k"
and

= [/ k"bea"
k=1

For fixed positive integers n and for 0 < a < 1,68 > 0,m € Nym > 1, we let
H(m,n,a, ) denote the class of univalent harmonic functions of the form (1) that
satisfy the condition:

)

} 5\ —1|+a. (3)

Inerf

The subclass H ™ (m,n,a, B) consists of functions f, = h + g, in H(m,n,«, ) so
that A and g, are of the form

2) =z =Y ar?*, ga(z) = ()" MY be2®, |ba] < 1. (4)
k=2

k=1

2. THE MAIN RESULTS

In the first theorem, we introduce a sufficient coefficient bound for harmonic func-
tions in H(m,n,a, ).
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Theorem 1. Let f = h+g be given by (1). If

[f Z{¢(man7avﬁ>|ak| + H(m’nvaaﬁ)‘ka < 2’ (5)
k=1
where - _(ntm)
¢(m,n7a,5)=k (1+B)1(_B+a)k ;
«
and

E(1+ 8) = (~)™(B + a)k— ()
l1—«a

9(m7 n’ a? B) = )
ag=10<a<1,>0,neNmeNm>1, then f € H(m,n,a,p).
Proof. According to (2) and(3) we only need to show that

I"f(z) —al™™f(z) = B[ I"f(2) — "™ f(2)]
Imem f(z)

Re( ) > 0.

The case r = 0 is obvious. For 0 < r < 1 it follows that

I"f(z) — al™ ™ f(2) — Be”| 1" f(2) — I”“”f(Z)!)
Imtmf(z)

Re(

1—a)z+[[> 2, apzF[y" — ay™tm n
z+ [l v magzh + (=1t [ 3502 vt mby 2k
IS B e
24 [ onlg Yt magzh + (=1)Em [ 3502, 4 b2k
BN R arsF Iy = o (<) R Bl 9]
z+ [/ ZZO:Z yrEmag ek 4 (1)t f ZZO:1 My 2k
1—a+ [ Y52, apz" ™ — ay™™™]
L+ [[ Y2yt magzh =t + (= 1) [ 352, 42k 2!
(D" bef " = (<) may™m)
1+ (f 22022 ,-yn-ﬁ-makzk—l + (_1)n+m (f 22021 f}/n—&-mazkz—l
B[S el et + (TSR — O™y
L+[/f 220:2 Mgkt 4 (=1)ntm[f Z;@’il 7"*”%%“2‘1

(1—a)+ A(z)
1+ B(2)

= Re{

= Re{

1
= Re ,wherey = T
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fzakz e e D S

Bez 1”fZ’Y — "M agz® + ()P (" = (1)) bezk,
k=2 k=1
_ [f Z,Yn—&—makzkz—l + (_1)n+m [[ Z,}/n—l—magz—l
= k=1

For z = re'? we have

A(T,ew) _ "IZ(,Yn _ a,yn+m)akrkfle(k71)9i_’_
k=2

+(_1)n ’7/‘ Z(,yn - (_1)m,.yn+moé)ark:—le—(k+1)9i - 6D(TL +m,n, Oé),
k=1

where
D(n+m,n,a) =

(,yn . (_1)m,yn+m)akalefki0 ,

NE

=[[1> (" =" Mapr e 4 (~1)"[]

T
[\o}
i

1

and
_ [f Z ,yn-i—makrk—le(k—l)@i + (_1)n+m [f Z ,yn—&—mark—le—(k—kl)m“
= k=1
. 1—a+A(z) 1+w(z)
Setting TTBG) (1-a) T—w()"

The proof will be complete if we can show that |w(z)| < r < 1. This is the case
since, by the condition (5), we can write:

fw(z)] = | A(z) = (1 - @) B(2) |
Az)+ (1 —a)B(2) +2(1 —a)' —

[+ 80" =™ ™)larl + 1+ B)(7" = (=1)™y™ ™) [bg[Jr*
A1 =) = [J 22 (1 + B) — oy ]Jak] + (1 + B) — (=1)™ 6y +] by JrE—

[[ 2k L+ 8" =" ™)lak] + (" = (=1)™" ™) (1 + B) bk|
41— a) = [J 22l (1 + B) = oyt mlag| + [y (1 + B) — (=1)moy™+m][by |}
< 17

<
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where 6 = 5+ 2a — 1.
The harmonic univalent functions

B > 1 . > 1 —
=+ U e ™ 1 2 G ma

where n e N0 <a<1,6>0meNm>1and [[> 72, |zel + [/ Doy lyel =1
show that the coefficient bound given by (5) is sharp.

In the following theorem it is show that the condition (5)is also necessary for the
function f,, = h + gn, where h and g, are of the form (4).

Theorem 2. Let f, = h+7y, be given by (4). Then f, € H (m,n,«, ) if and only
if
fZ:vnnt%+Wmn%@%] (6)
a1:1,0§a<1,n€N,m€N,m21.
Proof. Since H= (m,n,«,3) C H(m,n,«, ), we only need to prove the ”only if”

part of the theorem. For functions f,, of the form (4), we note that the condition

R{Inerf } ’B{Inerf _1}—’_0[

is equivalent to

(1—a)z = [[332,(" — ™ ™)ag2" _
2= [ Rl v a2l + (1)t [ 3002 ) by 2
CD* ISR (O = ()™M )bk
2= [[ Ry a2k + (1)t 3002 ) by 2
B — [ R (" A M art + (Z1)2 TSR (0 — (S0P bk L >0,
z—[/ Ziiz yntmayzk (—1)2n+2m=1ry Zk 1 ’Y"+mbkzk

Re{

(7)
where v = ¢
The above required condition (7) must hold for all values of z € U. Upon choosing
the values of z on the positive real axis where 0 < z = r < 1, and using Re(—e%) >
—le"?] = —1, we must have

(L= 0) = [[ T2 (1 + ) — (@ + By a1
T [Ty v agrmT — (1) [ Sy byrh]
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_ [/ 20 " (1 + B) + 9" (B+ a)ber™ ! ~o

L= [ 35yt magrk=t — (=1)m[[ 3252, v mbrk—t =

If the condition (7) does not hold, then the expression in (8) is negative for r suffi-

ciently close to 1. Hence there exist zgp = 7o in (0,1) for which this quotient in (8)

is negative. This contradicts the required condition for f,, € H™ (m,n,a, ) and so
the proof is complete.

The following theorem gives the distortion bounds for functions in H ™~ (m, n, a, 3)
which yields a covering results for this class.

Theorem 3. Let f,, € H- (m,n,«, 3). Then for |z| =r < 1 we have
|fn(2’)’ < (1 + b1)7" + [Q(m, n, q, B) _ w(m’ n,a, 5)51]7"n+m+1

and
|fn(z)| > (1 - bl)r - {¢(m,na Oé,ﬂ) - w(m,n, O‘?ﬂ)bl}rn—i—m—‘rl?

where
l1—a

(1/2)M(1 +8) = (1/2)+ (e + B)’
(1+8) - (=D)"(a+h)
(1/2)M(1+ ) = (1/2)" (e + B)
Proof. We prove the right side inequality for |f,|. The proof for the left hand in-

equality can be done using similar arguments. Let f, € H™ (m,n, «, ). Taking the
absolute value of f,, then by Theorem 2, we can obtain :

¢(m7 n? a? /3) =

w(m7n7 a?ﬁ) =

[fa(2) = 2= [1 ) arz® + (=)' Y beaF| <
k=2

k=1

§r—|—HZakrk—l—HZbkrk:r—i—blr—i— fz ag + bg)r
k=2

00
§T+bl7"+ fZak—i-bk =
k=2

= (L4 b)r + ¢(m, n, a, B) [fz 3 (ag + b)r? <

1
k:2 (m7 n? a? IB)

< (L4 b)r + ¢(m,n, a, B)r™ Y "[(m, n, a, B)ag + 0(m,n, a, B)by] <
k=2
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< (1 + bl)r + [(b(m? n,a, 5) - w(m7 n,a, B)bl]rn—i_m—i_l'

The following covering result follows from the left hand inequality in Theorem
3.

Corollary 4. Let f, € H  (m,n,«, ). Then for |z| = r < 1 we have {w : |w| <
1—b1— [qs(m?naa)ﬁ) - w(nva777)bl] - fn(U)}

Next we determine the extreme points of closed convex hulls of H~ (m,n,«a, ),
denoted by clcoH ™ (m,n, a, ).

Theorem 5. Let f,, be given by (4). Then f, € H- (m,n,«, ) if and only if

k:l

11—«

E (14 B) = (B + )k~ (rtm)

k=23, ..

and

l—«

k(1 + ) — (=1)™(8 + a)k—(tm)
x>0,y >0, [[ 302 (o +ur) = 1.

In particular, the extreme points of H ™ (m,n,«, 3) are {h;} and {gn, }.

Gy (2) = 2+ (—1)" ! k=1,2,3,..

Proof. For functions f,, of the form (5) we have:

(1 [xkhi(2) + yrgn, (2)] =
k=2

n— 1—a )
1) 1”; (1 + 8) — (=)™ (B + )kt yka.
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Then
- "1+ 8) = (B4 )kt (1-a)
kz 11—« ' k:*”(l + 5) _ (5 + a)kf(ner)Jr

m o)k~ (nt+m)
ny "(145) = (6 i)

‘ l—«o
(14 ) — (~)7 (B + a)h )

=D w41 =1-a1 <1
o h=1

and so fn(z) € H™(m,n,a, ).
Conversely, suppose f,(z) € H™ (m,n,a, ). Letting

po=1= (Y e —[[D w
k=2 k=1

k(1 -~ fe~(ntm)
T = (1+5) 1(—ﬁo¢+ @) cag, k=2,3, ...
and (ncrom)
k7" (1 — (=™ fk—\nmm

we obtain the required representation, since
o0 o0
== IS et + (—1) S by =
k=2 k=1

l1—«

a fzk; "(1+B) = (B + a)k=(m)

k=2

xkzk—f-

l—«o

" A - Cor T

WZ =

= sz—hk xk—UZ = 9, (2

=2

LT fzxk— nykszxkhk +ff2ykgnk

k=1

108



G.S. Salagean, L.-I. Cotirla — New classes of harmonic univalent functions

(1 [2khi(2) + Yrgn, (2)].
k=1

Now we show that H~ (m,n,«, ) is closed under convex combination of its
members.

Theorem 6. The family H™ (m,n,«a, ) is closed under convex combination.

Proof. For i = 1,2, ... suppose that f: € H~(m,n,q, ), where

F 0D ap 2+ ()Y bE"
k=2 k=1

then by Theorem 2,

—(n+m)
IZ "1+ 58)—(B+a)k

T—a a}%—l—
> k—n _(_1\ym L—(ntm)
k=1

for [[>°2°,t; =1,0 < t; <1, the convex combination of f: may be written as

(1) tifi(z) =2 - fz ”th‘lkz + (DYDY k)
i—1 i= k=1 =1

Then by (8)

—(n+m) ©° )
fz M5 B R (1S )+
=1

11—«

mg k- tm) X
IZ LR
=1

1l -«

—(nt+m)
fztz IZ "1+ 8)— (B + a)k~ "t ai+

11—«
n(1 m fp—(ntm)

2[/%@:2
=1

and therefore [[ Y20, t;fi(z) € H™ (m,n,a, B).
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