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tions for general integral operators. Also we obtain some particular cases.
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1. INTRODUCTION AND PRELIMINARIES
Let
U(zo,7) ={2€C:|z—2| <1}

be the disc with center zp and and of radius r, the particular case U(0,1) will be
denote by U. Let H(U) be the set of functions which are regular in the unit disc U.
Consider A = {f € H(U) : f(2) = z + a22%2 + a3z®> + ...,z € U} be the class of
analytic functions in U and S = {f € A : f is univalent in U}

Theorem 1.1. [5] Let a be a complex number, Rea > 0, and f(z) = 2z + a22% + ...
be a regular function in U. If

1— ’Z’Rea
Rea

<1 (1)

for all z € U, then for any complex number 3, Re 5 > Re «, the function

/ Ty f/(t)dt] ; (2)

0

Fa(z) = [

is in the class S.
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Theorem 1.2. [3] If the function g is regular in U and |g(z)| < 1 in U, then for all
& € Uand z € U the following inequalities hold

9(8) ~ g(2) H £z

(3)

1—g(z)-g(&)| ~ 11-%-¢
and
() < =80 ()
zZ+u

the equalities hold in case g(z) = where |¢| =1 and |u| < 1.

© 1+wz
Remark 1.1. [2] For z = 0 from inequality (3) we obtain for every £ € U

9(&) —9(0) 5
L3040 < ¢ (5)
and hence €]+ 19(0)]
g
19(&)] < W (6)
Considering ¢(0) = a and £ = z, then
ol <1 @

for all z € U.

Let us consider the second-order inhomogeneous differential equation(([7]), p.341)

4 ( E )v+1
2w (2) + 2w (2) + (22 — vP)w(z) = 271 (8)
whose homogeneous part is Bessel’s equation, where v is an unrestricted real(or
complex) number. The function H,, which is called the Struve function of order v,
is defined as a particular solution of (8). This function has the form

S (_1)n 2\ 2ntv+1
Hy(z) = (Z
’;F(”+2)'F(v+n+g) (2)

for all z € C 9)

We consider the transformation
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—v—1

gu(2) =2V + )2 2 Hu(V3) (10)

After some calculus we obtain

3 3
< (=D)'TET(v+3)

3 3
< (=1)"TE)T(+3)
Let uv(z):z.gv(z)zz 32 2 3 ,Zn-i-l.

3
Using Theorem 2.1 ([4]) for our case withb=c=1,k =v + 5 we obtain that:

V3-17

Theorem 1.3. [4] If v > then the function g, is univalent in U.

The Bessel function of the first kind is defined by

e (_1)n 2\ 2n+v
; = -~ 7 [z . 12
Tulz) nz:;)nlf(nJrval) (2) (12)
We consider the transformation
v
ful2) = 2°T(1+v)2 24,(v/2) (13)
After some calculus we obtain
— (=1)"T(1+wv) n
" — 27 14
fo(2) %n!F(n—i—v—i—l)A” : (14)
= (-1
Let hy(2) =z - fu(z) = Z S\ Ch) AR

| .
Znll(n+v+1)-47

Theorem 1.4. [6] If v > —2 then Ref,(z) < 0 for z € U;(0,4(v + 2)) and f, is
univalent in Uy(0,4(v + 2)).
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2. MAIN RESULTS

Theorem 2.1. Let a,7; € C,Rea = b > 0,u,, uy,(2) = z +alz? +..n € N* i €
{1,2,...,n}. If

"

U, (2) .
- <l, V)zeU, (V)ie{1,2,..} (15)
Uy, (2)
and
vl + [yl + .o + nl <1 16)
71 - Y2es - Yl
| | < ! (17)
[ P EE P
|2|<1 b 1+ 2|c| - |2|
.ol n
where ¢ = 192 Tl
712 - Yl
—1 20! 72 Vn ]
= + +ot
3712l [21}14-3 2u9 + 3 2u, + 3

then for every g € C,Ref > b the function

HG) = {8 [ 07y O] i, (0]} Pt

is univalent

Proof:
Let the function h; defined by

and the function p defined by

_ 1 hy(2)
Y2 ] RY(2)

p(2)

After some calculus we have that:

— il . uvl (Z) + il . uvn (Z)
71 Y2 ] g, (2) 712 Tl g, (2)

p(2)
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Using relation (15) and (16) we obtain that
p(2)] <1, (V)2 €U

and .
p(O) _ 71 - Ay + T Gg —
"71 e Ynl
where
ab = 771
27 320 + 3)

for all i € {1,2,...,n}.
Applying Remark 1.1 for the function p we obtain

|21 + 2ic]

) < ———7——, V)zeU.
P < g O
Then .
1 h 2
) Bl
Y12l hy(2) T 142 |2
1 1— 2% |zn] 1— |2/ 2

N EECN EHE 4 EEES T ] o

71 72 T b y(z) b 1+2|c| - |7

L— [z |zhy(2) 1— |z |2] + 2]c|
. , < . C et - ma. -z
b WGy | = el e | B g
Using relation (17) we obtain that
1— |22 |zh](2)
= <1MzeU
b hy(z) | — )z

From Theorem 1.1 results that H is univalent.
Corollary 2.1. Let a,y € C,Rea = b > 0, u, function.
If

oo o

1) - n—1 1) . 2™
n(n3—i— )z < (7;—1— ).z (W) el.
n=0 4"F(n—|—§) -F(v+n+§) n=0 4”F(n+§)-f‘(v+n+§)
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and )
< 19
S e 1
max | ——— - |z] - —————
|2|<1 b 1+ 2|c| - |2]
where ¢ = N
1]+ 3+ (20 + 3)
then for every 8 € C,Re > b the function
1
- -
HE) = {5 [ 7 f00} P
0
is univalent.
For v = 0 the Corollary 2.1 will become:
Let a,v € C,Rea = b > 0, ug Struve function.
If
> (n))2-n-(n+41)-22n+2. pn-l > (n))?2- (n+1)-22n1+2. 0
Z 12 < Z N2 , (V)z e U.
o ((2n+ 1)1 o ((2n+ 1)1
(20)
and 1
< 21
< R REES 21)
max 2| -
|2|<1 b 942-|z|
then for every 8 € C,Re > b the function
1

H(z) = {B/OZ 971 Tug ()]} B dt

is univalent.

Theorem 2.2. Let a,v; € C,Rea = b > 0, hy, functions hy,(2) = z + by + ..n €
N*ie{1,2,..,n}. If

1

hy, (2)
hiy, (2)

<1, (V) zeU (V)ie{l,2,..} (22)

and
71l + [yl + oo + |ml

Y12+ e s Ynl

<1, (23)
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1

el S T E 24
max | ————— - |Z| -
|2|<1 b 1+ 2|c| - |2|
ol n
where ¢ = - by + bl
7172 - -l
-1 M V2 Tn ]
= + +ot
4y v2 Yl [1+v1 1+ w9 1+,

then for every g € C,Ref > b the function
1
T() = {8 [ 7 0, 0 - I, (0]} P

is univalent.

Proof:
Let the function ¢ defined by

and the function p defined by

p(Z) - t T
Y1 -y2 | t(2)
After some calculus we have that:

"

B " ), g i, (2)
Y12l By, (2) vzl b, (2)

p(2)

Using relation (22) and (23) we obtain that

p(z)| <1, (V)z €U

and .
- b - b
p(o):71 2+ +FY7L 2:0
71" e Yl
where
) -1
by = —
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for all i € {1,2,...,n}
Applying Remark 1.1 for the function p we obtain

2] + 2]c]
)< ——~7-" (V)zeU.
Then .
1 t 2
G Al oy
1 1— |22 |2t" 1— |2|® 2
. 1-Jz _z/(z)S[ g |Z|+|c|](V)zeU.
7172 o Tl b t'(2) b 1+ 2|c] - 2|
1— |22 |2t"(2) 1—|z|? 2| + 2|c|

Using relation (24) we obtain that

1-— |z|2b
b

2t (2)
t'(z)

From Theorem 1.1 results that 7" is univalent.

<1\V)zeU

Corollary 2.2. Let a,7; € C,Reax = b > 0, h,, function. If

o0 L on—1 0 e
0n!-4”-F(n+v+1)

Vel (25
ol 4n T(nto+1) (V)2 € (25)

and 1
< 26
R 2 2
max | ——— - |z] » —————
|2|<1 b 1+ 2|c| - |z|
where ¢ = ——*__ then for every B € C,Ref > b the function
4|1 + )

1

1) = {5 [ ¢ wor P

is univalent
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For v = 0 the Corollary 2.2 will become:
Let a,v1 € C,Rea = b > 0, hg function. If

Zn(n+1)- 21 > (n+1)-2"
—_— | < -_ . 2
2 | < e an | (€U 27
n=0 n=0
and )
< 28
i< N SN EES (28)
X . .
l2|<1 b |z| + 2

then for every g € C,Ref > b the function
1

= {8 / 571 [hg(t) } B dt

is univalent.
For v = 1 the Corollary 2.2 will become:
Let a,v1 € C,Rea = b > 0, hy function. If

n(n+1) n+1
‘Z nl - n+1 gqn | = ‘Z nl - | (el (29)
and
| < 1 (30)
= 1— 222, 4fz|+1
max 2] -
l2|<1 b |z| +4

then for every g € C,Ref > b the function
1

D= {5 [ O e Pa

is univalent.
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