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ON CERTAIN SUBCLASS OF MULTIVALENT ANALYTIC
FUNCTIONS ASSOCIATED WITH ERDELYI-KOBER TYPE
INTEGRAL OPERATOR
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ABSTRACT. In this paper, we introduce a certain subclasses of multivalent uni-
formly starlike analytic functions by making use of Erdeyi-Kober type integral op-
erator. Further, we determine coefficient estimates and Holder’s inequality results.

Also, results for family of class preserving integral operators are obtaind for the class
US;T (n7 a, ¢, ks /8) .
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1. INTRODUCTION

Let A (p,n) denote the class of functions of the form

o0
f(2) :zp+Zak+pzk+p (nype N={1,2,..}), (1)
k=n
which are analytic and p-valent in open unit disc U = {z : z € C, |z| < 1} . Also, we
note that A (1,1) = A, that is the class of analytic univalent functions.
A function f € A(p,n) is said to be in the class S (p,n,«) of p-valent starlike
functions of order « if it satisfies the condition

2 (2) _
Re<f(z)>>oz (zeU; 0<a<p). (2)

A function f € A(p,n) is said to be in the class K (p,n,a) of p-valent convex
functions of order « if it satisfies the condition

Re<1+zj{((zz))>>a (reU: 0<a<p). (3)

The classes S (p,n, ) and K (p, n, «) were studied by Owa [18]. The class S* (p, ) =
S (p, 1, ) was considered by Patil and Thakare [19].
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We denote by T (p,n) the subclass of A (p,n) consisting of functions of the form
o

f(z)=2F— Z Apyp2 P (ag4p >0; n, pe N={1,2,...}), (4)
k=n

and define two further classes T* (p,n,«) and C (p,n, ) by

T* (p,n,a) = S (p,n,a) NT (p,n), C(p,n,a):=K(pna)nT(p,n).
Further, the classes
T (p,a) = S* (p,a)NT (p,n), C(p,a):=K(p,a)NT(p,n).

The function f(z) € T (p,n) given by (4) is said to be S—uniformly starlike of
order a (—p < a < p) and B > 0 denote by US;T (n, a, ) if and only if

2f ()
Re —al| >p
(f@) )
Also, function f (z) is said to be f—uniformly convex of order a denoted by UC,V (n, o, 3)
[10] if and only if

21 (2) 21 (2)
Re@*‘f@)‘“>>ﬁ a8

Note that, the classes USTT (1, o, ) = US*T (0, ) and UC,V (1,0, 8) = UCV («, B)
are introduced and studied by Bharati et al. [4]. In particular, the classes UCV (0,1)
and UCYV (0, 8) were introduced by Goodman [7] and Kanas and Wisniowska [9].

/

2f (2)
f(z)

-p| (z€U). (5)

1"

—(p-1)| (zeD). (6)

Definition 1. [2] For f € A(p,n), p, n €N, u >0, a,c € C, Re(a) > —pup and
Re (¢ —a) > 0, El-Ashwah and Drbuk define the differ-integral operator which called
Erdelyi-Kober type integral operator Ipy, : A(p,n) — A(p,n) as follows

o0
Ief (2) = 2P + ) W (k) appz" TP, (7)
k=n
where
ac I'(c+ pp) I' (a+ p(k +p)
v (k)
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If @ = ¢, then we have I f (z) = f (2). It easily to verify that,

1 a+pup a
S (I () = 5= PRI () = S ()

We also note that the operator I} f (z) generalizes several previously studied
familiar operators and we will mention some of the interesting particular cases as
follows:

(1) For p = 1, we can obtain the operator I;;“f (z) defined in [11, ch.5] (see also
[20] and [21, with m = 0]);

(2) Fora =, c= f+1and p = 1, we obtain the familiar integral operator Ig, f (2)
(B8 > —p) which studies by Saitoh et al. [23];

(8) Fora=p,c=a+p—v+1and u =1, we obtain the operator R f (2) (v
> 0; o >~y —1; f > —1) studied by Aouf et al. [1];

(4) For p =1,a = 3, ¢c = a+ f and p = 1, we obtain the operator ng(z)
(>0, B> —1) studied by Jung et al. [8];

(5) Forp=1,a=a—-1,c= -1, and u = 1, we obtain the operator [ (a, 8) f (2)
(a, B € C\ Zy, Zo = {0,—1,—-2,.....} studied by Carlson and Shafer [5];

(6) Forp=1,a=p—1,c={and u =1, we obtain the operator I,,f(z) (p > 0;
¢ > —1) studied by Choi et al. [6];

(7) Forp=1,a =, c =0 and p = 1, we obtain the operator D®f(z) (o > 1)
studied by Ruscheweyh [22];

(8) Forp=1,a =1, ¢ =n and g = 1, we obtain the operator I,, f(z) (n € Ny)
studied by Noor and Noor [17]; and Noor [16];

(10) Forp=1,a =, c= f+1 and p = 1, we obtain the integral operator Ig
which studied by Bernardi [3];

(11) For p = 1,a = 1, ¢ = 2 and p = 1, we obtain the integral operator I;; = I
which studied by Libera [12] and Livingston [14].

Now, we introduced a new subclasses of p—valent functions and discussed some
interesting geometric properties of this generalized function class.
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Definition 2. A function f € A(p,n) is said to be in the class US; (n,a,c; p, o, 3)
if it satisfies the inequality

2 (Ipif (2) 2 (I f (2)
Re| —Gerrn——a|>B|—ae—~——p|,(2€U),
( Ipuf (2) Ipuf (2)
which is equivalent to
Ia-i-l,cf (Z) a+ ap Ia—f—l,c (Z)
Re | 2L — >pB|RE L2 ) (zeU 8
( Ipuf (2) a+ pip Ipuf (2) ( ) ®)

for some —p < a < p, B > 0,p,n € Nyu > 0,a,c € C,Re(a) > —up and
Re (¢ —a) > 0.
Furthermore, we define the class US;T (n, a, c; i, o0, B) by US}, (n,a, ¢; p, i, B)NT (p,m) -

The main object of this work is to determine coefficient estimates for the analytic
functions class US;T (n, a, ¢; p, o, B). We study some interesting Holder’s inequality
for the class US,T (n,a,c;p,, B). Also, the family of class preserving integral
operators for functions f in the class US,T (n,a,c; u, o, B) are obtained.

2. COEFFICIENT INEQUALITIES

Unless otherwise mention, we assume in the reminder of this paper that g > 0,
a,c € R,a > —up, (a—c) >0, —p < a < p, 8> 0,p,n € N. First, we give a
coefficients inequality for the class US} (n, a, ¢; pu, o, 3).

Theorem 1. A sufficient condition for a function f(z) of the form (1) to be in
US; (n,a,c;p, o, f) is

o0

S EQA+B8)+ (p— ) U () |ansp] < (0 — ) 9)
k=n
where
P () = U (c+pp) T (a+ p(k +p))
p7u

I'(a+pp) T (c+ p(k +p))
Proof. 1t is sufficient to show that

2Upiuf (2)) 2puf (2))
e ol G )=
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We have
S[EBELCI |, (EELOY )
Ipuf (2) I5CF (2)
2(Ipf (2)) ‘

< (+p| el ED_,

( ) Ipyuf(2)
< (1458 P2 + 30, (B +p) U (k) app2™ P
) P Wi (R) iyt
< (145 zozn k‘I’gZﬁ (k) akerZk

1= 3202 Ui (k) app2®
The last expression is bounded by (p — «), if

o0

Dk +B) + (0 — )] g (k) |agsp] < (0 — ),

k=n

and hence the proof is completed.

Theorem 2. A necessary and sufficient condition for a function f(z) of the form
(4) to be in US;T (n,a,c; p, o, B) is

o0

DR+ 8) + (p— ) Vg, (k) lagspl < (0 —a).

k=n

Proof. The sufficient condition follows from Theorem 1. To prove the necessity, let
feUS;T (n,a,c;p,a,B) and 2 is real, then

P = Yy (k+p) U (k) appz®

1=k W (k) agp2®
o g|p = R, () U (B) app2® — p+ 32 T () angp2”
- 5 oo \Pavc k k
L= ke Yo (k) akpz

Let z — 17, we obtain

P=Dn (kD) Yol (K) arsy 5 ‘ — > b KV (k) akp
1= 3702 Yol (k) agep T = 0, Yl (k) agep
or, equivalently
)
p= Z k+p) W ( )\akﬂv\—a( Z‘I’ \@k+p\> 2 52“’“ ) |agtp] -
k=n
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Thus, we have

o0

D[k +B) + (p— )] Wi (k) |agsp] < (p— ).
k=n

Then the proof is completed.
Corollary 3. If f (z) of the form (4) is in US;T (n,a,c; i, o, B), then

(p—a)
< k> N). 10
e T E R E A O M 1o
with equality only for the function
Fz)=2P - (p=a) AR (k>nneN).  (11)

[k (1+8)+p—a] ¥y (k)

3. HOLDER’S INEQUALITY

For function f; (2) € T (p,n) are given by
oo
Fi(2) =27 = ahip 2P (apapy = 0,5=1,2,3,...,m).
k=n

Now, we define the modified Hadmard product of f;(2) and the generalization of
the modified Hadmard product as follows

(o] m
G (2) =27 = > | [] ks | 27

k=n \Jj=1
and
(0.) m
Hp(2)=2" =Y [[late, | 7 (4>0,5=1,2,3,..m).
k=n \j=1

(i) For m =2, then G3 (z) = (f1 * f2) (2) .
(ii) For ¢; = 1, we have G, (2) = Hp, (2) .
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Further, for functions f;(z) (j =1,2,...,m), the familiar Holder’s inequality
assumes the following form

1

e} m . LT]. m 1
S T exsws gII(Z:%HW > : %>1,2k;2Lj:LZ&Mm
n

k=n \j=1 =1 j=1 %7

Recently, Nishiwaki and Owa [15] have studied some results of Holder’s inequalities
for a subclass of p-valent starlike and convex function.

Theorem 4. Let fj(2) € US;T (n,a,¢;p,05,8) (j=1,2,3,...,m), then Hp (2) €
US,T (n,a,c;p,m,B),

,’:13

[k (1+ )]

(p— )™
1

J

Tk (4 8)+ (= o)1 (255 (0] ~ T (0 - )

n<p-

Y

where k> n, sj > qu_, q; > 1, Z;n:lq% >1;,7=1,2,3,....m

Proof. Let f;(z) € US;T (n,a,c;p, aj, 8), then

Aktpj < 1. (12)

k(L4 B) + (p— )] U ()
2 (

k=n p—Oéj)

which implies

p—aj)

(Z (+8) : (0 — )] Wy <’f>a,€+p,j) RET T PRI ol
k=n

From (13), we have

il

Applying Holder’s inequality, we find that

Z H([k(l—i—ﬂ)+(p_04j)]‘11p:u(k)>qj(akﬂ)’j)qu <1.

k=n |j=1 (p— )

i [k(1+5) +( (P — ;)] Wi (k)@k—i-p,j) e

k=n P aj)
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Thus, we have to determine the largest n such that

T [k (1+8) + (=)l Ypu (k) 0 )<t

prnt (p—mn) e
That is
— k(1 +8)+ (-] Y5 (k) (1 o aclg PRl (1+8)+ (p — ;)] ¥2< (k) @ . L
}; (p—n) <J1_[1 k+p’j> = Z:;L |:H ( (p— o) > (ak4p.) % | -

Therefore, we need to find the largest 1 such that
[k(1+6)+(p—)77)]‘112° <_H aon ) ) . H( (L+8) + : 0 —agv)]wz:ﬁ(k))qj (k3 m).

o p—q;)
Since
1
- k 1 — . \I/a7c k Sj— == Svii 1
H([ Lot aj)] at )> ? (akﬂo,j)J 9 <1, (sj—z())_
=1 (» — o) .
We see that,
m L ,
H ak—l—pj 4 < — —
= Hm 1 ([k(1+’8)—|—((p_aij)]q/P:u(k)> 7 g5
j= pra

This implies that

[k (1+8) + (p = m) Wy (k) _ TI%1 (R (L B) + (p — )] Wil (R)]™
(p—n) - [/ (0 —aj)™ '

Then

k(1 + BT (p—a))™
[T [k (1 +8) + (p — )] [ (R)] 7 =TI} (0 — o)™
This completes the proof of the theorem.

n<p-

Remark 1. Puttinga =c, u =1, B =0 in Theorem 4, we obtain the corresponding
result obtained by Nishiwaki and Owa [15];

Corollary 5. Let f;(2) € US;T (n,a,c; 1,05, 8) (j =1,2,3,...,m), then Hy, (2) €
US;T (n,a,c;p,m, B) with

n (1 4+ B) I (0~ )"
[y ()] Ty [ (1 + B) + (p— )] =TT, (p— )™
whererzz 15 >1+4+ L (H—B) 5; _q—j,qj>1,Z§n:1qij21;j:1,2,3,...,m

n<p-—
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Putting o;j = o in Corollary 5 we obtain the following corollary.

Corollary 6. Let fj(z) € US;T (n,a,c;p, 5, 8) (j =1,2,3,...,m), then Hp, (2) €
US;T (n,a,c; p,n, B) with

[n(1+8)](p—a)
n(L+8) +(p—a)]" [¥55 ()] = (p— )"

_ 1 . 1 R
wherer—z 18 >1+ -5 (1+ﬁ) S; _q—j,qj>1, ZTzlq—jZLJ—l,Z&...,m

n<p-

Example 1. Let fj(2) (j =1,2,3,...,m) define as follows

£ (2) = 2° — (r—a) e tP _ (p—a) e
! n(1+8)+ (—a)] ¥ (n) [(n+7)1+8)+ (- a)] ¥ (n+3) "’ ’
(e+e <1,

then Hy, (z) € UST (n,a,c; p,m, B) with

n(1+p8)]p—a)

n Sp— r a,c r— r’
[n(1+8)+ (@ —a) W] = (p—a)
Since
fi(z) = - (p—a) ex" P _ (p—a) .
! [n(1+8)+ (p — )] Yy (n) [(n+7)(1+8)+ (p—a) Vi (n+j5)
(e+e; <1, j=1,2,3,....,m),
we have
148 wee (k 14 8) + (p— o) Woe
;[ (RS R U IS RS L A0
NGRILE RO S
= e+¢ <L

Then f;(2) € US,T (n,a,c;p, o, B) and we have

D (p— ) . Tzn—i-P
Hp, (2) <[n(1+5)+(p—a)]‘1’gﬁ(")> ’

and Hy, (2) € US,T (n,a,c; p,m, ).
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4. MODIFIED HADAMARD PRODUCTS

Let the functions f; (z) (i =1, 2) be defined by

o0
- Z Apipi2™ TP (14)
k=n

The modified Hadamard product of fi (z) and fs (z) is defined by

o0

(fu# fa) (2) = 22 =Y apipranipaz™ ™.

k=n
Corollary 7. Let the functions f; (z) (i = 1,2) defined by (14) be in the class
US,T (n,a,c;p, a1, B8) and USST (n, a, ¢; i, g, B) , then
(fl * f2) (Z) € US;T (n7 Q, C5 [, 57 B) where
n(l+p)(p—oa)(p—o2)
m(A+8)+(p—a)]ln(1+8)+ (p—2)] Y5 (n) — (p— o) (p— a2)

Corollary 8. Let the functions f; (z) (i =1, 2) defined by (14) be in the class
US;T (n,a,c;p, a0, B) then (f1* fa) (2) € US;T (n,a,c; p, 0, ) where

0<p-— (zeU;neN).

sepo— 1A E-af 2
Vi) (14 5) + (p— )P — (p—a)

Theorem 9. Let the functions f; (z) (i = 1,2) defined by (14) be in the class
US,T (n,a,c;p,a, ), then h(z) = _Zk’:p—i-l (%,1 + ak72> 2P belongs to the class
US,T (n,a,c;p,d,3) where

(zeU;neN).

2n (1+8) (p — @)°
[ (14 8) + (p — ) U5 (n) =2 (p — @)’

Proof. To prove the theorem, we need to find the largest § such that

d=Q(n)<p-— (zeUmneN).

— [k (L+8)+(p—08)] ¥y (k
Z [k ( B) (p(?i 5 )] Wyl (k) (ai71+ai72) <1. (15)
k=p+1
Hence
Z{ (1+8)+ (p(gi;)a)]\llgjﬁ(k)} akl_{z[k 1+ 8) (p(_a) )]\I’;ﬁ(k)ak,,} <1 (i=12).

(16)
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Then

> 1 k(1 5 N . 2
Z 5 [[ ( +(p)_+a()1? ) v (k‘)] (a7, +ajs) <1,

k=n

and (15) is true if

2 2
ak,1+ ak,Z) .

o~ [k (1+8) + (0 — 0] ¥ps (k) > S LR+ 8) + (p— )] Vi (F)]
I;n (p—9) (aj,1 + ak2) < ; 3 [ - ] (

If
[k(1+ﬁ)+(p—(5)] [k(l—i_ﬁ)—i_(p_o‘)]Q a,c
=0 < 20— o) v (k)
then
5<Q(k) =p— 2(1+8) (p—a)” (k> n,n € N)

[k (1+5) + (p — )" Wy (k) = 2(p — a)*’

which is an increasing function of k > n, 0 < a<p,pe N, 0< < 1.
Then

2n (1+6) (p — @)’

=) S P T T - )PV () —2(p— o)

The proof is completed.

5. CLOSURE PROPERTIES UNDER INTEGRAL OPERATORS

In this section, we discuss some preserving integral operators. We recall here the
generalized Komatu integral operator (see [13]) define by

d rz 2\ d—
k() = PR et (oed) T rwa (16) € Tl

0o d
Y+D k
= o3 () et @2 00> —pzen). (1)

k=n
Also the generalized Jung-Kim-Srivastava operator (see[11]) define by

I(z)

Qo= ( 2T E e (-9 rna ge e e

z7

> T k r d
= 2P Z pth+NTE+y+ )ak+pzk+p (d>0;v>—p;z€U). (18)
Pp+k+y+dT(p+7)

k=n
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Theorem 10. Let d > 0, v > —p and f(z) € US;T (n,a,¢;pu,, ), then K (z)
defined by (17) belongs to US;T (n,a,c; p, o, B) .

Proof. Let f(2) € US;T (n,a,c;u,a, 3) defined by (4), and K(z) defined by (17)
Then K(z) € US;T (n,a,c;p, o, B3) if

k(L4 B) (- a) UL k) [ vt |
g@ (p—a) ’ <7+k+p> ap+p < 1. (19)

Now, from Theorem 2, f (z) € US;T (n,a,c; u, a, ) if and only if

i A+ )+ o)l Wputh), g
k=n (p - a)

Since vlzip < 1, for k > n, then (19) holds true. Therefore K (z) € US;T (n,a,c; u, a, B).

Theorem 11. Let d > 0, v > —p and f(2) € US;T (n,a,c; pu, @, B), then K (z)
defined by (17) is p—wvalent in the disk |z| < Ry, where

1
k(1 - k+p)° *
b (k+p)(p—a)(y+p)
Proof. In order to prove the assertion, it is enough to show that
K'(2)
1 p‘ <p. (21)
Now, in view of (21), we get
K’ (z) - v+r \
=n
= v+p \?
< k TP |2#].
< kz:( +p) <’y+k+p> Ak+p |Z
=N
This expression is bounded by p if
o0 d
(k+p) ([ v+p ‘ k‘
<1. 22

k=n
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Since f (z) € US;T (n,a,c; p, o, B) , and from Theorem 2 (22) holds if

d a,c
(k:+p)( v+ ) am‘zk‘é [k(1+ﬁ)+(p—a)]‘1’p,u(k)an+p7 (keN).

p y+k+p (p—a)
That is

1
1 B d 3
(k+p)(p—a)(y+p) ’
The result follows by setting |z| = R;.

Following similar steps as in the proofs of Theorem 10 and Theorem 11, we have
the following results for I (z).

Theorem 12. Let d > 0, v > —p and f(2) € US;T (n,a,c;p,, 8), then I (z)
defined by (18) belongs to US;T (n, a,c; i1, @, B) .

Theorem 13. Let d > 0,¢ > —p and f(2) € US;T (n;a,c;p, o, 3). Then I (z)
defined by (18) is p—wvalent in the disk |z| < Ra, where

g PR+ - T(p+h+ 7+ )T (P+7) pa "
RQ_’“f{ (k+p)(p—a)T(p+k+~)T (p+7+d) ‘I’p,u(’ﬂ}
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