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FRACTIONAL DERIVATIVE OPERATOR FOR P-VALENT
FUNCTIONS WITH NEGATIVE COEFFICIENTS

M. ALJARRAH, A. ALJARAH, M. DARUS

ABSTRACT. In this paper, a differential operator D", | (ar, B8) f(z) defined in the
open unit disc U = {z € C: |z| < 1} is introduced. By using this operator, we intro-
duce a new subclass of analytic functions Gh (o, 8, i, A,, ). Moreover, we discuss
coefficient inequality, Hadamand product, growth and distortion theorems, closure
theorems, radii of close-to-convexity, starlikeness, convexity and integral operators.

Furthermore, we give an application involving fractional calculus for functions in
G{/)L(CV?ﬂ?/"L’ )\77’ 5)'
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1. INTRODUCTION AND PRELIMINARIES

Let A, be the class of function f(z) of the form
fz)=2"— Y ap? (>02€U, peN=1,23,.) (1)

which are analytic in the unit disc U = {z € C: |z| < 1}. For a function f in A,
we define the following differential operator

Dy uro(@: B)f(2) = f(2), 2)

Dhpnslasi)fie) = (AT CEAAZ) yiy o (BolO0)) )
and for m =1,2,3, - (3)
Do B)F(2) = Dy o (Do o (0 ) £ (2)). (4)
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If f is given by (1), then from (4 ) we get

Daslaspif ==+ 3 (HEAEEZDEZARZ )
k=p+1

for f € Ay, 0,0 >0, B, 1, A >0,A# a ,p € Nand k € Ny = NU {0}

We observe that the generalized differential operator D! \ o, B) f(2) reduces
to several other differential operators considered earlier for different choices of T30 Wo N
and f:

()D,, 5o (a,B)f(2) when p =1, we have the operator introduced and studied
by Amourah and Yousef [1].

(ii) D7 1., (v, B) f(2), we have the operator introduced and studied by Aljarah
and Darus [2].

(iii) DY\ (. B)f(2) = 24+ > [14+ (n—1) (A — )(B — 0)]" anz" was intro-

o n=2

duced and studied by Ramadan and Darus [4];

(iv) D" a0l B)f(2) = 2z + Z 14+ (n—1)\—a)f]"a,z" was introduced

and studied by Darus and Ibrahnn [3];
(v) Db o(0.1)f(2) = 2+ E [’H)‘"] anz" was introduced and studied by

Swamy [7];

(Vi) D%y ,0(0,1)f(2) = 2+ f 1+ (n—1)A]"a,z" was introduced by Al-
Oboudi [8]; "

(vii) Dgy 0(0,1) f(2) = 2z + i n™a,z" was introduced and studied by Salagean
o] -
Another differential that might be of interests can be seen in [5].

Let Gh (o, B, i, A, 7, 8) denote the subclass of A, consisting of functions f which
satisfy

1" ’

ro DR (0 B)F () + 2+ V2D (00 D) + (Do (0 A ()
12D 0 (@ AT+ 2D (@ AT )

> 0,

(6)
Wh(;]re D\ (e, B)f(2) is given by (5), (0 < v < 1), 6(0 < § < 1) and for all
z e U.

‘We note that
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(i) Gh(«, 8,0,0,7,0) was introduced by Xiao-Fei and An-Ping [9];
(ii) GL(a, B3,0,0,7,9) was introduced by Kamali and Akbulut [10].

2. COEFFICIENT INEQUALITY FOR THE CLASS Gh(«, 3, pt, A, 7, 9)

We begin with our first result as follows:

Theorem 1. A function f € A is in the class G5 (a, 8, 1, \,7y,0) if and only if

i k(k—6) [yk —v+1] [H+)\+(k_p)(ﬁ—0)()\—a)

]mak <p(p—6)[yp—~+1].

k=p+1 gt A
(7)
The result (7) is sharp.

Proof. Assume that f € Gh(a, 8,1, \,7,6). Then we find from (6) that
Plhw—v+1—- ¥ kk—v+1] [“ +A+(k_ﬁ)4£§_a)u_a)} "k

Re AL _ > 4.
plw—1+1]= 3 klyk—y+1] [EREHEDEO= [T g ko

k=p+1

If we choose z to be the real and let z — 17, we get

[EEEILE RGN

Plhp—y+1- > Khk—v+1]

k=p+1 ,LL“—)\
Z5P[7p—7+1]—kzp;15khk_7+1] {M+A+(k—ﬂpzf,f;’\—a)(>\—a)]mak
3 pHA+ (k=p)B-0)A—a)]"
k:z;);rlk(k_6>[7k_7+l]|: [+ A ] ar < p(p=0) [yp —v+1],

which is equivalent to (7). Conversely, assume that (7) is true. Then we have

ZVZQ(DZT,L,A,U(%ﬁ)f(Z)) + (29 + 12Dy o (@ 8)F(2)” + (Dplus o (@ 8)f(2))
V22 (D} a0 (s B)F(2))" + 2(Dp, 5 o (e B) f(2))

o~ A (k=p)(B—0) (A=) ™ _
po=Dbw =+ 1= 5 k(b= 1) [k o ) [EREESEEA0 | g s

1" /

—1l =

IN

o Ar(k—p)(B—o) (A=) ™ _
php—wl}—k:%lkhk—%%] [’” ol a)} ayzh=p
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o) m
3 bl 1)k oy 1) [0 [P — pp— 1) lp— 7+ 1]
o=p

<1-4.

0 m =
php—y+1= 5 klyk -+ 1] [HRHERE0 [ g,
k=p+1

This implies that f € Gh(«, 8, i1, A, v, ). The result (7) is sharp for the function

f2) = o — p(p—=08) lyp =~ +1] k> p+1).
k (k‘ . 5) ['Yk — 1] ptA+(k—p)(B—0)(A\—a) B
st

3. HADAMAND PRODUCT

Definition 1. Let (f % g)(z) denote the Hadamand product (Convolution) of two
functions

f(z) =2 - Z a2 (ap >0, n,p € N.)

k=p+1
and .

g(z) =2"— Y bp2¥ (b >0, n,peN)

k=p+1
that is -
(f*g)(z) =2"— Z arbr2”.
k=p+1

Theorem 2. If f(2),9(z) € Gh(a, B, 11, A, 7, 0), then (f xg)(z) € Gh(e, B, 11, A, 7, X)
where

(p—08)*[yp—~+1]

(p+1) (p+1-8)” Ik =y + 1] [ERHEDO T iy — 52 [yp — 5 4 1]
(8)
Proof. From Theorem 1, we have
o ki (k — 8) [yk — vy + 1] [ LR Ao Oce) [T
s ap < 1 (9)

M p(p = 0) [yp =7 + 1]
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and

ok (k — 8) byk — y + 1] [ 1Al )0)

Mt pp—0)[yp—v+1]
We have to find the largest y such that

oo k(k—x) [k —v+1] [“Mwﬁ_ﬁ)ﬁ_o)“_a)

p(p—x)[yp—v+1]

] br < 1. (10)

} akbk < 1. (11)

k=p+1

From (10) and by means of Cauch-Schwarz inequality, we have

(k= 8) [k — vy + 1] [ERHEDT 0

arbr < 1. (12)
Mt p(p—98)[yp—~v+1]
Therefore (11) holds true if
—0) =X
< 1
R IRy )
foreach k>p+1, k,peN.
But (13) is satisfied if
p(p = 9) [yp =7 +1] < (k=0)(p—x)
D)™ ~ (p—0) (k—
k(k—a)[yk—wu[“ 2)(6 ] (p—0) (k—x)

or

kp (k= 6)? [yk — 5 + 1] [ L2HEREAC T _ () — 52 [yp — 4 +1]]

X = m
Bk = 0)° [k = + 1] [HE2HEDEAR [T () — )2 [yp — 4 1]
. (k—p)(p—0)*[vp — v +1] .
Bk = 0)? [yk — oy + 1] [ BRHEDEAC ™ iy - 512 [yp — 4 1]
Letting
B(k) =p |1— (k—p)(p—08)*hp—v+1]
B (k= 0)? [yk =y + 1] [ #EHEDEO Ty — )2 [yp — 5 4-1]

we see that ®(k) is increasing in k. This gives that

[1 (p—0)?hp—v+1] ]
P+1) (p+1-6)"yk—v+1] [W} —pp—0)?hp—v+1]

xX<p
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4. GROWTH AND DISTORTION THEOREMS

A growth and distortion property for function f to be in the class Gh(«, 3, i, A, 7, 6)
is contained in the following theorem.

Theorem 3. If the function f defined by (1) is in the class G5 (c, 3, i1, A, v, 6), then
for |z| =r <1, we have

lp(p —9) [yp — v+ 1]|

. p+A+(B—0)(A—a) mr? <|f(2)] <
(p+1)(p+1-26)[wp+1] [T}
r+ p(p = 6) lyp — 7 +1]] )
+A+(B—a) (A=) ™
p+1)(p+1-9)[yp+1] [MT}
and
+1)1b /
o 1 1—-46 . 1 )LJFM(’CP)(BU)(AQ) mt < |f (Z)‘ <
P+ (P+1-0)hp+ ][ G ]

1+ (p+1) bl )
+A+(k—p)(B—c)(A—a) 1™

P+ (p+1-0)[yp+1] {u Z+>\ ]

Proof. Since f € Gh(«, B, p, A,7,8), from Theorem 1 readily yields the inequality

oo
-0 — 1
o < lp(p—0)[yp —~ IH](IB S— (14)
—0)(A—a
k=p+1 P+ (p+1=0)p+1] [“T]
Thus, for |z| = < 1, and making use of (14) we have
3 3 [p(p —8) [yp = v+ 1] >
|f(2)| < J=|+ ag |2°| <7’ ar <+ —
k=zp+1 o k=2p+1 (p+1) (p+ 1= 6) [yp+ 1] [0
and
S - p(p — 8) yp — v + 1] 2
|f(2)] > |2] - ag 2% > r—r” ar >r— 2.
kgl ’ ‘ k;pﬂ (P+1)(p+1-08)[yp+1] [W}

Also from Theorem 1, it follows that

p+1)(p+1—108)[yp+1] |:,U«+>\+(k—p)(/8_g)()\_a)i| N

A+
p+1 k:%;lka’“g
S k(= 8) [y —y + 1] {““”’“‘Mpfﬁ‘(’w‘a)]m%grb|

k=p+1
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Hence
/ = - (p+1)]b]
@ <16 3 k|t <14r 3D har <14 .
k=p+1 k=p+1 (p+1)(p+1-20)[yp+1] [wM(kfﬁrifo)uf@]
and
/ = - (p+1)]b]
.f (z)’ >1— z kay ’zk‘ >1—r Z kar > 1— T
et et (p+1) (p+1=0) yp+1] [RED bl |

This completes the proof of Theorem 3.

5. CLOSURE THEOREM

Let the functions fj(z), j = 1,2,---,I be defined by

o0
fi(z) =2z— Z ak,jzk, ai; >0 (15)
k=p+1

for z € U.

Closure theorems for the class Gh(«, 3, i, A, 7, d) are given by the following:

Theorem 4. Let the functions fj(z) defined by (15) be in the class Gh (e, B, i, X, 7, 8),
a,0>0,B,A\,u>0,\#aandm € Ny, for every j =1,2,--- 1. Then the function
G(z) defined by

Gz)=2— > m?* pp>0 (16)
k=p+1

is a member of the class G5, (a, B, pi, A\, v, 0), where
1 d
Pk =7 Zlak,j (k> 2).
iz

Proof. Since f;(z) € Gh(a, B, 1, A, 7, 6), it follows from Theorem 1 that

p+A+Ek=p)B-—ao)A—a)]™
A

> l{:(k—é)hk—v—l—l][ ak,j < p(p—6) [yp — v + 1]

k=p+1

for every j =1,2,--- 1.
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Hence,

> k(k—é)[fyk—fy—i—l][

M+A+(k—p)(ﬂ—0)(A—a)rpk
k=p+1
[e%s) m I
=S (k=) k1] [“““k_p)(ﬁ_”)“_aq {}Zak,y-}
j=1

A

k=p+1 Bt A
I o) m
-~y ( S k(h—8) kv + 1] [““(’“pfi_")“_“)} a;w-)
i=1 \k=pt1 H

S% lp(p—=8) [yp —v+ 1| =Iplp —6) [yp — v + 1]

which implies that G(z) € Gh(«, B, p, A, 7, 9).

Theorem 5. The class Gh(«, B, i, A, 7, 8) is closed under convex linear combination,
where a, 0 >0, B, A, 10 >0, A\ # a and m € Ny .

Proof. Suppose that the functions f;(z) (j = 1,2) defined by (15) are in the class

Gh(a, B, 11, A\, v, 6). Tt is suffices to prove that the function

H(z)=¢fi(z)+(1-¢)fa(z) (0<p<1) (17)

is also in the class Gh(«, B3, 1, A, 7, 9).
Since, for 0 < p <1,

oo
H(z) =z + Z {par1 + (1= p)az} 2",
k=p+1

we observe that

SRR T[RRI SLEED

}m {war + (1 —@)aga}

Pt p+ A
R B B prA+(E=p)(B-0)A=a)]™
_gpk:%;lk(k‘ 5)[’)/1’6 7+1][ LA ] k,1
> A+ k=p)(B-—0)A=a)]™
DI L M I

<@lbl+ (1 =) plp—9)[yp—v+1]| = Iplp — 9) [yp — v + 1]].
Hence H(z) € Gh(«, B, 1, A\, 7, 6). This completes the proof of Theorem 5.

20



M. Aljarrah, A. Aljarah, M. Darus — Fractional derivative operator ...

6. RADII OF CLOSE-T0O-CONVEXITY, STARLIKENESS AND CONVEXITY

A function f(z) € A is said to be close-to-convex of order 7 if it satisfies

Re{f ()} >n (18)
for some (0 < n < 1) and for all z € U. Also a function f(z) € A is said to be
starlike of order 7 if it satisfies

2 (2)
Re >n 19
{ 1) } (1)

for some n(0 < n < 1) and for all z € U. Further, a function f(z) € A is said to be
convex of order 7, if and only if zf (z) is starlike of order n, that is if

of (2)
Re{l—i— ) }>77 (20)

for some n(0 <17 <1) and for all z € U.

Theorem 6. If f(z) € Gh(a, 8,1, \,7,0), then f(z) is close-to-convex of order n
i ‘Z| < hl(pf’)/v 67 77)7 where

1
A+ (k—p)(B—c)A—a) "\ *
(p—n) (k=08 [yk —y+1] |F T,

hi(p,v,9d,n) = inf k,p € N).
e mém) =iy p(p—6) lyp — 7 +1] ( )
Proof. 1t is suffices to show that
£z -
1y < > bl <pn (21)
k=p+1

and

p+A+(k—p)(B—0)A—a)
A

> k:(k:é)[yk7+1][

] ap < p(p—0) [yp —v+1].
k=p+1

observe that (21) is true if

TES)

k ’Z\k < k(k—20)[vk—~+1] [““Jr(k—p)(ﬁ—a)(x_a)}
P pp—6) lp — v + 1]

(22)
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Solving (22) for |z|, we obtain

1
+A+(k—p)(B—a)(A—a) " Y *

(0 =) (k= ) [yk —  + 1] [P )00)]
,(k,p e N).

Z<{ p(p—0)[yp—v+1]

Theorem 7. If f(z) € Gh(a, B, 1, \,7,8), then f(2) is starlike of order n in |z| <
h2(p>’7757 7])7 where

1
D € N).

ha(p,7,0,m) ir;if{ p(k —n)(p—9)[yp —v+1]

2f (2)

Proof. We must show that O p' < p—n for |z| < ha(p,~,d,n). Since

o0

’ Z (k’—p)ak’Z‘k
2f'(2) ‘ )
1) 1 Y el
k=p+1
E(k—8)k—~t1] [ £EAEE=P)(B=a) A=) |
if (k;@l]z|k < (k=ob 7;;[6)[7p7fﬁA ] , f(2) is starlike of order 7.

Corollary 8. If f(z) € Gh(«, 8, 11, A\, 7, 6), then f(z) is convex of order n in |z| <
h3(p7776777)7

where

A+ (k-p)(B-0)A-a)]™ ) F
(b — 1) (k = ) [k — o + 1 [t | }

(k,p e N).

alp0m) = “zif{ Pk =m0 hp -7+ 1

7. INTEGRAL OPERATORS

In this section, we consider integral transforms of functions f in the class GL" (o, 3, 1, A, 7, 6).
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Theorem 9. If the function f defined by (1) is in the class Gh'(c, 8, i, X\, 7, 9),
where a,0 >0, B,\, u >0, A\ # o, m € Ny. Then the function F(z) defined by

z

/ tLf)dt, (e > —1) (23)

0

c+1

ZC

F(z) =

also belongs to the class G5 (a, B, 1, A\, 7, 9).

o0
Proof. From (23), it follows that F(z) = z — > 72", where r, = (il> ag.
k=p+1
Therefore

i k(k —8) vk —~ +1] [M+A+(/~:—p)(5—o—)(x—a)rm

A

R p+A+k=p)B-0)A—a)]" [c+1
—kglk(k—‘s)hk—V‘i‘l][ Lt ] (c+k)ak

< 3 k=)= ) [FEAREE DO DRy 5y 1),
k=p+1

since f(z) € GV (a, B, 1, A\, 7y, 0). Hence by Theorem 1, F(z) € Gh'(a, 8, i1, X, 7, 6).

8. APPLICATION IN THE FRACTIONAL CALCULUS

Owa [11] gave the following definitions for the fractional calculus. For other difini-
tions, see([12],[13],[14]).

Definition 2. The fractional integral of order ¥ is defined by

i Lo
D1 = gy |, @

where ¥ > 0. f(z) is analytic function in a simply connected region of the z—plane
containing the origin and multiplicity of (z —t)"~' is remove by requiring log(z —t)
to be real when (z —t) > 0.
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Theorem 10. Let the function f(z) be in the class Gy(u,d,b). Then

‘D;ﬂ f(z)‘ < F(pf@ 2Pt (24)
p(p—08)[yp—y+1T'(p+2)I'(p+7J+1) k
1+ oo A
P(p+ D0(p+9+2) (p+ 1) (p+1 - 8) [yp + 1] [0
(25)
and
D216 2 o (26)
L pp—08)[yp—y+I'(p+2)I'(p+7J+1) ot
D(p+ D0(p+9+2) (p+ 1) (p+ 1= 8) [yp + 1] [FEHE20=0)]
(27)

Proof. Using Theorem 1 we have

o < p(p - 9) hp—vir;](ﬁ_ S — (28)
k=p+1 (p+1)(p+1-20)[yp+1] [%]
From Definition 2 we get
DIV f()T(p+9+1 = kET(p+9+1
S f(Z) ('p+ t1) _ 3 'F(z+19+1)akzk
p! v PT(R+9 +1)
and
DIV f()T(p+0 +1 N I'k+1D)I(p+9+1
p! bt 1 (p+ DIk +9+1)
=" — > U(k)apz" (30)
k=p+1

T(k+1)T(p+9+1
where W (k) = m'

We know that U(k) is a decreasing function of k and 0 < ¥(k) < ¥U(p+ 1) =

T'(p+2)T(p+9 .
%. Using (28) and (29) we have

T(p+9+1)27"D;7f(2)
p!

x
<P+ T(p+ 1) 2P DT ap <
k=p+1
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plp—8)[yp—y+1I(p+2)(p+9+1)

D(p+ T(p+0+2) (p+1) (p+ 1 - 8) [yp + 1] [ QA=)

I[P + 12"

which gives (2). We also have

Tip+9+1)27"D;7f(2)
p!

o0
> 2P = W(p+ 1) [P D a >
k=p+1

pp=8)[yp—y+UT(p+2)'(p+9+1)

D(p+ DP(p+9+2) (p+1) (p+ 1= 8) [yp + 1] [EEFE0=e)]

|27 = 2"

which gives (10).
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