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Abstract: In the present paper, we introduce and investigate a new subclass of analytic
and bi-univalent functions ¥¢(¢y) in the open unit disk with respect to g-derivative operator.
For functions belonging to this class, we obtain estimates on the first two Taylor- Maclau-
rin coefficients |as| and |as|. Various other results, which presented in this paper, would
generalize and improve those in related works of several earlier authors
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1 Introduction

Let A be the class of all analytic functions of the form
o
fE) =2+ a2t (1)
k=2

in the open unit disk U= {z € C:|z| < 1}.
An analytic function f is subordinate to an analytic function g, written as f < g, provided

there is an analytic (Schwarz) function w with w(0) = 0, |w(z)| < 1, for all z € U satisfying
f(z) = g(w(z)) for all z € U.

The well-known Koebe one-quarter theorem [1] ensure that the image of U under every univalent

function f € A contains a disk of radius %. Hence, every univalent function f has an inverse

1 satisfying f71(f(2)) =2, (2 €U) and

FHfw) =w,  (Jwl <ro(f)ro(f) = )

NG

where
g(w) = fﬁl(w) =w — asw? + (2a§ — a3)w3 — (5a§ — bagas + a4)w4 + -

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let X
denote the class of bi univalent functions in U given by (1).
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In 1986, Brannan and Taha [2] introduced certain subclasses of the bi-univalent function class ¥
similar to the familiar subclasses of starlike and convex functions of order . In 2012, Ali et al.
[3] widen the result of Brannan and Taha using subordination. Since then, various subclasses
of the bi-univalent function class ¥ were introduced and non-sharp estimates on the first two
oefficients ao and as of the Taylor-Maclaurin series expansion (1) were found in several recent
studies. For interesting study on this topic can be found in ([5]-[6]-[7]-[8]).

In [11], [12], Jackson defined the g-derivative operator D, of a function as follows:

flgz) — f(2)

Daflz) = (¢—1)z

(z#0,q #0) (2)
and D,f(z) = f'(0). In case f(z) = z* for k is a positive integer, the g-derivative of f(2) is
given by
k k
Dzk:ﬂ: k] k1
q Z(l _ Q) [ ]q
As g — 17 and k € N, we have

q:1+q+m+qhﬁh (3)

Quite a number of great mathematicians studied the concepts of g-derivative, for example by
Gasper and Rahman [10], Aral et.al [13] and many others (see [15]-[20]).

Let ¢ be an analytic function with positive real part in U such that ¢(0) = 1, ¢/(0) > 0 and
©(U) is symmetric with respect to real axis. Such a function has a series expansion of the form:

@(2) =1+ Bz + Boz> + B3z* + -+ (By > 0). (4)

We now introduce the following subclass of analytic and bi-univalent functions using the g¢-
operator.

Definition 1.1 A function f € X is said to be in the class ¥4(p) if each of the following
subordination condition holds true:

Dy(f(2)) < #(2), z€l. (5)

and
Dy(g(w)) < p(w), weT. (6)

where g(w) = f~H(w).

The subclass ¥,(¢) in Definition 1.1 can be reduced to many subclasses introduced before as
seen in the following Remarks.

Remark 1.2 Setting ¢ — 17, the class L4(p) reduces to the class Hq(p) introduced by Ali et
al.[3] which is a subclass of the functions f € ¥ satisfying

() <e(2), ¢w)=<epz)

Remark 1.3 Setting g — 1~ and

_1—|—(1—2ﬁ)
- 1—2

p(2)

(0<p <1, gp(z)z(ijj)a 0<a<l),
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the class ¥4(p) reduces to the classes HS, and Hx(B) introduced by Srivastava et al.[4] which
are subclasses of the functions f € X satisfying

jarg(/'(2))| < T, Jarg(g'(w))| < 5
and
Re(f'(2)) > B, Re(g'(w)) > 8
respectively.
Remark 1.4 Setting
go(z):H_l(l__Z?B) (0<p<1) and ¢(z)= <1i—j>a 0<a<l)

the class Xq(¢) reduces to the classes HE® and HL(B) introduced by Bulut[9] which are subclasses
of the functions f € ¥ satisfying

jarg(Def ()] < 5 larg(Dag(w))] < -

and
Re(Dyf(2)) > B, Re(Dgg(w)) > f

respectively.

In our investigation, we shall need the following Lemma

Lemma 1.5 [14] Let the function p € P be given by the following series:
p(2) =14 p1z+p22®+p32® +--- (z€U).

The sharp estimate given by
lpn| <2 (R €N),

holds true.

The object of the present paper is to find estimates on the Taylor-Maclaurin coefficients |asg|
and |ag| for functions in this new subclass ¥,(¢) of the function class X.

2 A set of main results
For functions in the class ¥,(¢), the following result is obtained.

Theorem 2.1 Let f € ¥,(p) be of the form (1). Then

B
as| < min , L 7
= 2o 131482 + [23(B1 - B2) "
and B B B2
. 2 B
|@3\§m1n{[3]q:m+[2é} (8)

where the coefficients By and By are given as in (4).



112 H. Aldweby, M. Darus

Proof. Let f € ¥,(p) and g = f~!. Then there are analytic functions u,v : U — U with
u(0) = v(0) = 0, satisfying the following conditions:

Dqy(f(2)) =p(u(z)), z€U (9)
and
Dq(g(w)) = p(v(w)), wel (10)
Define the functions p and ¢ by
P = T = 1 st e (1)
and .
q(z)zltzgz =l4+qz+@+--. (12)

Then p and ¢ are analytic in U with p(0) = ¢(0) = 1. Since u,v : U — U, each of the functions
p and ¢ has a positive real part in U. Therefore, in view of the above Lemma, we have

lpn| <2 and |gu| <2 (neN). (13)

Solving for u(z) and v(z), we get

U(Z)Zigz;+1:;[plz—i-(pg—}j)zQ]—F--- (€U (14)
. v(z) = 38 :Li = % [qlz + (qg - qj) zz] +--- (2 €. (15)

Upon substituting from (14) and (15) into (9) and (10), respectively, and making use of (4), we
obtain

p(z) -1 1 i Lo ol 2
D _ —1+B "B (p-B) 1+ B G
() = (B ) =1 B+ (181 (m = 2) + 1Bk 2+ (0)
and
D,(g(w)) = g(w) =1 =1+ Biqw+ }B q—qj —i—quz Jw +--- (17)
Equating the coefficients in (9) and (10),we find that
1
2lqa2 = 5 Bim (18)
1 pi 1 2
[3]qas = §Bl P2 = + ZBQZH (19)
1
—[2]qa2 = 5B (20)
1 q; 1
(20— aa) = 35 (@2~ D) 4 Lt (21)

From (18) and (20), we get
1= —q (22)
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and

1
2(2gaz = ; Bi(pi + q1) (23)
Also from (19) and equation (21), we get

2Bluck = 351 [+ e - (U5 2)] + 1abt + ] (21)

2

by using (23), we get
ag _ B?(pQ + q2) (25)
4[[By Bt + [215(B1 — By)]

Applying Lemma 1.5 for the coefficients p1, p2, q1, ¢2 in the equalities (23) and (25), we obtain

laa] < Bi (26)
/181082 + [23(B1 — B2)
laa] < [f] (27)

Hence equations (26) and (27) gives the estimates of |aa].

Next, in order to find the bound on |a3|, we subtract (21) from (19) and also from (22), we get
2 _ 2 h
b1 = 4y, hence

203]05 — 281403 = 5 Br(p2 — a2), (29)

which, upon substitution of the value of a3 from (23) into (28), yields

B B2
a3 = @(m — ) + @@% +4q7). (29)
So we get
By B}
az| < — + —5. 30

On the other hand, upon substituting the value of a2 from (24) into (28),it follows that

_ 4Bip2 + (B2 — B1)(p} + 43)

as . (31)
8[3]q
And we get
By
lag| < —. (32)
[3]q

Thus, we get the desired estimate on the coefficient |as| as asserted in (40).

3 Corollaries and Consequensec

Taking ¢ — 17 in Theorem 2.1, we obtain the following corollary.
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Corollary 3.1 Let the function f given by (1) be in the class X(p). Then

|ag] < min {321’ \/SB%Z—T—IE ) } (33)
and
jas] < min{if, (; n f;:) Bl} (34)
Remark 3.2 Corollary 3.1 is an improvement of the following estimates obtained by Ali et
al.[3].

Corollary 3.3 ( see [3]) Let the function f given by (1) be in the function class Hy(p). Then

B1vVB L B
laz] < J3B—iB, 1By las] < <3 i 4) b ()
Taking
Lp(z):H(ll__:/é))zzl+2(1—6)z+2(l—ﬂ)zz+--- 0<p<1) (36)

in Theorem 2.1, we have the following corollary.

Corollary 3.4 [9] Let the function f given by (1) be in the function class £4(5) (0 < <1).

Then
. J20-p) J200-5)
lag| < mln{ 2, 3], } (37)

and
2(1-8)
3

q

|as| < (38)

Taking ¢ — 17 in Corollary 3.4, we have the following corollary

Corollary 3.5 Let the function f given by (1) be in the function class X(8) (0 < g < 1).

Then
las) gmin{(l—ﬁ), 2(13_5)} (39)

and
2(1-5)

las| < 3

(40)

Remark 3.6 Corollary 3.5 is an improvement of the following estimates obtained by Srivastave

et al. [4].

Corollary 3.7 [4] Let the function f given by (1) be in the function class Hx(a) (0 <a <1).
Then
2(1 — )

<
lag| < 3

(41)

and
las| < (1—04);5—304). (42)
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Taking

1 «
@(z):(ljj> =14+2az+2022%2+--- (0<a<l) (43)

in Theorem 2.1, we have the following corollary.

Corollary 3.8 Let the function f given by (1) be in the function class £4(a) (0 < o < 1).
Then

2« 2c
a min { — 44
= B e 0o "
and . 202 2« 402
las] < m{ 3, Bl 2B } (45)

Remark 3.9 Corollary 3.8 is an improvement of the following estimates obtained by Bulut [9)].

Corollary 3.10 [9] Let the function f given by (1) be in the function class ¥q(a) (0 < a <1).

Then 5
jaz| < - (46)
V2Bl + (1 - a)[2)2
and )
2c 4o
laz| < m + @ (47)

Taking ¢ — 1~ in Corollary 3.8, we have the following corollary.

Corollary 3.11 Let the function f given by (1) be in the function class (o) (0 < a < 1).

Then
lag| < min S o, ay/ ——= (48)
’ o+2

20° a(3a+2)
37 3 ‘

and

las| < min{ (49)

Remark 3.12 Corollary 3.11 is an improvement of the following estimates obtained by Srivas-
tave et al. [4].

Corollary 3.13 [4] Let the function f given by (1) be in the function class HS (0 < o <1).

Then

las] < a\/ozT—i—Z (50)
and

0| < a(BO;—I— 2) (51)
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