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1 Introduction

Consider H (U) the class of analytic function in the open unit disc of the complex plane U =
{z € C: |z| < 1}, H(a,n) the subclass of H (U) consisting of functions of the form f(z) =
a+anz" + a2+ and A, = {f € HU) : f(2) = 2+ an1 2" + ..., 2 € U} with
A=A

Next we remind the definition of differential subordination and superordination.

Let the functions f and g be analytic in U. The function f is subordinate to g, written f < g,
if there exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1, for all z € U,
such that f(z) = g(w(z)), for all z € U. In particular, if the function ¢ is univalent in U, the
above subordination is equivalent to f(0) = ¢g(0) and f(U) C g(U).

Let ¢ : C2 x U — C and h be an univalent function in U. If p is analytic in U and satisfies the
second order differential subordination

D(p(2), 20 (2), 22" (2); 2) < h(z), for z €U, (1)

then p is called a solution of the differential subordination. The univalent function ¢ is called a
dominant of the solutions of the differential subordination, or more simply a dominant, if p < ¢
for all p satisfying (1). A dominant ¢ that satisfies ¢ < ¢ for all dominants g of (1) is said to be
the best dominant of (1). The best dominant is unique up to a rotation of U.

Let ¢ : C* x U — C and h analytic in U. If p and ¥ (p(2), 2p’ (2),2%p” (2); z) are univalent
and if p satisfies the second order differential superordination

h(z) < ¢(p(2), 20'(2), 2" (2):2), 2z €U, (2)

then p is a solution of the differential superordination (2) (if f is subordinate to F', then F is
called to be superordinate to f). An analytic function ¢ is called a subordinant if ¢ < p for all
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p satisfying (2). An univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (2) is
said to be the best subordinant.

Miller and Mocanu [6] obtained conditions h, ¢ and % for which the following implication holds
h(z) < (p(2), 20 (2), 2°D" (2):2) = 4 (2) < p(2).

For two functions f(z) =z +>_72, a;jz) and g(z) = 2z + > e bjz/ analytic in the open unit disc
U, the Hadamard product (or convolution) of f (z) and ¢ (z), written as (f * g) (2) is defined by

f(z)xg(2) = (f*9)( —Z+Z%sz

We need the following differential operators.

Definition 1 [5] For f € A, m € NU{0}, A\, > 0, the multiplier transformation I (m,\,1) f(z)
is defined by the following infinite series

Z(1HAG 1)+ ;
I(m,\1)f Z( ) a;z’.
= 141

Remark 1 We have

U+ 1) T(m+ 10D f(2) = (+1 =N (m N0 f(2)+ Az (I (m\ D) f(2), zeU

Remark 2 For |l = 0, A > 0, the operator DY* = I (m,\,0) was introduced and studied by
Al-Oboudi , which reduced to the Salagean differential operator S™ = I (m,1,0) for A = 1.

Definition 2 (Ruscheweyh [8]) For f € A and n € N, the Ruscheweyh derivative R" is defined
by R": A — A,

Rf(z) = f(2)
R'f(z) = 2f'(2)
(n+1)R"™f(2) = 2(R"f(2))+nR"f(z), zeU.

Remark 3 If f € A, f(2) = 2+ Y72y a;27, then R f (2) = 2 + 332, (:,J(rjj 11, ajzl for z € U.

Definition 3 ([2/) Let A\,1 > 0 and n,m € N. Denote by IR;:L;n : A — A the operator given by
the Hadamard product of the multiplier transformation I (m, \,1) and the Ruscheweyh derivative
R™,

IR\ f (2) = (I (m, A\ 1)« R") f(2),

for any z € U and each nonnegative integers m,n.

Remark 4 If f € A and f(z) = 2z + Z;’iz ajz, then
IRT,an (2) = 2 + Zjoiz (1+>\(j—1)+l> (S'J(rjj 11))| a2zJ e,

+1

By simple computation we obtain the relation
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Proposition 1 [1/For m,n € N and \,l > 0 we have
m,n+1 m,n 7,1 !

(n+ 1) TR (2) = nIRS" S (2) = = (TRYF (2)) (3)
We need the following
Definition 4 [7] Denote by Q the set of all functions f that are analytic and injective on
U\E (f), where E(f) = {¢ € 0U : linéf (2) = oo}, and are such that f'(C) # 0 for ¢ €

2—

OU\E (f).
Lemma 2 [7] Let the function q be univalent in the unit disc U and 0 and ¢ be analytic in a

domain D containing q (U) with ¢ (w) # 0 when w € q(U). Set Q (z) = z¢' (2) ¢ (¢(2)) and
h(z)=0(q(2))+ Q (). Suppose that

1. Q is starlike univalent in U and

2. Re (Zg(f))) >0 forz€U.

If p is analytic with p (0) = ¢ (0), p(U) € D and

0(p(2)+ 20" (2) ¢ (p(2)) < 0(q(2)) + 24 (2) (q(2)) ,

then p(z) < q(z) and q is the best dominant.

Lemma 3 [// Let the function q be conver univalent in the open unit disc U and v and ¢ be
analytic in a domain D containing q (U). Suppose that
v'(q(2))
1. Re (d)(q(Z))) >0 for ze U and
2. Y (2) = 2¢' (2) ¢ (q(2)) is starlike univalent in U.

If p(2) € H[q(0),1]NQ, withp(U) C D and v (p(z))+ 2p’ (2) ¢ (p(2)) is univalent in U and

v(q(2) + 24" (2) ¢ (q(2)) < v (p(2)) + 2" (2) ¢ (p (),

then q (2) < p(z) and q is the best subordinant.

2 Main results

We intend to find sufficient conditions for certain normalized analytic functions f such that

Z‘;IR;”in+1f(z) . .
q(z) < W < q(z), 2z € U, 0 < <1, where ¢; and ¢y are given univalent
SWARAC
functions.

SIRY T f(2)
m,n 1+9
(IRY"f(2))

U such that q(z) # 0, for all z € U. Suppose that Zgég) is starlike univalent in U. Let

Theorem 4 Let € H(U) and let the function q(z) be analytic and univalent in

S 2 5 ¢"(z) Wz))
Re(5q<z>+6q<z>+1+zq<z) L5 >0 (4)
for a6 B e B40, 2 €U and

mn IRV 2 f (2)

1/))\717 (‘%faﬂvﬂﬂ’) =a+55(n+1)+5(n+1) ’ (5)

IR;:?nJrlf (Z)
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2
IRY () SR () 2 (IR ()

+p )2+25 :

B(14+6)(n+1) D
IR f (2) (IRf\rfinf (z)>1+5 (IR;:Linf (2)

If q satisfies the following subordination

U (@ Bugiz) < 0 €0 (2) + (a2 + 5205, )
fora,&,6,ueC, B#0, then
61Rm’n+1
IRy f (12+)5 <4, -
(1RY7 ()

and q is the best dominant.

51Rm’”+1f(z)

6—1 m,n+1
5,2 €U, z#0, f € A Wehavep’(z)zé(l—l—n)M

Proof. Consider p (z) := 55+

(IR 1(2)) (IRL"1(2))
2R (2) SN IRY ()
n+l)——F~ —(1+9)(n+1
( ) (Ilenf( ))1+6 ( ) ( ) (Ilenf( ))2+5
By using the identity (3), we obtain
2p’ (2) IRTTH_QJC (2) ZJ_IIRTJ’”HJC (2)

=0(l+n)+(n+1) —(140)(n+1) (8)

IRV f (2) IRy [ (2)

By setting 0 (w) := a + &w + pw? and ¢ (w) := g, it can be easily verified that 6 is analytic in
C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q( ) = 2q'(2) 6 (q(2)) = BLE and h(2) = 0(g(2) + Q(2) = a + &g (2) +
(g (2))* + B2 q(z ) we find that Q (z) is starlike univalent in U.

_ q'(2)
q(z pz <q(2)

We get ' (z) = éq’( )+2MQ( )q (2 )+Bq @) | g1

We deduce that Re (

Z

¢ 2 2 "( '(2)
2) = Re (§a(2)+ % () + 14248 - 223 >0
By using (8), we obtain

IRy 2 £(2)
IRTZ”“f(Z)

a+&p(2) +up() + L5 =at+Bi(n+1)+B(n+1)

m n+1 S m,n+1 28 m,n+1 2
f(z) 2 IR f(2) P (IRY " f(2))

1+8)(n+1 Lo + : : .
Al ) ) IR e g(m;’f;”f(z))”“ a (IR 1(2)) 7%

By using (6), we have a +&p (2) + 11 (p (2))* + BLE < a+&q(2) + p(q(2) + B2LE)

z‘sIRm’""'lf(z)

By an application of Lemma 2, we have p(z) < ¢(2), z € U, i.e. s < q(z),z€U

and q is the best dominant. m

Corollary 5 Let m,n € N, \,;l > 0. Assume that (4) holds. If f € A and

Wi (o0 Bipiz) < a+ €9

L+Az (1442 2 B(A-B)z
+B: "\11B: (14 Az)(1+ Bz)’
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fora, B, 1,6 € C, B #0, =1 < B < A<1, where )" is defined in (5), then

LIRYIf (2) L 1+4s
mn +0 " 14+ B2’
(1R F (2))

and 1+ Az

Ty is the best dominant.

Proof. For ¢ (z) = %igz, —1 < B < A <1 in Theorem 4 we get the corollary. m

Corollary 6 Let m,n € N, \,l > 0. Assume that (4) holds. If f € A and

1 1 9
R (0 B 32 )<a+£< +j> +M< +Z> ¢ 202

1—2 1— 22’

fora,B,u, 6 €C,0<y<1, g#0, wherew i is defined in (5), then

1—2z

Z(SIRT\VTZ,TL-‘—lf (Z) 1 + p ¥
(1R 7 (2))

¥
and ij) is the best dominant.

v
Proof. Corollary follows by using Theorem 4 for ¢ (z) = (ifi) ,0<y<1. m

Theorem 7 Let q be analytic and univalent in U such that q(z) # 0 and Zq(()) be starlike

univalent in U. Assume that

Re <§q (Z) q/ (Z) + QﬁMQQ (Z) q/ (Z)> > 07 fOT galga JIBS (Ca 5 ?é 0. (9)

SIRY T f(2)

Iff € A, W € H[q(0),1]NnQ and w;nl’n (a, B, ; ) s univalent in U, where wg\nl’" (a, B, p; 2)
A,

is as defined in (5), then

a+&q(z) +ulg(2)” + 1) PN (a, B, 5 2) (10)
implies S
q(z) =< Y f(l?é, zeU, (11)
(1R3" 1 ()

and q is the best subordinant.

PIRT T f(2)

Proof. Consider p(z) := W?
SWARA

2eU,z#0, f € A
By setting v (w) := a + &w + pw? and ¢ (w) = 2 1t can be easily verified that v is analytic in
C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{O}

Since 1) — ¢ i follows that Re ( ¢((§((j))))> — Re (%q () (2) + 22 (2) ¢ (z)) >

0, for o, B, u € C, u # 0.
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By using (8) and (10) we obtain

a+ () +ula@) + ETE Cakep )+ up ()7 +

Bzp' (2)
p(z)

Applying Lemma 3, we get
z‘SIR;?ian (2)

()

q(z) <p(z)= zeU,

and ¢ is the best subordinant. m

1
z‘SIRi\rfln+ f(z)

Corollary 8 Let m,n € N, A\l > 0. Assume that (9) holds. If f € A, TR 1) €
SWANAC

Hg(0),1]NQ and

a+€

A Az\? A—-B
1+ Az 'u<1+ Z> ( B( )Z <¢§?jn(06757/l§2)7

1+Bz+ 1+ Bz 1+ Az)(1+ Bz)

fora, 8,6, ueC, B#0, -1 < B<A<LI1, where d&nl’n is defined in (5), then

1+ A4z 2IRYHf (2)
1+ Bz m,n 1+47
(131 (2))

1+ Az

115 18 the best subordinant.

and

Proof. For ¢ (z) = ng’ —1 < B < A<1in Theorem 7 we get the corollary. m

n+l
z‘SIR;n,ln-’_ f(z)

Corollary 9 Let m,n € N, A\l > 0. Assume that (9) holds. If f € A, R 7)™ €
SWANAC

Hg(0),1]NQ and

1+2)" 142\ 2872
a+§<1_2> +M<1—z) +1 8 S0 (@ Bme),

fora, B, 1,6 € C, B#0,0 <~ <1, where )" is defined in (5), then

14+2\7  ZIRVF(2)
1—2 = mon 1467
(IRAj f(z))

142
and (17,2

y
) 1s the best subordinant.

”
Proof. For ¢ (z) = G‘fj) , 0 <~ <1 in Theorem 7 we get the corollary. m

Combining Theorem 4 and Theorem 7, we state the following sandwich theorem.

Theorem 10 Let g1 and g2 be analytic and univalent in U such that g1 (z) # 0 and q2 (z) # 0,

for all z € U, with zqqlll(f)) and zqzé((zz)) being starlike univalent. Suppose that q1 satisfies (4) and qo
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Z‘SIRTjn_Hf(z) m,n . . .
5 € Hq(0),1]NQ and ¢)" (o, B, 3 2) is as defined in (5)

satisfies (9). If f € A, W

univalent in U, then
Bzqy (2)
a1 (2)

Bzgs (2)
a2 (2)

a+éq(2)+pla ()" +

)

< PN (B 2) < @+ Eq2 (2) + (g2 (2)° +

Z‘SIRTian (2)
q (2) < : s =22 (2),

(1R F ()

and q1 and qo are respectively the best subordinant and the best dominant.

For ¢1 (2) = }igii’ ¢ (2) = iiggi, where —1 < By < By < A1 < A3 < 1, we have the following
corollary.

n+1
Z‘SIRZT/H f(z)

Corollary 11 Let m,n € N, \;1 > 0. Assume that (4) and (9) hold. If f € A, R 1)
SWARAC

Hg(0),1]NQ and

1+ Alz 1+ Alz 2 B (Al — Bl) z mn .
a+£1—|—BlZ <1+Blz> (1+A1Z) (1+B12> _<¢)"l (Oé,ﬁ’M,Z)
_<a+€1+A22 1+ Axz\? B(Ay — By) 2
1+ Bz 1+ Byz (1+ Asz) (14 Bgz2)’

fora,B, 1,6 €C, B#0, -1 < By < By < Ay < Ay < 1, where 1/12?1’” is defined in (5), then

L+ Az PIRYf (2) | LA
1+ Bz 7 146 " 1 4 Boz’
1 (IR;:#f(Z)) 2

1+A1z2 and 1+ Aoz
1+B1z 1+Bsz

hence are the best subordinant and the best dominant, respectively.

1—z

For ¢1 (2) = (ﬁ)%, ¢ (2) = <%>W, where 0 < 71 < 72 < 1, we have the following corollary.

z‘sIR;njnJrl f(z)

Corollary 12 Let m,n € N, \,l > 0. Assume that (4) and (9) hold. If f € A, W
SWARAC

€Hqg(0),1]NQ and

1_|_ Y1 1+ 271 2
a+€( Z) +M< Z> +ﬁ%z<¢§r§’”(a,57u;2)

1—2 1—2 1—22

1+2\7 142\ 28y2
<a+£<1—z> +'u<1—z> T

fora,B,u, 6 € C, B#0,0 <y <72 <1, where @ZJ;?Z’” is defined in (5), then

(1 +z>w SIRYf(2) (1 +z>72

< ’ -z

1—z . 146 1—z ’
(1B f (2))

hence (2 " and (12 " are the best subordinant and the best dominant, respectivel
i T , respectively.
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Changing the functions 6 and ¢ we obtain the following results.

Z‘SIRT;Z"'Hf(z)
(1R )
q(z) be conver and univalent in U such that ¢ (0) =1, z € U. Assume that

Theorem 13 Let EHU),feA zeU, mneN, \,l >0 and let the function

at+B  d"(2)
Re( 3 +Zq’(z)>>0’ (12)
fora,€C, 8#£0, z€U, and
(SIRm,nJrl
VI (0, B52) = (a3 (0 + 1)) ot ) (13)
(1B (=)
2
SRy 2 (IR (2)
Bt ) LG gy ot 2+2 -
(TR f () (185" f )
If q satisfies the following subordination
T (0, 8;2) < aq () + B2 (7). (14)
fora,8€C, 8#£0, z€ U, then
5IRm,n+1
it f<25<q(z), 2el, (15)
(171 (=)

and q is the best dominant.

zélR;'f;”“f(z)

W, z € (J7 z 75 0, f S A The function P 18 analytic n U
SWARAC

Proof. Consider p(z) :=

and p(0) =1

I, T — I, T — M, 2
HURY (2) SURY 2 (2) S L(IRY " f(2))

We ha‘vep/ (Z) = 6 (]‘ + n) (IRm,nf( )>1+5 +(n + 1)
SWARACS

By using the identity (3), we obtain

—(149)(n+1
(IRKTinf(Z))Hé ( ) ( ) (]R;\n:inf(z))2+6

2
SRy SR (IR (=)
Al () =) d Ty PO TGy ) ot ;2 '
(1837 (=) (1R (=) (1B 1 (=)
(i6)

By setting 0 (w) := aw and ¢ (w) := [, it can be easily verified that 6 is analytic in C, ¢ is
analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q (2) = 2¢' (2) ¢ (q (2)) = Bz¢' (z) , we find that Q (z) is starlike univalent in U.
Let h(2) = 0(q(2)) + @ (2) = aq(2) + Bzq (2).

We have Re (z&(;))) = Re (aTJgﬁ + ZZ/,/((j)) ) > 0.

STRT ML (4
By using (16), we obtain ap (z) + Bzp’ (2) = (a + 5 (n + 1)) W—i—
SWARACS

n+2
z‘;]R;n,anr f(z)

29 (IR;‘njnJrlf(z))Q
(IRy £(2))'

B(n+1) —B(1+4d)(n+1) (IRT,;"]‘(Z))QH .
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By using (14), we have ap (z) + 8zp’ (2) < aq(z) + Bz¢ (2).

41
z‘sIR;n,ln"' f(2)

Applying Lemma 2, we get p(z) < ¢(2), z € U, i'e'(IRm’"f(z))”‘s < q(2), z € U, and q is the
Al

best dominant. m

Corollary 14 Let q(z) = %ig‘z, zeU, —-1<B<A<1,mmneN, \I1>0. Assume that (12)
holds. If f € A and

1+Az pB(A-DB)z
1+ Bz (1+Bz)*’

fora,€C,B#0, -1 < B <A<, where @bﬁfl’” is defined in (13), then

PN (@, Biz) <«

Z(SIR;?\”?Z,TL+1]@ (Z) —< 1 + Az
mon 14+ "1+ B2’
(1R 1 (2)) :

1+Az

5. is the best dominant.

and

Proof. For ¢ (z) = ﬂg'z, —1 < B < A<1,in Theorem 13 we get the corollary. m

1—z

wgin(a7ﬂ;2)<a(1+z>y+ 207z (1—1—2)77

1—2z 1—22\1-2

Corollary 15 Let q(z) = (HZ)W,m,n €N, \,[ > 0. Assume that (12) holds. If f € A and

fora,BeC,0<~y<1, 8#0, where w;?l’" is defined in (13), then

PIRY S (2) (1 + z>7
mn 146 1— 7
(1R F (2)) :

¥
and (HZ) 15 the best dominant.

1—2

Proof. Corollary follows by using Theorem 13 for ¢ (z) = (1“)7, 0<y<1l m

Theorem 16 Let g be convex and univalent in U such that q (0) = 1. Assume that

Re <gq' (z)) >0, fora,f€C, B#0. (17)

41
20 IR;’fln+ f(z)

Iff € A, TR € 1 q(0),1]NQ and ;" (v, B; z) is univalent in U, where ¥\;" (v, B; z)
i 2z ) y

is as defined in (13), then

aq(z) + Bzq (2) < ¥Y;" (a, B; 2) (18)
implies

OTR™M (4

q(2) < atl f(ljé, §€C,540, z€U, (19)
(1851 ()

and q is the best subordinant.
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41
z‘SIRZflM' f(z)

W’ zeU, z#0, f € A The function p is analytic in U
Al

Proof. Consider p(z) :=
and p (0) = 1.

By setting v (w) := aw and ¢ (w) := f it can be easily verified that v is analytic in C, ¢ is
analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since % = %q’ (2), it follows that Re (l;:((f((,f))))) = Re (%q’ (z)) >0, for a, 5 € C, B #0.

Now, by using (18) we obtain
aq(z) + Bzq (z) < ap(2) + B2p' (2), z€U.

Applying Lemma 3, we get

PIRYf ()

(eryr )

q(z) <p(z) = zeU,

and ¢ is the best subordinant. m

Corollary 17 Let q(z) = 342 1 <B<A<1,z€U m,n €N, \1>0. Assume that (17)

o 1+Bz’
29 IR™™ z
holds. If f € A, 1A 1)

—(IRm’nf(z))l+6 € Hlg(0),1]NQ, and
A,

Jt+Az  B(A-B)z
1+ Bz  (1+ Bz)?

<Py (o, By 2),
fora,peC, p#0, -1 < B< A<1, where wg\rfl’" is defined in (13), then

1+ A4z 2IRYf (2)
1+ Bz m,n 1+67
<IRM’ f (z))

1+ Az

15> is the best subordinant.

and

Proof. For ¢(z) =42 1 < B < A <1, in Theorem 16 we get the corollary. m
1+Bz

Corollary 18 Let ¢(z) = (H'Z)W,m,n € N, \,l > 0. Assume that (17) holds. If f € A,

1-z
nt1
Z‘SIR;rfln f(2)

(Ian,nf(Z))1+5 € H [q (0) ) 1] N Q and
Al

a<1+z>7+ 2Bvz <1+z>”<¢%n(a’ﬁ;z)’

1—2 1—22\1—-2

fora,eC,0<y<1, 5 #0, where @Z);?l’n is defined in (13), then

142\ IRV (2)
1— z = m.n 1467
(131 (2))

¥
and (if—;) 1s the best subordinant.

Proof. Corollary follows by using Theorem 16 for ¢ (z) = Gfi)’y, 0<~v<1l m

Combining Theorem 13 and Theorem 16, we state the following sandwich theorem.
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Theorem 19 Let q; and g2 be convex and univalent in U such that q1 (z) # 0 and g2 (2) # 0,
) m,n+1
for all z € U. Suppose that q1 satisfies (12) and qo satisfies (17). If f € A, L VIS

— 5 €
(IR f(2))
Hg(0),1]NQ , and ¥\;" (o, B; 2) is as defined in (13) univalent in U, then

aq (2) + Bzqy (2) < PY[" (a, B;2) < agz (2) + B2d5 (),
fora,B8 € C, B #0, implies

k) m,n+1
IR\ f (2)
q (2) < : s <a2(2), z€U,

(131 (2))

and q1 and qo are respectively the best subordinant and the best dominant.

For ¢ (2) = iigi;, g (2) = i’g;i, where —1 < By < By < A1 < A3 < 1, we have the following

corollary.

Corollary 20 Let m,n € N, A\l > 0. /{tssumilthat (12) and (17) hold for qi (z) = %igi; and
z IRZT;" f(2)

Gty € H1a(0),1]0Q and
al—l-AlZ B(Al_Bl)
14+ Bz (1+ B2)?
1+A22 IB(AQ—BQ)Z
14 Bz (1+ Byz)?
fora,BeC, 3#0, -1 < By < By < A; < Ay < 1, where 1/);?[’" is defined in (5), then

@ (2) = ﬂ‘gzj, respectively. If f € A,

z
<Yy (o, 85 2)

zeU,

1+ A4z IRV (2) PREPI'E
1+ Bz , 146 " 1 4 Boz’
1 (IR;T?lnf (Z)) 2

e,

1+A1 z 1+A22
1+ B1z and 14 Baz

hence are the best subordinant and the best dominant, respectively.

gl v
For ¢1 (2) = (ifj) 1, @ (2) = (%) 2, where 0 < 1 < 72 < 1, we have the following corollary.

Corollary 21 Let m,n € N, \;l > 0. Assume that (12) and (17) hold for q1 (z) = <1+z>71 and

1—z
V2 51R7n,n+1
¢ (2) = (%fj) , respectively. If f € A, ZARSTT (&)

5 € H[q(0),1]NQ and

(IRY"f(2))
L+2\" | 2fmz (14+2\"
()" 2 (1) g
L+2\7 | 207z (14+2\7
U
Ka(l—z) +1_22 1—2 ) z e U,

fora,B€C, B#0,0<y <2 <1, where YY" is defined in (5), then
bW/

L+2\"  ZPIRG(2) 142\
< ’ < , zeU,
1—-2 m,n 1+ -z
(1R 7 (2))

hence (2 " and (12 " are the best subordinant and the best dominant, respectivel
i T , respectively.
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