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UNIVALENCY OF SOME OPERATORS FOR ANALYTIC
FUNCTIONS
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ABSTRACT. For analytic functions f(z) in the open unit disk U, univalency
of some integral operators concerning with Alexander type integrals is considered.
Also some subordinations for analytic functions f(z) in U are discussed with the
Schwarzian derivative of f(z).
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1. INTRODUCTION

Let H denote the class of functions f(z) which are analytic in the open unit disk
U={z€C:|z| <1}. Also let A be the subclass of H consisting of functions f(z)
of the form

(1.1) fz)=z+) anz"  (z€D).
n=2

Let S be the subclass of A consisting of f(z) which are univalent in U. If f(z) € A
satisfies

(1.2) Re (Zf,(z)

f(2)

for some real a (0 < a < 1), then f(z) is said to be starlike of order o in U and
denoted by f(z) € §*(a). For aw = 0, we say that f(z) € §* is starlike with respect
to the origin. Further, if a fnction f(z) € A satisfies zf'(z) € S*(a) (0 = a < 1),
then f(z) is said to be convex of order o in U and denoted by f(z) € K(«a). A
function f(z) € K(a) satisfies

>>a (z € )

(1.3) Re (1 + zﬁ;?) >a  (zel).
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For ao = 0, we write that (0) = K. We note that
K(a) € S"(a) Cc S C A C H.
If there exists a function g(z) € K such that
f'(2)

(1.4) Re (eiﬁg(z)> >0 (2€U)

for 5 € (—m/2,7/2) and f(z) € A, then f(z) is said to be close-to-convex in U and
denoted by f(z) € C. It is known that C C S.
For f(z) € H, the Schwarzian derivative of f(z) is given by

a9 f(z) = Q) ("N @)
as) =0 (gaeon (F=0H) - (7)) -2 (7))
For the Schwarzian derivative { f; z} for f(z) € H, it is well-known that if f(z) € H
is univalent in U, then

(1.6) {f:2)] < <1—?|> (z )

and the equality holds true for the Koebe function f(z) = z/(1 — 2)2. Further, we
know that the Nehari’s condition (see Nehari [10])
(1.7 12l S (=€ V)

| =
implies that f(z) € H is univalent in U.
Note that f(z) € A is uniformly locally univalent if and only if the pre-Schwarzian
derivative

_ /")
f'(2)
is hyperbolically bounded, that is, that the norm

(1.9) I £ 1= supjojcr (1 = [2*)|T7 ()]

is finite. This quantity can be regarded as the Bloch norm of function (logf(z))’.
Both of the pre-Schwarzian derivative and the norm || f || play a central role in the
theory of Teichmiiller spaces, inner radius of univalence, quasiconformal extension,
etc.. If f(z) € A is univalent in U, then || f ||< 6 and the bound 6 is sharp for the

(1.8) Ty(z)
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Koebe function k(z) = z/(1 — 2)2.

Conversely, if f(z) € A satisfies || f ||< 1, then f(z) is univalent in U by Becker
[1]. Also, it is known that || f ||[< 4 for f(z) € K. For f(z) € A, the Alexander
transformation J[f](z) is defined by

(1.10) JIf](2) = /0 fff)dt.

If f(z) € S, then f(2) is locally univalent and | J[f] ||[< 6 by Kim, Choi and
Sugawa [6]. Also, Yamashita [12] proved that if f(z) € S*(«), then || f ||[< 6 — 4«
and || J[f] ||[< 4(1 — «). By means of (1.5) and (1.8), we see that

(111) {2 = (@)Y — 5T

The Alexander transformation J[f](z) of f(z) € A is also called as Biernacki’s
integral. It is known that J[f](S*) = K while J[f](S) is not in S. In this paper, we
would like to extend the type of functions f(z) to be considered by introducing a
parameter « and setting an integral of the form

(1.12) Fu(z) = /0 <t;;g)>adt.

For more details on this integral, we refer to Goodman [4]. The following lemma
due to Fukui and Sakaguchi [3] is a generalization of Jack’s lemma by Jack [5] (also
by Miller and Mocanu [9)).

Lemma 1.1 Let w(z) = apz? + ap112P + -+ be analytic in U with a, # 0
and p 2 1. If the mazimum value of |w(z)| on the circle |z| = r < 1 is attained at
z = zp, then zow'(29)/w(z0) is real and

zow'(20)

(1.13) e,

v

p.

2. UNIVALENCY OF SOME OPERATORS
We first derive
Theorem 2.1 Let f(z) be analytic in U with f(0) =0. If f(z) satisfies

M
1—|z?

(2.1) [f(2)] = (z€U)
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for a bounded positive constant M, then

3[M\z| 3[M]z\ V3
2.2 < < —
(2.2 O IR
and
V3M|z| _ 3V3M|z| V3
2. < < — =< 1).
(2.9 FEIS YT ST s (FSk<D
Proof For the case of |z| < /3/3, we have
1 3
24 <z
(24) — 1212 T 2
Thus, the inequality (2.1) gives
3M V3
(25) NC NS0}
Therefore, applying the Schwarz lemma for f(z) with |z| < +/3/3, we obtain that
V3
(2.6 PN VB (YD)
which shows (2.2). If v/3/3 < |z| < 1, we know that v/3|z| = 1. This gives us that
V3M|z| V3
(2.7 FEISYEE R Sl<D

which implies the inequality (2.3).

Corollary 2.1 If f(z) is analytic in U with f(0) = 0, then there exists some
z € U such that

M
satisfies
3v3M|z|
(2.9) |f(2)] = W

for a positive constant M.

¢
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Remark 2.1 Noting that 3v/3/2 = 2.598..., we conjecture that 3v/3/2 in
Corollary 2.1 can be replaced by 1.

Next, we derive

Theorem 2.2  For a function f(z) € S, we assume that the function (zf'(z)/f(z))*
1s analytic in U for a > 0 with

zf’(Z)>a
(210 (e o
Then, the integral transformation F,(z) defined by (1.12) is univalent in U for
254
(2.11) O<a<ag= 5 081725
Proof Note that
oy Zf’(2)>a

(2.12) E. (z) = ( ) (z € U)
by F,(z) in (1.12). This gives us that

Fi(z) _«a 2f"(z)  zf'(2)
219 mo - (5 -5
If we put
(2.14) h(z) =1+ ZJ{ZS) - Zﬁg‘;) (z € ),
we have that h(0) = 0 and

2f"(2)| , |21'(2)

2.15 h <1 .
219 e = 1+ T3]+ 7S

On the other hand, it is well-known that if f(z) € S, then

NONE AP
(2.16) ) T T-pp| S1opp BV
that is,

') 1+ 42l
(2.17) ‘1+ T T RP|SToEE GV
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This gives that

2f"(2) 4|z 14 |z|? 6
2.1 1 = U).
R s e <y ey
Further, we know that
()] o 1+]2] (14 ]2])° 4

2.19 < = U).
(219) o) | ST=F - 1= S1-pr *€Y
Therefore, the inequality (2.15) implies that
(2:20) b < i (z€D)

. z o2 z )
Considering M = 10 in (2.1) of Theorem 2.1, we say that

15v/3]2|
2.21 h U).
(2:21) b < Ge)
Therefore, we have that
F!(2) « 15v/3a

2.22 & < —1h —_— U).
(2.22) F ) _|Z|| (Z)|<1_’z|2 (z€U)

By using of the result in [11], we know that there exists a point z € U that if
1

(2.23) @) < 1= HE (z € 1),
then
(2.24) W) < —— (zeD)

. V4 (1 — ‘Z|2)2 y4 .
It follows from the above that

F'(2)\’ 60+/3cx
(2.25) ‘<Eﬂd> <Toppp  GED
Therefore, we have that
Fl()\| | 1|Fi=)|

2.2 Fo(2);2}] < a ~|Za
(220 o= |(55) |+ 2|50
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A

(z € U).

2\ 12 2(1 - |2?)?

60+/3cx 1 [ 15v3a 2_15(45oz+8\/§)oz
(== 2 -

Applying the Nehari’s condition (1.7) for F,,(z), we need that

15(45a + 8v/3
(2.27) ( a; v3a oy
that is, that
25 — 4
(2.28) 0<a<ag= 2V5 -4 _ 0.0181725. ...
15v/3

This completes the proof of the theorem.

Next, we recall here a result by Chichra and Singh [2] that if

(2.29) z+ zzlogg(zz) e ST,

then there exist some ¢ (0 <t < 1) and o (0 < a < 1/2) such that

[Pt O\ :
(2.30) 24 (1 t)/o <g(t)> it € 5.
Letting

9(z) _ 2f'(2)
(2.31) e

for f(z) € A, Theorem 2.2 becomes

Theorem 2.3 Assume that g(z) € A satisfies

(2.32) zZexp / tt dt | €S,
0

the function (g(z)/z)* is analytic in U with 0 < o < 1 and

) (1)’

If0 < a < ap = (2v5—4)/15v/3 = 0.0181725 - - - , then the integration [; (g(t)/t)*dt
is univalent in U.

= 1.
z=0
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By means of the result due to Krzyz [7], we know that g(z) € S is not implies
that [ (g(t)/t)dt € S. The counterexample for the above is given by

z

(2.34) g(z) = A i

On the other hand, Merkes and Wright [8] showed that if g(z) € S*, then

(2.35) /Oz (gf))adt ecC

for —1/2 < a < 3/2. Theorem 2.3 says that if

2 9@) 1
(2.36) Zexp / ! " at | € S,
0

then

(2.37) /0 (9(;))& dtes

for 0 < a < apg = (25 — 4)/15V/3.
Corollary 2.2 If g(z) € A satisfies

(2.38) Re <g(j)> >0 (z € U),

then

(2.39) /0 ’ (gf))a dt

is univalent in U, where 0 < a < ap = (2v/5 — 4)/15+/3.

3. AN APPLICATION OF SCHWARZIAN DERIVATIVE

Next, we would like to consider an application of Schwarzian derivative concerning
with the subordinations. Let f(z) € A and g(z) € A. Then the function f(z) is said
to subordinate to g(z) if there exists a function w(z) analytic in U with w(0) = 0
and |w(z)| < 1 such that f(z) = g(w(z)) for z € U. We write that

(3.1) f(z) < g(z)  (z€U)
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if f(z) subordinates to g(z) in U. Also, if g(z) is univalent in U, then f(z) < g(2)
is equivalent to f(0) = g(0) and f(U) C ¢g(U) (see Miller and Mocanu [9]).

Now, we derive

Theorem 3.1 Let f(z) € A satisfy

(3.2) |22{f;2} <a(1-8) (z€U),
where 0 < a < 1 and

(3.3) Z:,/;S) - }?(ZZ ];/(f)l <B  (z€U)

with

(34) h(z) = (f'(2))/* # +1.
Then we have that

(3.5) £(2) < (1 * z> (z € )
(3.6) larg f'(2)| < ga (z € ).

Therefore, f(z) is univalent in U.

Proof For h(z) = (f'(2))"/* (0 < a < 1), we define the function w(z) by

(3.7) w(z):ZEZli:C;Z_F.H
with w(0) = 0. This implies that

It follows from (3.8) that

(3.9) f(2)

R
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that is, that

Pz 200(2)
(3.10) ) T 1-w(ep

Thus, we obtain that

o) POV (AN (200w(2)\2 1

' Fie))  \ ) ) 22 \l-w(x)?) 2%
We suppose that there exists a point zp € U such that |w(z)| < 1 (|z] < |2z0] < 1)
and |w(zp)| = 1. Then Lemma 1.1 gives us that

Zow'(zo)

(3.12) )

— k=1

Further, by the result due to Miller and Mocanu [9], we have that

20w (20)
(3.13) Re <w,(20)> > 0.
Therefore, we have that
f”(zo)>2 B ( 2akw(zg) )2 1
(319 (Feg) =(F5e) =

where w(z) = e (0 £ 0 < 27).
Also, we see that

29 ().~ (=)

o ( w"(20) > | daw(z) (w'(2)?

1 —w(z)? (1 —w(2)*)? |.—,
_dka (z2ow"(20)) 1 N ik % aw(z)
~sind \ w'(z20) /) 20 sinf 23

ko ; zow”(20)\  kw(zo) | 1
 sinf w!(z0) sinf | 23’
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Consequetly, we obtain that

(3.16) 2f2) = ko {z <Zow"(20)> _ kw(z) N ok }

sin 0 w'(zp) simf  2sinf

ko { zow"(20) k .
= 2 -2 -2
2sin 0 { ! < w'(20) * sinH(a cos § — 2isinf)

and so
all k . 20w (20)

(3.17) |22{f; 20} 2 5| l5m0 |ov — 2cos 0 — 2isin ] — 2 "W).

S o k\/oﬁ —dacosf +4 | z0w" (20)

=2 1 — cos?6 w'(z0) ||
If we define a function p(x) by

o —dax +4
(3.18) p(z) = S I R (x = cosb),
then
—2(2z — a)(az — 2)
1 '(z) =

(3.19) o) =

gives that p(x) takes its minimum value at © = /2 < 1/2, because 0 < a < 1 and
—1 <z £ 1. This shows us that p(z) = 4 and so

(3.20) 1220 fs 20| 2 af 1 — |22 0) \
w'(zo)
—al1 = ZOh”('ZO) o 2ZOh/(ZU) } 2 Oé(l o ﬁ)

h(z0)  h(z0) +1
This contradicts the condition (3.2) of the theorem. Therefore, there is no zp € U
such that |w(zp)| = 1. This implies that there exists w(z) such that

(3.21) F(z) = (ifz‘u’g) (z € U)

with w(0) = 0 and |w(z)| < 1 (z € U). Consequently, we prove the subordination

(3.5).
Further, since

(3.22)
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we obtain (3.6) for argf’(z).

Making « = 1/2 in Theorem 3.1, we derive
Corollary 3.1 Let f(z) € A satisfy

(3.23) 2 <52 e
with

W' (z)  2zh/(2)
(3.24) W) bt 1‘ =B (z€D)
and h(z) = \/f'(z) # £1. Then we have
(3.25) £z) < iz (z € U)
(3.26) larg f'(2)| < % (z € D).
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