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1. INTRODUCTION

Let A denote the class of all functions of the form
f(2) :z+2anz”, z€FE (1)
n=2

which are analytic and univalent in the open disk
E={zeC: |z <1}

The theory of linear operators plays an important role in Geometric Function The-
ory. Several differential and integral operators were introduced and studied, see for
example [11, 12, 13, 14, 15, 17, 22, 23].

Jung et al. [8] introduced the following one parameter families of integral oper-
ators

PoF(2) = ;;) /0 (1og ;)ail fFOdt  (a>0),

z a—1
o= ("5 [(1-4) vrea @soss -,
0

where I' (o) is the familiar Gamma function. For

aeN=1{1,23.},
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the operators P, JF were considered by Bernardi [1, 2].
For f(z) € A given by (1) Jung et al. [8] showed that

o0 2 «
PYf(z) =2+ — | apz" (a>0) (2)
nz::g (n + 1)
and
D D L CET W EE A

It is well known that

(Pf(2)) = 2P f (2) — P*f (2) (4)
and
2(Q8f (2)) = (@+B)QF ' f(2) — (a+B—1)Q4f (2).

The above defined operators were subsequently studied by many authors, see [3, 4,
7,20, 21]. In 1993, Fekete and Szegd [5] found the maximum values of |ag — pa3| as
a function of real parameter pu, for functions belonging to the class A. Since then,
the Fekete-Szegd problem was solved for various subclasses of the class A. See for
example, [9, 10, 19] and others see for example [6, 16].

In present paper, we solve the Fekete-Szego problem for the functional ‘ag - ,ua% },
where p is a complex or real number, for functions f in some subclasses of analytic
functions A.

Definition 1. Let P be the class of all functions p(z) given by
o0
p(z) =1+ Z 2", zel (5)
n=1

which are analytic and have positive real part in E.

Definition 2. A function f(z) € A, is said to be in the class R(P, o, N), if it satisfies
the condition -
|arg{(1 = A)(P*f) + MPLf)} < 50 (6)

where
a>1,A>0 and 0<d§<1.
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Definition 3. A function f(z) € A, is said to be in the class R(Q, a, \), if it satisfies
the condition

Jarg{(1 = \)(QBF) +MQ§ ' N} < 50 (7)

where
a>1,86>—-1,A>0 and 0<06<1.

The following result is due to Pommerenke [18].

Lemma 1. If a function p(z) € P then for n > 1

i) len| <2 (8)
2 2
. il o
T
i1) o 5 | < 2 (9)

2. Main Results
First we consider the functional ‘ag — ua%‘ for complex parameter pu.
Theorem 2. Let 6 € (0,1], a>1, A>0. If f(2) € R(P,a,\) and p € C. Then

a1 ﬂ?w4@+Af—ﬂym4u+A)

2
2
o = x| < Oy max L o T (24 A)

Proof. Let f(z) € R(P,a, \) then by using equation (6), we obtain
(L= (P +APL) = p(2) (10)

where p(z) € P. From equation (2), we have

(1= NP + AP =1+ i (ni 1)a (2 + e ”) nanz .

Then by using (5) and above equation, (10), we have

o (e}
2 2+ A(n—1 B 5
13 () (E )t = s et

A simple computation gives

00 9 a /g 3 L
1—}-;(”_’_1) ( + (27l ))nanz”—l — 1+5(CIZ+6222+.._)+

5(5—1)
2

(B2 43+ )+ ..
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Equating the coefficients of z and z?, we obtain

3\“ o
az = <2> 2+ )\01. (11)
2¢ c? 62 5
Qg—w{é <02_2) +261}. (12)

From (11) and (12) it results that
5?2 (23a—1 (24 M) — 320+, (1 + )\)) ,
C1s (13)

as — pa3 =9 27 <C C%> +
3 = 2 =05 7\ 2T 5
3(1+)) 2 3(22a(1+x) (2+)\)2)
therefore,
o <5 2|t PET A g ]
az — paz| <d———=|c2 — = cil-
3(1+A) 2 ‘3 (220 14+ N (2+>\)2)‘

In view of Lemma 1(7i) , we obtain

‘ 2’ <§ ga+l1 +52 ‘23&—1 (2 + )\)2 _ 32a+1'u (1 + )\)‘ — §93a-1 (2 4 )\)2 ’ 2|
a3 - /11012 S Cl |
(14)
Suppose that
52 ’2304—1 (2 + )\)2 _ 32a+1:u (1 + )\)‘ < §o3a—1 (2 + )\)2 .
Then it immediately follows that
ga+1
(15)

‘a3 — ,U/a/%’ S (Sm

Now if
52 ]23a—1 (24 A)2 — 320+, (1 + )\)‘ > 5231 (2 4 \)2,

then in view of Lemma 1(7) we obtain

523a+1 (2 + /\)2 + 452 ‘230471 (2 + )\)2 _ 32&+1M(1 + )\)’ _ 523a+1 (2 + )\)2

2
az — paz| <
3 2| 3 (22a (14X (2+ >\)2)
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52 ‘230;—1 (2 + )\)2 . 3204-1—1,u (1 + )\)‘
3 (2D +x) @+

The result now follows from (15) and (16).

(16)

Proceeding in a similar way as above we can prove the following result.

Theorem 3. Let 6 € (0,1], a > 1, >0, A >0.If f(2) € R(Q,,A) and p € C.
Then

|ag — paj| < 53

2(a+B); e )1 §|n (a, B)]
(B4+1), (a+B+2)) "2(a+B)s(BH1)(a+B+N ]

where
n(e,B) =2(a+B);(B+1)(a+B+N)>=3u(a+B);(B+2)(a+pf+2)\).

Next we consider the case of u real parameter.

Theorem 4. Let ¢ € (0,1], a > 1, A > 0. If the function f (z) given by (1) is in the
class R (P,a, \) and p is real parameter then

52 ‘23%1 (24 N2 — 320+, (1 + A)(
3 (22<a—1> (1+\) 2+ )\)2)

. (6—1)23>"1(24X)?
i S Ty

o 2 §2a+1 (5_1)23a—1(2+)\)2 (5+1)23a—1(2+)\)2
ag — paz| < sary W ey S M S ey

—52 ’230171 (2 + )\)2 _ 32a+11u (1+ )\)’

3 (22(%1) 1+ )2+ )\)2)

. (§+1)23—1(240)?
2 emmrreay

Proof. By the virtue of (14) we have to consider the following two cases

Case I: Assume that
2301 (2 4+ ))?

<z =T
F=gasrq )
then from the inequality (14) it results
spotl 0 [(5 — 1) 231 (2 4 \)2 — 53201 (1 + /\)]

2
c1]”. 7
S3(1+A) 3(22a(1+A)(2+A)2) al tn

| — pas|
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From Lemma 1(i), we obtain

5 [523a+1 (24 2)2 — 04 (3)2F (1 + )\)}
322 (1+N) (24 2)?

|a3 - MG%‘ <

Thus
52 [23(171 (2 4 A) _ 32a+1u (1 4 )\)]

322D (1+2) (24 A)?

|a3 - ,Ua%‘ <

provided that
(6 —1) 2371 (24 ))?
W= 532a41 1+ N

Now if
(6—1)2%1 (24 N)°

p= 032a+1 (1 + /\)

Then (17) becomes
5oat+l

2 e —
Jas = nez| < 5y

Case II: Assume that
2301 (2 4 \)?

H= 321 (11 )

and so, inequality (14) reduces to

spatl b {5M32a+1 (1+X) = (6+1)2%-1 (24 )\)2]

2
= 3(1+A) - 322 (1+2) (2423 feaf” - (18)

‘a3 - Ma%‘
Again, by using Lemma 1(7) we obtain

6 [54(3)7H (14 1) — 62% 1 (24 2)?]

2
a3z — pasz| < o

» ] 3(2)% (1+A) (2+A)°
Thus

‘ ) < _52’230171 (2+)\)2_32a+1ﬂ(1+)\)‘

az — pag| > )

3 (2200 (14 3) 2+ 1)?)
provided that
(6 +1)2%71 (24 ))?
=520t (14 )
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On the other hand, if
(6 4 1) 231 (2 4+ ))?
PS5 (11 a)

then, from (18) it fallows

-1
‘GS _Mag‘ < L.
3(1+N)

Finally, we observe that

(6 —1) 231 (24 ))?

2ot (2407 _ (041257 (24N
032a+1 (1 + )\)

32a+1 (1 + )\) — 53204—1—1 (1 + )\)

Sps

Thus the proof of the theorem is completed.
Similarly we can prove the following.

Theorem 5. Let 6 € (0,1], a > 1, >0, A > 0. If the function f (z) given by (1)
is in the class R(Q,a, \) and p is real then

§|n(a.B)|

TP E et i sy RS
2 82(a+p) ,
a3—,ua2|§ WM’ if < 1<
—82|n(a.B)| ,
L 3(B+1)%(8+2)(a+B+N) (atB+2N)° if >,

where

20—1)(a+8)3(B+1)(a+B+ N>
35 (a+B)2(B+2) (a+5+2))

2(041) (a+B);(B+1D) (a+ B+ N>
30(a+B)2(B+2) (a+B+2))

"=
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