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A NEW SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS
DEFINED BY FRACTIONAL CALCULUS OPERATOR WITH
MISSING COEFFICIENTS

B. SINGH, S. PORWAL

ABSTRACT. In this paper, authors introduce and study a new subclass of har-
monic univalent functions. Coeflicient conditions, extreme points, distortion bounds,
convolution and convex combination for this class are obtained. Relevant connec-
tions of the results presented here with various well-known results are briefly indi-
cated.
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1. INTRODUCTION

A continuous complex-valued function f = wu + iv defined in a simply-connected
complex domain D is said to be harmonic in D if both v and v are real harmonic
in D. In any simply connected domain we can write f = h + ¢ where h and g
are analytic in D. We call h the analytic part and g the co-analytic part of f. A
necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |h/'(z)| > |¢'(2)],z € D. See Clunie and Sheil-Small [2].

Denote by Sp the class of functions f = h 4+ g that are harmonic univalent and
sense-preserving in the open unit disk U = {z : |z| < 1} for which f(0) = f,(0)—1 =
0. Then for f = h+ g € Sy we may express the analytic functions h and g as

hz)=z+ > a®, glz) =Y iz, |bu| < 1. (1)
k=2 k=1

Further, we denote by S}; the subclass of Sy consisting of the functions f = h+g
where h and ¢ are of the form

hz)=z+ > az®, g(z) = bF, jEN, | <1. (2)
k=j+1 k=1
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Recently, Dixit and Porwal [3](see also [6], [7]) introduce the operator 2" for function
f(2) of the form (1) as

Q" f(z) = Q"h(z) + (—1)"Q2"g(2) (3)
where Q"h(z) = z+ Y _[¢(k,N)]"ar2®, Qg(z) =Y [6(k, N)]"br2*. and ¢(k, \) =
k=2 k=1

C(k+1D)I(1-))
NS
Nowfor0<a<1l, 0<A<1, méeN,ne Ny, m>nand z € U, suppose that

SI);[ (m,n, j; ) denote the family of harmonic functions f of the form (2) such that

Qmf(z) }
%{an(z) > a, (4)
where Q™ f is defined by (3).

Further, let the subclass S7(m,n, j; ) consist of harmonic functions f,, = h+gm
in S (m,n,j;a) so that h and gy, are the form

h(z)=z— Y lalz*,  gm(z) = (1" ) [bulo". ()
k=1

k=j+1
Assigning specific values to m,n, j,a and X in the subclass Sy (m,n, j;a) we

obtain the following known subclasses studied earlier by various researchers.
1. If we put 7 = 1, A\ = 0 then it reduces to the class Sg(m,n;a) studied by
Yalcin [10].

2. fweput j=1,m=1n=0,A=0and m =2,n =1,\ = 0 then it reduces
to the class HS(«) and HK («) studied by Jahangiri [4].

. Ifweput j=1,m=1,n=0a=0A=0andm=2n=1,a=0A=0
with b; = 0 then it reduces to the class HS%(0) and HK°(0) studied by Avci
and Zlotkiewicz [1] and Silverman [8].

4. Ifweput j=1,m=1,n=0,a=0, A=0andm=2, n=1, a=0, A=0
then it reduces to the class HS(0) and H K(0) studied by Silverman and Silvia
[9], which is an improvement of ([1], [8]).

5. If we put j =1,m =n-+1, A =0 then it reduces to the class H(n, «) studied
by Jahangiri et al. [5].

In the present paper, results involving coefficient estimates, extreme points, dis-
tortion bounds, convolution condition and convex combinations for the above classes

S (m,n, j; ) and gj\q(m, n, j; &) of harmonic univalent functions have been inves-
tigated.
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2. MAIN RESULTS

We begin with a sufficient coefficient condition for function in S}} (m,n,j;a).

Theorem 1. Let f = h+g be such that h and g are given by (2). Furthermore, let

(6)
where a1 = 1, m,j € N, n € Nop, m >n, 0 < a <1, 0 < A <1 and

ok, A) = %, then f is sense-preserving, harmonic univalent in U and

l—« l1—«a

3 [Pk, M]"™ — afp(k, M]" an+Y [p(k, V™ = (=D)™ " afp(k, M)]"
k=1

k=j+1

f € Sy(m,n, j;a).

Proof. First we note that f is sense-preserving in U. This is because

()| 21— ) Klaglrt!
k=j+1

oo
>1— > Kl
k=j+1
oo

>1- ) [p(k, )™ — alg(k, N)]"

11—«

k=j+1

>3 [p(k, VI — (=1)" "alp(k, M]" b
k=1

1—«a

> kbl
P

>3 klblr*!
k=1

> |g'(2)]-
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To show that f is univalent U, suppose z1, zo € U such that z; # zo, then

‘f(zl) —f2)| o |9(a) —g(z2)
h(Zl) — h(ZQ) - h(zl) — h(ZQ)
Zbk(zlf — 25)
1 =L
21— 22+ Z ag (21 — 25)
k=j+1
> kbl
>1- =
1= ) klag|
k=j+1
o [¢(k, V)] — (=)™ "afp(k, N)]"
l-a 5]
S =
- 3o BRI el AT,
k=j+1
>0

Now, we show that f € S’j}[(m, n,j; ). Using the fact that Re w > «, if and only if,
1 —a+w| > |14+ a—wl, it suffices to show that

[A(2) + (1 = @) B(2)| = |A(z) = (1 + @) B(2)| > 0, (7)

where A(z) = Q" f(2) and B(z) = Q" f(z2).
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Substituting for A(z) and B(z) in L.H.S. of (7) and making use of (6), we obtain

[A(2) + (1 = a)B(2)| = |A(2) — (1 + @) B(2)]
=[Q"f(2) + (1 = )" f(2)| = [Q"f(2) = (1 + )Q"f(2)]]

2-a)z+ > ([ ™+ (1 —a)[g(k, N)]")ay2*

=
[
=
3
(]
—~
—~
—_
~—
i
3
=
o
>
=
3
+
—~
—_
|
£
=
&
s
E
~—
S
E
N ‘
x>

= 21D Bk, NI+ (L = @)@k, NI by 2"
k=1

=D D)™ bk, ™ — (L + ) [b(k, A" [be] |2]*

k=1

2(1—a)lz| =2 Y [(@(k,X)™ — ald(k, A)" lax| |=["
k

—=j+1

—22 [(d(k, \)™ 4 a(p(ky, )™ |br| |2|F, if m —n is odd
k=1

21— a)lz| =2 Y [(@(k,N)™ — ald(k, )" lax| |=["

k=j+1

—22 [(d(k, AN)™ — a(p(k, \)"] |br| |2|%, if m — n is even
k=1
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o {1 LS BRI alet

l—a
k=j+1

- [o A = 1ok M) ,Z,k_l}

P 11—«

i { ok " = alp(E A"

@ 11—« @
k=j+1
_y bl <1—i>zna[¢<k, NI M}
k=1
>0, Using (6).
The coefficient bound (6) is sharp for the function
z) =z 3 1-a X Zk
I&) =2+ D, G nr = ot
ad 11—«
2 T N (O ralgth T ®

where 0 < a <1, 0<A<1, méeN, ne Ny, m>n and

j{: |$k|4‘j£:|yk\—-1

k=j+1

This completes the proof of Theorem 1.

In the following theorem, it is proved that the condition (6) is also necessary for
the functions f,,, = h + G, where h and g,, are of the form (5).

Theorem 2. Let f,, = h +g,, be given by (5). Then f, € gi}(m,n,j;a) if and

only if
Z [qﬁ(k’)‘)]n;__i[(b(k’/\”nlakl . Z [b(k, \)]™ — (;i)zna[qﬁ(k, )" bl <1
) k=1

(9)

Proof. Since gg(m,n,j;a) C S¥(m,n,j;a), we only need to prove the “only if”
part of the theorem. To this end, for function f,, of the form (5), we notice that the

condition O o (2)
m(z
%{ O fon(2) } =
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is equivalent to

(1—a)z— Z {(¢ )™ — a(B(k, A)"} x|z
—j+1
1yt Z {(@(k, )™ = (=1)" "l (k, \))"} [belZ
R >0. (10)
z— Z )" lag]2* + (1) IZ )" |br|Z"
k=j+1

The above required condition (10) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 < z = r < 1, we must have

(1—-a) Z {(¢ — a(e(k, X)"} laglr*!

k=j+1

- Z {(@(k,N)™ = (=1)" "l (k, X)" } [og|r*~!
k=1

~ — z 0.  (11)
L= > (B, ) laglr™ " = (=)™ (¢(k, A)"belr*~
k=j+1 k=1

If the condition (9) does not hold then the numerator in (11) is negative for r
sufficiently close to 1. Thus there exist a zgp = ro in (0,1) for which the quotient

in (11) is negative. This contradicts the required condition for f,, € gj\q(m, n,j; a)
and so the proof is complete.

We prove the following Theorems 3, 4, 5 and 6 by using techniques adopted by
Yalcin [10].

Theorem 3. Let f,, be given by (5). Then f,, € F;I(m,n,j;a) if and only if

Fn(2) =D (@rhi(2) + Yrgmi (2)), (12)
k=1
where
l1—a . . .
hi(z) = 2z, hi(z) =z — (605 2™ — ook, )\))mzk7 (k=j+1,j4+2j+3,...),
Go(2) = 2 + (=1)"1 1-a * (h=1,2,34,. ),

(@(k, )™ — (=) ma(d(k, A)"
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o0 oo
zr > 0, yp > 0, Z T + Zyk = 1 — x1. In particular, the extreme points of
k=j+1 k=1

St(m,n, j;a) are {hy} and {gmi}-
Theorem 4. Let f,, € ?;}(m,n,j;a). Then for |z| =r < 1, we have
l-«a
[6G + LN =l + 1, M)
=D BN = (DT a6 (2,0]
1 |b1] |b2|

|fm(2)] (L4 [br])r + |b2|r® + ...+ [bs]r? +

—a 1—a
I CER ST ICER) ) RN
and
()] (1= [bal)r = [bals? = .. — by |17 — —

GG+ LA™ — a6l + L]
P VTP CICTRY) il G VA I

11—« 11—«

N CICRY G VI CICRN) K e

- o , zl=r<1

The proof of following theorems are similar to the corresponding results of [3],
therefore we only state the results.

Theorem 5. For 0 < < a <1 let f, € g?{(m,n,j;a) and F,, € ?i\q(m,n,j;ﬁ).
Then fm * Fr € Sy (m,n, j;a) C Siy(m,n, ji B).

Theorem 6. The class ?2(m,n,j; «) is closed under conver combination.
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