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SOLUTIONS FOR THE P(X)-LAPLACIAN WITH DEPENDENCE ON
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ABSTRACT. This paper is concerned with the existence of nontrivial solutions for p(z)-
Laplacian equations with gradient dependence

{ —div (]Vu\p($)_2 Vu) + [ufP@ 2y = f(z,u, [VuP® 2 Vo) in Q, P)

u =0 on 09,

The techniques are based on an iterative scheme of Mountain Pass ”approximated” solu-
tions.

2010 Mathematics Subject Classification: 35J35; 35J60; 35J70; 35D30.

Keywords: Variable exponent Lebesgue-Sobolev spaces; p(z)-Laplacian; Iteration meth-
ods; Mountain Pass theorem

1. INTRODUCTION

In the present paper we study the existence of solutions of the problem

—div (yvu|p(x>*2 w) + [ufP@ 2y = f(z,u, [VuPD 2 Vo) in Q,

(P)
u =0 on 01,

where Q C R¥ is a bounded smooth domain, 1 < p (z) < 2 for any z € Q and f is a contin-
uous function which obeys some specific conditions. Since the nonlinearity f depends on
the gradient of the solution, equation (P) is not variational. Therefore, the well developed
critical point theory cannot be applied directly. For this reason, there have been several
works interested with the semilinear problem

(1.1)

—Au = f(u, Vu) in £,
u = 0 on 01,

in a bounded domain © of RY, using method of sub and supersolutions, topological degree
and priory bounds on the possible solutions; see, for instance, [20,23]. The case involving
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the p—Laplacian operator Apu := div(\Vu]p_2 Vu), where p > 1 is a real constant, was
studied in [15,18,21], in which the authors also used method of sub and supersolutions,
topological degree and blow-up arguments. Recently, some new and interesting methods
have been developed by different authors for problem (1.1). In [12], D.G. de Figueiredo
et al. developed a quite different method of variational type for the semilinear elliptic
problem

—Au = f(x,u,Vu) in Q,

{ u = 0 on 0f), (1.2)

where Q € RY (N > 3) is a bounded smooth domain. In this paper, the used technique
consisted of associating (1.2) a family of semilinear elliptic problems with no dependence
on the gradient of the solutions, which is variational, and iterative scheme. Under the
assumptions that f has a superlinear subcritical growth at zero and at infinity with respect
to the second variable, they obtained the existence of a positive and a negative solutions
of (1.2) by using the Mountain Pass theorem and iterative technique. Later, in [13] G. M.
Figueiredo applied this method to a quasilinear elliptic problem

— Npu+ [ufP?u = f(u, |VulP"? Vu) in RY, (1.3)

where 1 < p < N and the nonlinearity f : R x RY — R is a continuous function depending
on the gradient of the solution, and obtained a positive solution for (1.3).

Motivated from the above mentioned papers, especially [12,13], we consider problem
(P). Further, as far as we know, there is only one paper which deals with an elliptic
equation with variable exponent with dependence on the gradient of the solutions [25], and
the present paper is the second.

Problem (P) involves the term Apyu := div (\Vu]p(x)_Q Vu) which is known as

p(x)-Laplacian operator. The p(x)-Laplacian operator is a natural generalization of the
p—Laplacian operator. The main difference between them is that p-Laplacian operator is
(p — 1)-homogenous, but the p (z)-Laplacian operator, when p (z) is not constant, is not
homogeneous. This causes many problems, some classical theories and methods, such as
the theory of Sobolev spaces, are not applicable. Moreover, the nonlinear problems in-
volving the p (z)-Laplacian operator are extremely attractive because they can be used
to model dynamical phenomena which arise from the study of electrorheological fluids or
elastic mechanics. Problems with variable exponent growth conditions also appear in the
modelling of stationary thermo-rheological viscous flows of non-Newtonian fluids and in the
mathematical description of the processes filtration of an ideal barotropic gas through a
porous medium. The detailed application backgrounds of the p(z)-Laplacian can be found
in [3,6,22,25] and references therein.

Noted that in problem (P) if p(z) € (1,2), this equation describes processes of fast
diffusion, the case p(z) > 2 corresponds to slow diffusion and the case p(x) = 2 linear
diffusion. In this paper, we will discuss the case of p(z) € (1,2), z € .
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2. PRELIMINARIES

We state some basic properties of the variable exponent Lebesgue and Sobolev spaces
L@ (Q) and W) (Q), where Q@ C RY is a bounded domain (for details, see, e.g.,
[7,8,9,16]).

Set C4 (Q) ={h:h e C(Q),h(z) > 1} for all z € €.

Define h~ = min, g h (z) and h™ = max_ g h (z), Vh € C4 (Q). For any p € C4 (Q),

we define the variable exponent Lebesgue space by

LP®) () = {u | u: Q — R is measurable, / |u ()P da < oo} ,

Q
then LP®) (Q) endowed with the norm

. p(z)
|ulp(z) = inf /\>0:/Q de <15.

The modular of LP(*) () which is the mapping p,,) : L) (Q2) — R is defined by
()= [ [u*d
Pp(z) (U ’u €Ly
Q
for all u € LP(®) ().

Proposition 2.1. [8,16] If u,u, € LP®) (Q) (n = 1,2,...), then the following state-
ments are equivalent:

(i) T [y — ulyz) = O

(#0) Him pp ) (un —u) = 0;

(141) up — w in measure in Q and nlggo Pp(z) (Un) = Pp(z) (1) -

u ()
A

Proposition 2.2. [8,16] If u,u, € LP®) (Q) (n=1,2,...), we have
() o) < 1= 15> 1) & gy () < 1(= 15 1)

(i) ulpe) > 1 = (Ul < Py () < [l ulpe) <1 = |U|p(x < Pp(a) (w) <
ull |
(131) hm |un|p(z =0« hm 0 Pp(a y(un) = 0; hm |un|p =00 & nh_g)lo Pp(z) (Un) = 00.

The Varlable exponent Sobolev space Wl’p(‘”) (Q) is defined by

W@ (Q) = {u e LP@ (Q) : |Vu| € LP®) (Q)},

with the norm

HU’H = |u’p(x) + |vu‘p(m)7
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for all u € WHP@) (Q).

Denote by Wol’p(x) (Q) the closure of C° (Q2) in W) (Q); we know that [Vtu]p(z) is an
equivalent norm on VVO1 »(@) (Q). Moreover, it is well known that if 1 < p~ < p* < oo, then
spaces LP(*) (Q), WP (Q) and T/VO1 P(®) (Q) are separable and reflexive Banach spaces.

If we consider o) (u) = / (\Vu]p(x) + ]u\p(x)> dx instead p,(, (u), then the state-
Q
ments of Proposition 2.1 and Proposition 2.2 also hold for u, u,, € WP (Q).

Proposition 2.3. [7] Let p(x) > 1 for all xz € Q and ﬁ + ﬁ = 1. Then, for all
a,b>0

aP@) (@)
_l’_

ORI}

Proposition 2.4. [7] If p € C4 (Q), the conjugate space of LP(*) (Q) is LY (@) (),

where + ﬁ =1. For any u € LP@) (Q) and v € L @) (Q), we have

‘/ uvdx
Q

Proposition 2.5 [8,16] (i). Assume that the boundary 02 of Q possesses the cone
property, and p € C(Q). If ¢ € C(Q) and 1 < q(z) < p*(x) for any x € Q, then
Wr@) (Q) s LIE) (Q).

(i) If p,q € C(Q) and p(z) < q(x) for any x € Q, then WP (Q) — L&) (Q), and

also there is a constant ¢ > 0 such that

1
p'(z)

1 1
< (F + ﬁ) |u’p(x) |U‘p’(x) <2 ‘u’p(x) ‘U‘p’(x) :

1,p(x
ful g < ellull, Vu € Wy "™ ().

Proposition 2.6. The operator L satisfies the following propositions:

(1) L : VVO1 P(@) Q) — <W01 #() (Q)>* is a continuos, bounded and strictly monotone
operator;

(i7) L is a mapping of type (Sy), i.e., if up, — u (weakly) in Wol’p(x) (), and

li_>m (L(un) — L(u), up —u) <0,

then u, — wu (strongly) in Wol’p(z) ().

3. MAIN RESULTS

First, we state the assumptions imposed on the nonlinearity f, which appears in problem
(P). Let f : @ x R x RY — R is a continuous function which satisfies the following
conditions:

74



R. Ayazoglu (Mashiyev), S. Akbulutb, E. Akkoyunluc — Solutions for ...

(1)
Fla, t, [€PD 72 =0t <0,V (z,8) € Qx RY.
(f2)
f (zt,1eP@¢) _ .
lim = 0 uniformly for x € 2 and £ € R™.
t—0 |tP(®)—1
(f5)

N )

Jm |t|p(z)_1 = 0 uniformly for z € Q and ¢ € RY,

where p(z) < p*(z) Vx € Q, and p*(x) is the Sobolev critical exponent given by

P () = B i p(z) < N,
+oo ifp(z) > N.

(f1) (Ambrosetti-Rabinowitz’s condition). There exists # > p* and ¢, > 0 such that

0 < OF (.1, [ 7% ¢) = / o 6P 0t < 7, P2 ),
0

for all [t| > tg, x € Q and & € RY.
(f5) There exists constants a1, ap > 0 such that

F(x,t,|€P@72¢) > ay |t — ag, Vo € Q, £ e RV,

(fs) There exists constants L1 = L, and M > 0 such that

b1, P72 €) = Flata, 6P| < Lty — 2P = 1 <p(e) <2,

|t — ta
for all ¢1,t2 € [0, p;] (t1 # t2) and for all [£] < p,.

(f7) There exists constant Lo = L,,

[t 6P 72 6) = St 607 6)| < Lol - &P

for all t € [0, p;] and for all |&;],|&] < py, where p; and p, depend on p™ and 6 given in
the previous assumptions.

Moreover, in the proof of the main result related to problem (P), we use the well-known
vector inequalities (see [17])
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2
(P2 = wP@20) - -0 > o~ )— <@y <2 81
(Inl =+ [%1)
for all z € Q and 7,9 € RY, where ” -7 is the inner product usual in RY.

The following theorem is crucial to get the regularity of the solutions obtained in the
present paper.

Theorem A. (a) [10, Theorem 4.1] If f satisfies the growth condition
‘f (m,t, \g|P(x>*2g)‘ < O P 4 Co 7 4 O, V(2 t,€) € A X R x RY,

where C1,Co,C3 > 0and q € Oy (ﬁ) such that q(z) < p*(x) for all x € Q, then u € L>(Q)
for every weak solution u of (P).

(b) [10, Theorem 4.4] Let u € Wol’p(m) (Q)NL>* () be a solution of (P). If the function
p is log-Holder continuous on €, i.e., there exists a positive constant H such that

H
Ip(z) — p(y)| < m

then u € C%* (Q) for some a € (0,1).

(c) [11, Theorem 1.2] Let u € Wol’p(x) (Q)NL>®(Q) be a solution of (P). If the function
p is Holder continuous on Q, i.e., there exists a positive constant H such that

— 1
for z,y € Q with |z —y| < 3 (3.2)

p(x) = p(W)| < H |z —y|* for z,y € Q, (33)
then v € C* (Q) for some a € (0,1).

Theorem 3.1. Assume the conditions (f1) — (f7) hold. If in addition p also satisfies
(3.3) and 1 < p(x) < 2 for all x € Q, then problem (P) has a positive solution provided

LiLsp™ + LaLyp™ < p(p2_1), (3.4)
where 1 < p~ < pt <2 and L3, Ly > 1 are real numbers.

Moreover the solution obtained is of class CH* (ﬁ) for some o € (0,1).

A similar result was obtained at [2] in the case of 2 < p(z) < N for all z € Q.

The proof of Theorem 3.1 is broken into several parts listed as follows. Actually problem
(P) is not variational, due to the presence of the gradient in f, but ifone “freezes” the
gradient variable, that is one fixes any w in the variable exponent Sobolev space VVO1 p(@) (Q)

and considers the problem

{ —div (\Vu]p(x)_2 Vu) + [uP@ 2y = fz,u, Vw2 V) in Q, (P.)

u =0 on 0N
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The idea is to consider a class of problems such as (P,) through an iterative scheme
where any “approximated” problem has a positive Mountain Pass solution, say wu,. Since
problem (P,,) is in a variational setting, the weak solutions of it are the critical points of

the corresponding functional I, : W& #(@) () — R defined by

p(x) p(z)
Iy (u) = / [Val™ + Jul dx — / F(z,u, |Vw\p(gc)_2 Vw)dz.
Q p(z) 0

In a standard way we can prove that [, € Cl(T/VO1 #(@) (©),R). Our first results will be
about the solvability of (P,,) and bound estimates of its solutions.
We deduce that I, € CO(Wg ™ (Q) ,R) n (WP (2)\{0}, R) with
(I, (uw) , @) = / V|2 VuVpds — / f (x, u, |Vw[P® =2 Vw) pdx
Q Q

for all u € W™ (Q)\{0}, ¢ € WS *™ (Q).
We say that u € Wol’p(gc) () is a weak solution of (P,,) if

/ (V[P @2 VuVpds + / |ulP @2 ypda = / f (x,u, |V w|P®) 2 Vw) dx,
Q Q Q

where ¢ € Wol’p(x) ().
Consider the following functional

J(u) = / d.’]?, Vu € Wi’ .

*

and L=J": Wol’p(x) Q) — <W01’p(m) (Q)) , namely,

(L(u),v) = /Q (\Vu|p(x)72 VuVo + [uP)—2 uv) da,Yu,v € WoP'™ (Q).

Our proof is based on the famous Mountain Pass Lemma.

Lemma A.[23] Let E be a real Banach space, and I € C* (E,R) satisfies (PS) condi-
tion. Suppose
(i) there exists constants p > 0,a > 0 such that

I'lo, > 1(0) + o

with B, = {u€ W™ (@) : |lull < p}
(17) there is an e € E and |le|| > p such that I (e) < I(0).
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Then I(u) has a critical value ¢ which can be characterized as

¢y = inf max I (u)
el uey([0,1])

, where
['={yeC(0,1],E):7(0) =0, v(1) =e}.

Remark 3.1 A functional I satisfies the Palais-Smale (PS) condition for short, we
mean that if any sequence {u,} in E such that {I (u,)} bounded and I’ (u,) — 0 as
n — oo,admits a convergent subsequence.

Lemma 3.1. Let w € Wol’p(x) (Q). Then
(1) there exists constants p > 0, > 0 such that I, |op, > o with

1,p(z
B, = {ue Wy (@) : |lul < p};
(2) for o € C§° () with ||o|| =1, I, (to) = —o0 as t — oo.

Proof. (1). Let ||ul| < 1. From (f2) and (f3), there exists a positive constant C1,
independent of w, such that

_ 1
Flo,t,[6P772) < o 17 + Culel ™.

Then by Proposition 2.2 and Proposition 2.5, we have

p(z) p(z)
Iy, (u) = / [Vel™ + [ul dr — / F(z,u, |VwP® 2 Vw)ds
Q Q

p(x)
1 1
S p(z) p@)\ 1. p@) / 4(z)
z 5 Q(|Vu] + |ul )dw opF Q\u| dr — Cy Q|u| dx
1 + - +
> pt _ q q
> 5 lul Cymax {Jul?, Jul?" }

1 _
> o Il = O (el + ")

Since pt < ¢, there exist two positive real numbers p and « such that I, (u) > a > 0,
u € Wol’p(x) (Q) with ||lu|]| < p. First part of Lemma 3.1 holds.
(2). Taking an arbitrary vy € Wol’p(x) (©) /{0} and from (f5), we have

p(x) p(z)
I, (tvg) < / [Vewl™ + ltvl dr — / F(z, tvo, |VwP'® 2 Vw)da
Q p(x) Q

P
- (|vv0|p<x> + \UO|P<I>) dz — alte/ loo|? d + a2 9] .
b Q Q

IN

Since 6 > pt and |ug|” # 0 then I, (tvg) — —o0 as t — oo.
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Therefore, the second part of Lemma 3.1 is proved. B
The Mountain Pass theorem (see, e.g. [19,24]) implies the existence of a sequence

{un} C Wol’p(w') (©) such that
Iy (un) — ¢ and I, (up) — 0. (3.4)

Lemma 3.2. Let w € Wol’p(x) (Q). Then functional I, satisfies Palais-Smale (PS)
condition.

Proof. First, we show that {u,} is bounded in I/VO1 p(@) (©). Assume by contradiction
the contrary. Then, passing eventually to a subsequence, still denoted by {u,}, we may
assume that ||u,| — 0 as n — oo. By (f4) and (3.4) imply that for n large enough it holds

T+ew+ ||Un||
1
> Iy (un) - 5 <I1/U (un) 7un>
1 z - z)—
> o (|Vun|p( )+ Jun P )) dx—/ F(, tn, |Vw[P™ ™2 Vw)da
Q Q
1 p(x) p(x) 1 p@)-2
—= (\Vun| + |un| ) dx — —Up [ (2, Un, [V Vw)dz
0 ) q ot
1 1
> - - p(z) p(z)
(), (s
1 _ _
—/ [unf(x, U, Vw72 Vw) — F(2, Uy, | Vw2 Vw)] dx
{z€Qiu, (z)>to} ¢
1 N )
—/ {unf(x, U, | VWP "2 Vw) — F(z, up, Vw72 Vw)] dx
{z€Qiu, (z)<to} 0
11 P 1 p(z)—2 p()—2
z =57 llu]” - — Uy, f (2, Up, |Vw| Vw) — F(z, un, |Vw| Vuw)| dz
p ¢ {z€Qun, (x)>to} 0

where M = sup {%tf(x,t, \Vw]p(x)_g Vw) — F(x,t, |Vw\p(ﬁt)_2 Vw), [t < to}. Taking
into account that condition (f4) holds true, dividing the above inequality by ||u,| and
passing to the limit as n — oo we obtain a contradiction. It follows that {u,} is bounded

in W™ ().
Let g(u) = / F(z,u,-)dz, then ¢'(u,) — ¢'(u). Since I}, (un) = L (un) — ¢'(un) — 0,

we have L (u,) — ¢'(u,). From Proposition 2.6 it follows that u, — u. Therefore, I,
satisfies Palais-Smale (P.S) condition.

Lemma 3.3 Assume the conditions (f1) — (f7) hold. If in addition p also satisfies (3.3),
then problem (P.,) has at least one positive solution u,, € C1 () with o € (0,1), for any
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w E Wol’p(x) (Q) N CHe (Q). Further, there exist positive constants p, and py, independent
of w, such that |uw|coeg) < p1 and [Vuw|coag) < po-

Proof. Lemma 3.1 and Lemma 3.2 imply that the functional I, satisfies the Mountain-
Pass theorem implies the existence of a sequence {u,} C VVO1 #(@) () such that

Iy (un) — ¢y and I, (uy) — 0,
where
w = inf I, t)) >0,
Cw = Inf max (v (1))

and

= {yec (01w (@) :5(0) =0, 7(1) = Ten}

for some vp and T' given in Lemma 3.2. Since {u,} is bounded in VVO1 P(@) (©) and from
Proposition 2.5(i) we deduce that there exists a subsequence, again denoted by {u,}, and

Up — Uy (Weakly) in Wol’p(x) (Q),
Uy — Uy (strongly) in LP(*) (Q) for p (z) < p* (),
Up () = Uy () a.e. in

and also, arguing as [12, 13, 14], we have %—‘{Zf () — %“77;? (z) a.e. in Q. Further, using the
results argued in [4], we have

/ [V, [P®)~2 VunV<pdx—>/ Ve PP 72 Vi, Vda,
Q Q

and
/ \un]p(x)_z Uppdr — / \uw\p(x)_Q U ipd,
Q Q

for all ¢ € WO1 P(@) (©). Moreover, using again [4] and Lebesgue generalized theorem [5],
we get

[Vl 2 Vujeds 5 [, VP Vo)pds,
Q Q

for all ¢ € Wol’p(m) (Q). Hence, we obtain that (I, (uy), @) = 0 for all ¢ € Wol’p(x) (Q).
From (fy) and (f3), given € > 0 there exists a positive constant C; > 0, independent of
w, such that ‘f(a;,t, |¢[P@)=2 f)‘ < etP@=1 4 0 [t)7@ 7! for all ¢ € RY. On the other
hand, since ¢ € C (ﬁ) such that g(z) < p*(x) Vx € €, by Theorem A (a) we have
uy € L*®(Q), and hence u,, € WHPE) (Q) N L> (Q). Moreover, since the function p is
Holder continuous on € then by Theorem A (¢) we get u, € C1¥(Q) with a € (0,1)

Vw e WeP W @) ncte (). m
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Remark 3.2. We want to note that, if the assumption (3.3) is replaced by (3.2) in
Lemma 3.3, then by Theorem A (b) one concludes that u,, € C%(Q) with a € (0,1),

vw € W™ (@) ncle Q).

Lemma 3.4. Let w € Wol’p(z) (Q). There exists a positive constant Cy, independent of
w, such that ||uy|| > Ck, for all solutions u,, obtained in Lemma 3.3.

Proof. Since u,, # 0 is a solution of problem (P, ), we have

/ |vuwlp(x)+|uw|77($)
Q

dr = / £ (@, ty, [Vl 72 V) uy, da.
p(x) Q

Then, from (f2) and (f3), there exists a positive constant C3, independent of w, such that
‘f(ﬂﬁ,t, |¢|P(®)—2 f)‘ < 2}% P 4+ Oy [t for all € € RV, It is sufficient to consider
only the case ||uy|| < 1. Thus, by Proposition 2.2 and Proposition 2.5, we have

1 1
p(@) 4 9@) gy > p@) |1, P@) 4
o $+C’3/Q|uw| vz [ (1 ) o
1 +
q(x) p
Cs /Q|uw| de = opt [ |
- 1
Cillol™ 2 5= lluull”
ol L
Uy = 2p+C'4 = Ck.

The proof is complete. B

Lemma 3.5. Let w € Wol’p(z) (Q). There exists a positive constant C*, independent
of w, such that ||uy|| < C*, for all solutions wu,, obtained in Lemma 3.4.

Proof. Notice that

Iy (uw) < max I, (tvo) ,

with vy given as in Lemma 3.2. we get
Iy (uw)

" . .
< / (|Vvo|p( )+ Jwo [P )> dx — alte/ lvol? dz — a2 9] .
p Q Q

Since 6 > p* and |vg|? # 0, the map
"
teR+— p‘/ <|Vv0!p(‘”) - |vo|p(m)) dxr — alte/ lvol? dz — az |
Q Q
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attains a positive maximum, independent of w. So we get a constant C' > 0 such that
I, (uy) < C. (3.6)

By (3.6), we have

/ ’vuw’p(x)+|uw’p(w)
Q

d$§0+/ F(2, Uy, |V lP™ ™2 Vw)dz. 3.7
— F (s, [FuP V) (5.)

Define G = {x € Q : |uy| > to > 1}, where tg is given in (f5). Keeping in mind that u,, is
a solution from (f3) and (f;), we have

/ F(2, Uy, VPP 2 Vw)ds
Q

IN

/ F(2, Uy, |[Vw[P® 2 V) de + / F(2, Uy, |[Vw[P@ 2 Vw)da
oG G

‘to‘p(x) / |Vuw|p(x)
< 0 Vw7
< Cj (to—l— (@) |IO\G| + o 0 dx
pT p(z) p(z)
< G <t0+‘t0‘_ )!Q\G+/ Vo™ + luul™ .
P 0 0

Returning to equation (3.7), we have

1 1
(3-8)

jtol””
< C+Cy to+T |O\G],

where |Q\G| denotes the Lebesgue measure in RY of the set Q\G. Furthermore, we obtain

11 - tol” -

Thus,

The proof is complete. l

Now we are ready to show that problem (P) has a positive solution.
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Proof of Theorem 3.1. We consider a sequence {u, } C Wol’p(x) (Q)NCH* () as solutions
of

n

z)—2 T)—2 .
—Ap(z)Un + \un‘l’( )72y, = f (x,un, ]Vun_lyp( ) Vun_1> in Q, @)
u, = 0 on 01,

obtained by the Mountain Pass Theorem in Lemma 3.3, starting with an arbitrary ug €
Wol,p(:r) Q) N Che(Q), |uw|C°(Q) < p; and |Vuw|Co(Q) < py. On the other hand, using
(P),,1 and (P),,, we obtain the followings

/ |Vun+1|p(m)_2 Vuns1 (Vupsr — Vuy) de + / |un+1|p("’“ﬂ)_2 Unt1 (Upt1 — up) do
Q Q
= [ VP V) (i1 = )

Q

and

/ 1V tun P92V, (Vg1 — V) da + / |t P72ty (tpgr — ) d
Q Q
= / F (@, tn, Va1 P72 Vg 1) (ung1 — up) da.
Q
Then
/ <|Vun+1\p($)_2 Vi1 — |V [PE) 2 Vun> (Vups1 — Vuy,) dx
Q
+/ (|Un+1|p(r)_2 Unt1 — g [P un) (Unt1 — up) dx
Q
= / (f(x,um_l, IVun P2 Vu,) — F(2, tun, |V, [PE 2 Vun)> (Upt1 — up) dz
Q

+/ (f(x,un, ]Vun]p(x)_2 Vuy) — f(z,up, \Vun_llp(x)_z Vun_l)) (Unt1 — up) dz.
Q
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From Proposition 2.2 and Proposition 2.4, we get

/ 7 — P dz
Q

I — p[P®

p(2)(2—p(2))
< 2 — (Il +1l) = | 2
P2 (@) =G
(Inl + o) 7 | 1 | pe
2 p/2
@72
R e H<w+w><> i,
pelo—p*} || (0] + [v]) o )
(2-p)/2
= 2 max / |T] ¢2| (I) ’77""’1/”) )
pelp=pt} \J a (In| + [v|)"7"
1/2
< 2 max / In = 1/}2’ |77|+|¢|) x>d1‘>
pe{p=pt} o (In] + |¥]) p(x

Similarly

/ IV — Vo|P@ da
Q

B 9 p/2 1/2
2 max / [V V¢2’ dx <1 +/ (\Vmp(r) + ‘VWP(I)) dx) .
relp= 2t} \J a (|Vn| + [V|)?P@ 0
Considering the assumption 1 < p~ < p* < 2, and applying (3.1) we obtain
p/2
n—
max 5502 dx
vetr 3 \J o (il + [0
1 p/2
. p@)-2, e -2\ () dgc)
([ (P = P2 ) (- )

1 @-2 _1p@=2,\
< p__1<1+/9(|77|” n- PO ) - wm),

IN

and

/ |V — V|
max 2—p(z) v
pe{p=p*}J o (|Vn| + |VyY|)* P

Q

<
= o1
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1 1
2 2
Let 1+ </ (Inl + &))@ d:E) := L3 and 1 + </ (IVn| + V| )P@ da:) := L4.Then
Q Q
L3, L4 is bounded and L3, L4 > 1. Therefore,

[ =y as
Q
2L 2L o o

< S +pf’1/Q (1220 — [P 2 ) - (5 - ) d,

and
/ IV — Vo|P@) da
Q
2L 2L o o
< o 2 (19— 9u V) - (V- V) da,

Thus, if we choose M |Q| = ALatla) e have

p——1

Pp(z) (Unt1 — un) = / <‘Un+1 - un’p(x) + [Vupir — Vun|p(x)) dx
Q

2 (L3 -+ L4) 2L1L3
(p_ _ 1) P — 1pp(x) (Un+1 - U‘n)

IA

2LoL
+ _2 = / |Vun - Vun71|p(z)_1 ‘Un+1 — un| de — M |Q|
p~—1Jq
201 L3 2LoL,4 B
= P — 1pp(1‘) (un+1 - un) + b — 1 /Q |Vun - Vun,1|p(x) ! ‘UTH*l — ’U,n| dzx.

Applying Proposition 2.3 to the right-hand side of the above inequality, we get

ﬁp(m) (un+1 - un)

9L, L3
< p— — 1pp(a:) (U’?H-l - un)
2L2L4 1 p+ —1
+p— 1 [p—pp(a:) (Unt1 — tn) + Tpp(x) (U — Un—1)
_ (2Ll 2LyL4 : )
= =17 - ) e e T

2LoLy4 (pT —1
2_4(__1))pp(r) (Un, — un—1)

p(p

2L1L3p~ +2LoLy ( )+
D Upi1] — U
(p= —1)p= PE@ T == )

2LoLy (pT — 1)
Mpp(x) (Un — Un_1)

or

2L 1L3p™ +2Lo9Ly

9LoLy (pt — 1)
— 1) pp(x) (unJrl - un) < M

-—1) Pp(z) (Un = Un—1). (3.8)

p(p

p(p
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From (3.8), 1 — W > 0 holds. Thus

~ 2L2L4 (p+ — 1) ~
Upil — Up) < 2 (Un — Up—1) .

2LaL4(pt—1)
Let p~(p~—1)—(2L1L3p~+2L2Ly)
the triangle inequality consecutively, we get

:= K. According to (3.4), we have K < 1. Now, applying

/ Vg ir — Vun\p(m) dx
Q
< (TR TR g0 ) (G VP ds
Q
< (2(k—1)(p+,1)Kn+k71 + 2(k71)(p+71)Kn+k72 4ot Q(k,l)(p+,1)Kn> / \Vul B Vu0|p(x) e
Q

_ ik
< ot-n@t-n1 ATy / Vs — Vg™ das
1-K - Jo

Therefore, we obtain that

oyl - KR

ﬁp(m) (un+k - un) < 2(k—1)(p 1_ K Knpp(m) (Ul - UO).

Since lim K™ = 0, using Proposition 2.1 we have
n—oo

Tim it — | = 0.
Therefore, it follows that the sequence {u,} strongly converges in WO1 »(@) (©) to some
function u € VVO1 P(@) (Q), as it easily follows proving that {u,} is a Cauchy sequence in

Wol’p(w) (Q). Since ||u,|| > C, for all n, we have that u > 0 in Wol’p(x) (). m
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