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NOTES ON COMPLEX HYPERBOLIC FUNCTIONS
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ABSTRACT. Noting the derivatives for functions sinhz and coshz, we assume the
fractional derivatives for sinhz and coshz. Applying the fractional calculus (frac-
tional integrals and fractional derivatives), we consider generalized expansions for

functions sinhz and coshz. Also, the generalized expansion for f(z) = e* is consid-
ered.
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1. INTRODUCTION

Let A(a) be the class of functions f(z) of the form

(1.1) f(2) = apz® + a12°™ a2t 4 ...

[e.e]
= g anz®t"
n=0

for 0 < o < 1 which are analytic in the open unit disk U = {z € C: |z| < 1}. If
a=0in (1.1), then f(z) € A(0) becomes

[e.e]
(1.2) f(z) =ap+arz +agz*+--- = Zanz",
n=0

and that

(1.3) f(z2) = f(0) +

zZ+
n!

f©)_, ") — f™(0) ,
1 21 Z2+"':§_:0 e

This is the orginary Taylor expansion for f(z) € A(0). Therefore, for f(z) € A(a),
we have to consider the generalized Taylor expansion of f(z).
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To consider this problem, we have to use the fractional calculus (fractional integrals
and fractional derivatives) defined by Owa [1], Owa and Srivastava [2], and Srivastava
and Owa [3].

Definition 1.1 The fractional integral of order « is defined, for an analytic
function f(z) in U, by

(1.4 D i) = | et @0

where the multiplicity of (z — #)*!
when z —¢ > 0.

is removed by requiring log(z — t) to be real

Definition 1.2 The fractional derivative of order « is defined, for an analytic
function f(z) in U, by

5 DG = o (056 = s () )

where 0 £ o < 1 and the multiplicity of (z —t)™ is removed as Definition 1.1 above.

Definition 1.3 Under the hypotheses of Definition 1.2, the fractional derivative
of order n + « is defined by
n+—o dn (0%
(16) DI f(z) = (D2 (2)),
where 0 S < 1and n € Ng ={0,1,2,---}.

By means of Definition 1.2, we have that

(1.7) Dot — % (Dg—tzotm)

-z {ml— 5l <zta—+:>adt}

:1d{zn+1/01(1_oa+ndg} (2=t = 20)

I(1—a)dz ¢«
1 d | i1 I'a+n+1)
=~ (:"B- 1) = —o 0T on
I'l—a«)dz (2 (1-aatnt1)) I'(n+1) =

where B(z,y) is the beta function. Therefore, we know, for f(z) € A(«), that

(1.8) DS f(z) = DY (i anza+”> = i Wanzn.
n=0 n=0
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With the above, we know that

D2 f(0)

1. == .
(1.9) T Tt
Using
(1.10) DALF(0) = T(a + 2)ay,
we can write that

Da—i—lf(o)

1.11 ==
(1.11) U Tla+2)
In general, we see that

D £(0)

1.12 = T

(1.12) ¢ Na+n+1)

for0Sa<1andneNy  Consequently, we have that
o

D?—'_nf(()) a+n
> s

for f(z) € A(a) with z # 0. Therefore, we use this expansion (1.13) for f(z) € A(a).

2. EXPANSIONS FOR TRIGONOMETRIC FUNCTIONS

We discuss the expansions for complex hyperbolic funtions sinhz and coshz for z € U.
Noting that

(2.1) sinhz =~

2
and

z —z

(2.2) coshz = %,

2
we obtain that

—z _ ,z
(2.3) siniz = % = isinhz,
i
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that is, that

1
(2.4) sinhz = —sin(iz).
i

Therefore, if f(z) = sinhz, then

(2.5) f'(2) = cos(iz) = sin (zz + g) ,

(2.6) £"(2) = icos (iz + g) — isin(iz + ),
and that

(2.7) M (2) =" sin (zz + gﬂ> (n € Np).

With the above, we may assume that

(2.8) D2 f(z) =i ‘sin (zz + %W) 0=a<l)
and
(2.9) DOt f(2) = @ Lgin <iz +2 ;_ nﬂ')

for 0 < a <1 and n € Ny.

Remark 2.1 Applying the formula (2.8), we see that
(2.10)

f"(2) = Dr~* (DS f(2)) = Dy~ ° (io‘_lsin (iz + %77)) = " lsin (iz T gw)

for 0 < a <1 and n € Ny.
Now, we derive

Theorem 2.1 If the equation (2.8) is satisfied for f(z) = sinhz, then

LT lsin (242 )
(2.11) sinhz = Z 2Lyt (z e U-4{0})
o FNa+n+1)

where 0 < a < 1.
Proof By means of (2.8) and (2.9), we know that

(2.12) D2 £(0) = i sin (%w) 0<a<1)
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and

(2.13) DY £(0) = @ Lsin (O‘ ; n7r> (0<a<1,neN)

eachother. Therefore, using (1.13), we complete the proof of the theorem.

Making o = % in Theorem 2.1, we have

Corollary 2.1 If the equation (2.8) is satisfied for f(z) = sinhz with a = %,
then

L .
(2.14) sinhz = i i"72sin (#77) ey
’ — I'(n+32)
n=0

:—\ﬁ\/2 1—|—%z— 2 2 - 2% 23
VT 3 3-5 3:5-7

N 24 i 25 5
Z Z_...
3:5-7-9 3-5-7-9-11

for z € U—{0}.

Further, we consider the function coshz for U. Note that

(2.15) f(z) = coshz = ere - cos(iz).

This gives us that

(2.16) f'(z) = —isin(iz) = icos (iz + g) ,
(2.17) f"(z) = —i’sin (zz + g) = i%cos(iz + ),
and that

(2.18) f"(z) =i"cos (iz + gﬂ') (n € Np).

From the above, we can assume that

(2.19) DO f(z) = i%os (iz + %Tr> 0<a<1)
and

2.20 DY f(2) = i%cos ( iz + at o

( ) z 2

51



S. Owa, K. Toyoda, S. Ebata, M. Nakamura, T. Yamamoto, R. Yamato —

for 0 < aw <1 and n € Ny.
Remark 2.2 Using the formula (2.19), we have that

(2.21) ) (2) = D" (DY f(2)) = D"° (iacos (z’z + %w)) = i"cos (z’z + gw>

for 0 € o<1 and n € Np.
Now, we have

Theorem 2.2 [f the equation (2.19) is satisfied for f(z) = coshz, then

(2.22) coshz = Z ;(:(f 7(:[_%7117;) Lotn (z € U—-{0})
with 0 £ a < 1.
Proof Note that
(2.23) DYf(0) = i®cos (%77) 0<a<1)
and
(2.24) DO F(0) = i Mcos <O‘ ; nﬂ') (0<a<1),nel-{0}).

Therefore, the formula (1.13) implies the equality (2.22).
Putting o = 5 in Theorem 2.2, we have

Corollary 2.2 If the equation (2.19) is satisfied for a = %, then

o n+ti 2n+1
(2.25) coshz = Z "acos (B4 4 ™)
_ V2 L2 22 2 23

NS

1
n+3

3°T35° T3.5.77

24 25
_I._ 24_ 25_>

3:5-7-9 3:5-7-9-11
for z € U—{0}.
Finally, we derive

Theorem 2.3  If the equations (2.8) forsinhz and (2.19) for coshz are satisfied,
then

2, it eos (24 w) — isin (2f2)
(2.26) = 2 2 Jyatn (e N-{0})
ot MNa+n+1)
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with 0 £ a < 1 for z € U —{0}.
Proof Since

(2.27) e” = coshz — sinhz,

using Theorem 2.1 and Theorem 2.2, we see (2.26).
1

If we take o = 5 in Theorem 2.3, we obtain

Corollary 2.3 If the equations (2.8) and (2.19) are satisfied for o = %, then

i 2 3 .
(2.98) o = ﬂfc‘/ {(1 —i) - 2(1 +i)z - 327(1 i)+ 25 —(1+)2°

24 A 25 5
1— )% — 144
MR A Loy v pe vECR ks )
for z € U—{0}.
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