Acta Universitatis Apulensis No. 52/2017
ISSN: 1582-5329 pp. 33-45
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2017.52.04

COEFFICIENT ESTIMATES FOR NEW SUBCLASSES OF
MEROMORPHICALLY BI-UNIVALENT FUNCTIONS

S.B. JosHi, P.P. YADAV

ABSTRACT. In this paper, we have introduced and investigated three interesting
subclasses 37 (o, ), X5 (A, 5,7) and f]*B 1(B,7,9) of meromorphically bi-univalent
functions defined on A = {zeC:|z| > 1} and established their initial coefficient
estimates.
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1. INTRODUCTION

Let A be the class of functions of the form :

) =2+ an2" (1.1)
n=2

which are analytic in the unit disc U = {z € C: |z| < 1}. Let S denote the subclass
of A, which consists of functions of the form (1.1) which are univalent and normalized
by the conditions f(0) =0 and f’(0) =1 in U.

A function f € S is said to be starlike of order @ (0 < a < 1) in U if and only if

() -

and is convex of order @ (0 < a < 1) in U if and only if

R (1408 5 a0
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We denote these subclasses respectively by S*(a) and K(«).
Also, a function f € S is said to be d-spirallike of order v (0 <~ < 1) in U if

R (e”sz/((j)) > > ycosé

for some real ¢ such that |0| < g The class of such functions is denoted by Sy (4) .
It is well known that every function f € S has an inverse f !, satisfying f~! (f(2)) =

z, (z€U)and f (f_l(w)) = w, (w| <ro(f); ro(f) > i) .

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are
univalent in U. Let ¥ denote the class of bi-univalent functions in U given by (1.1).

A systematic study of the class ¥ was introduced in 1967 by Lewin [8], was
revived in recent years by Srivastava et al.[10]. Ever since then, several authors
investigated various subclasses of the class ¥ and obtain estimates on the initial
Taylor-Maclaurin coefficients |az| and |as| for functions in these subclasses.
( see, for example, [[3], [12], [13]] ).

In our present investigation, the concept of bi-univalency is extended to the class
of meromorphic functions defined on A ={z € C: |z| > 1} .

The class of functions

0o bn
9(2)=z+bo+) (1.2)
n=1

which are meromorphic and univalent in A and is denoted by X*.

Since g € ¥* is univalent, it has an inverse g~' = h that satisfies the following
conditions:
97 (9(x) =2 (z€A)andg(g'(w)) =w, (0<M <|uw|<o0),
where
- B
-1 o o n
g (w)_h(w)_w+30+zlwn (0< M < |w| < o). (1.3)

n=

A simple computation shows that

w = g(h(w)) = (bo+Bo)+w+

by + By By —b1By+bys Bs—bBi+bB2—2,By+b
1;:1_'_2 150 2, bs 1D1 15§ 20+3+.“

w2 w3
(1.4)

Comparing with initial coefficients in (1.4), we find that
b0+BQZO — Boz—bo
bi+B1=0 = Bj=-b
By —b1By+by=0 — By = —(bg + bobl)
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B3 —b1B1 + blBg —2boBy+b3=0 — B3 = —(bg + 2bgby + b%bl + b%) .
Equation (1.3) becomes,

b ba + bob bs + 2boba + b2by + b?
g7 (w) = hw) = w — by — 2~ 2T BEZOR TN
w w w

. (1.5)

Analogues to the bi-univalent analytic functions, a function g € ¥* is said to
be meromorphic bi-univalent function if g=' € ¥*. The class of all meromorphic
bi-univalent functions is denoted by ¥7%.

Estimates on the coefficients of meromorphically bi-univalent functions were
widely investigated in the literature of Geometric function theory. Recently sev-
eral researchers such as Halim et al.[5], Hamidi et al.[[6], [7]], Srivastavaet al.]9] and
Xiao et al.[11], introduced new subclasses of meromorphic bi-univalent functions and
obtained estimates on the initial coefficients |by| and |b1|. Also in [1], Babalola de-
fined and studied the class £)(3) of A\-pseudo starlike functions of order 3.

Motivated by the aforementioned work, in our present investigation, we intro-
duce three new subclasses of the class ¥ and obtained the estimates on the initial
coefficients.

In order to derive our main results, we recall here the following Lemma.

Lemma 1. ([4], see also ([2], p.41)). Let p € P, where P is the family of all func-
tions p, analytic in A for which ®{p(z)} > 0 and have the form

p(z):1+@+p%+p%+ ... ,(z€A). Then |p,| <2 for each n € N.
z oz z

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS ¥} (o, 3)

We define the class X7 | (a, 8) as follows:

Definition 1. A function g € ¥} given by (1.2) is said to be in the class ¥ (o, B)
if the following conditions are satisfied :

g/ or
arg ((1 B9+ 629’(Z)> ‘ <y (Eed) (21)
and
wlh ()] or
arg <<1 ~B)h(w) 1 ﬂwh’<w)> ‘ <5 WeEd (22)

where 0 < a <1, 0< B <1, A > 1 and the function h is the inverse of g given by
(1.5).
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We denote by 2’1‘3’/\(04,6), the class of functions which are meromorphic
strongly A-pseudo starlike bi-univalent of order « in A .
The estimates on the coefficients [bo| and [b;] for the class X7 | (a, 8) are given
as below.

Theorem 1. Let g given by (1.2) be in the class ¥ (o, 8). Then

2cy

< 2.

ol < = (23)
and VB a2
2v5 «

|l < ——— . 24

bl < 155 (2.4)

Proof. Let g € ¥% (o, ). Then by Definition 1, the conditions (2.1) and (2.2) can
be rewritten as

WP
1= B)g(s) + Bg(z) ~ PC)] (25)
and
wlh ()]
[ w)) = [qw)® (2.6)

(1 = B)h(w) 4+ Bwh!(w)
respectively. Where p(z), ¢(w) € P and have the forms

p1r P2 | P3
=14+—=+—=+—=+ ... cA
p(2) + p; +22 +z3+ (z )
and q 7 q
1 2 3
=1+=+=+=+ ... eA) .
gw) =1+ L+ BB wea)
Clearly,

1
o apr apy + 2Ny gala—1)(a = 2)pi +ala = pipz + aps
p(2))" = 147+ > + . +...

and

1
(@=1) 2 —ala—1)(a—2)¢ + ala—1)q1q2 + ags
aqr agy+ = q 1
lg(w)]* = 142+ 2 146 — +o

w2
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Also,
zlg' ()] _,_ =P [(1=5) = (1 =26+ Nby]
(1= B)g(2) + Bzg'(2) z 22
(= 8)°0 = (1= B)(2 =48+ Nboby + (1 =38+ 2\)ba]
23
and
wh' (w)]* o (=B | [(1=B)*bg + (1 =28+ \)b]
A= B)h(w) + full@) T w T T
Lla- BY3E + (142X + (1 — B)(2 — 48 + \)boby + (1 + 36 + 2)\)by] N

w3

Now, equating the coefficients in (2.5) and (2.6), we get

— (1 — 5)50 = apq, (27)
ola—1
(1= B8 — (128 + My = apy + 0=z, 2.8)
(1—=B)bo = aq, (2.9)
—1
(1= B+ (128 + by = ago + 20Dz (2.10)
From equations (2.7) and (2.9), we get
P1=—q (2.11)
and
2(1 - B)*05 = o*(p +af) -
Using (2.11), we have
o2p?
by = L. 2.12
"= pp (212
Applying Lemma 1, for the coefficient p; we have
4o 2a
2 < < .
o Sazpe T |bo|f1_ﬁ

Which gives the bound on |by| as given in (2.3).
Next, in order to find the bound on |b;|, by using the equations (2.8) and (2.10), we
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get

1 1
(1—8)"g — (1—2B84 )b} = 1a2(a —1)%piqi + 5042(04 —1)(p2q2 + p2d?) — *pags .

By simplifying and using (2.12), we have
1 1
(1 =28+ X% = a'py — Ja®(a = 1)*plaf — So®(a = 1)(pla2 + paai) — a’pagz -
Applying Lemma 1, for the coefficients p1, q1, p2 and g2 we get

(1 =28+ N?b1|? < 16a* 4 40%(a — 1)* 4+ 8a*(a — 1) + 4a>.

200
2 — 227
bi” = (1—-28+N2"
25 o2
b < 2
=l <55

Which gives the bound on |b;| as given in (2.4).
This completes the proof of Theorem 1.

3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS X5 (A, 3,7)

The definition of the class ¥;(A, 3,7) is as follows:

Definition 2. A function g € ¥ given by (1.2) is said to be in the class X5 (\, B,7)
if the following conditions are satisfied :

2lg’' ()
§R<(1—5)9(2)+ﬁzg’(z)> >y (2€4) (3.1)
and
wlh'(w)]*
" ((1 — B)h(w) + 5wh/(w)> >y (wel), (3.2)

where 0 < 8,7 < 1, A > 1 and the function h is the inverse of g given by (1.5).

We denote Y5(A, 5,7) the class of meromorphically A-pseudo starlike bi-
univalent function of order ~ .
We now derive the estimates on the coefficients |bg| and |b1| for the meromor-
phically bi-univalent function class X5 (A, 3, 7).

38



S.B. Joshi, P.P. Yadav — Coefficient estimates for new subclasses of ...

Theorem 2. Let g given by (1.2) be in the class ¥;(X, B,7). Then
2(1 )
1-p

] < 2(1 — ) /42 —87—1—5.

1—28+ A\

|bo| <

and

(3.3)

(3.4)

Proof. Let g € 3% (X, 8,7). Then by Definition 2, the conditions (3.1) and (3.2) can

be rewritten as follows:

2lg' ()
(1 =B)g(2) + B29'(2)

=5+ (1 —=7)p(2)

and
wlh (w)]* _
(1 _ B)h(w) + Bwh’(w) =7+ (1 - V)Q(w)

respectively. Where p(z), ¢(w) € P and have the forms

p(z):1+%+%+ii§+ L. (zeA)
and
q(w)zl%—%—l—%—l—%—l—... (weA).
Clearly,
() =14 B (ol (e

and

T4+ (=) = 1+ U _wwa 4 ;Z)qz a ;z)% +
Also,

2lg' (=) _ =Bk (1= 5)%5 — (1 =25+ )by

(1= B)g(2) + B29'(2) z 22

3
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and
wlh (w)* o (=B | [(1—B)*bF + (1 =28+ \)bi]
(1 - B)h(w) + Bwh!(w) bt w w?
N [(1—B)303 + (1 +2X + (1 — B)(2 — 48 + X))boby + (1 + 38 + 2))b2] N

w3

Now, equating the coefficients in (3.5) and (3.6), we get

— (1 =B)bo=(1—=7)p1, (3.7)
(1= 8)%05 — (1 =28+ A)b1 = (1 = 7)p2, (3.8)
(1=B)bo = (1=, (3.9)
(1=8)25+(1=28+Nb1=(1-7)g. (3.10)
From equations (3.7) and (3.9), we get
P1=-—q (3.11)
and
2(1 - B)%05 = (1 = )*(vi + i)
Using (3.11), we have
1—)%pi
o L= 3.12
0= 1By (342
Applying Lemma 1 for the coefficient p;, we have
2 Al —9)° 2(1 1)
<= <=
R A

Which is the bound on |bg| as given in (3.3).
Next, in order to find the bound on |b;|, by using the equations (3.8) and (3.10), we
get

(1=B)" 05— (1 =28+ 26} = (1 =7)* p2ca -
By simplifying and using (3.12), we have

(1 =28+ A)%b = (1—7)"pf — (1 —7)% pago.
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Applying Lemma 1 for the coefficients p1, ps and ¢o we get
(1=28+X)? b < 16(1 —7)* +4(1 —7)*.
4(1 —9)* [49* — 8y + 5]

b > <
baf” = (1—28+\)?2 ’
21 — ) /472 —
=>yb1\§( v) 4y 8y +5
1—-28+A

Which gives the bound on |b1] as given in (3.4). This completes the proof of
Theorem 2.

4. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS X} ,(8,7,0)

For the function g given by (1.2) with by = by = ... = by_1 = 0, some estimates
on the initial coeflicients can be obtained. We define the class ZE 7(B,7,9) as follows:

Definition 3. A function

bn

on

g(z) =z +bo+ ) (4.1)
n=~k

1s said to be in the class E*B7A(6,7, d) where 0 < B,y <1, A >1 and |§] < g, if the

following conditions are satisfied:

ei2]g ()] L
(e T Fe 7o) RGN 2
and
eiéw[h’(w)])‘
R <(1 — B)h(w) + Bwh’(w)) > vycosd (we A), (4.3)

where the function h is the inverse of g given by

h(w):w—bo—zi—w—... . (4.4)

We call i]*B 1(B,7,0) the class of weakerly meromorphic A-pseudo d-spiralike bi-
univalent functions of order v B

We now derive the estimates on the coefficients for the function class E*B’ 1 (8,7, 9),
we find the following result.
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Theorem 3. Let g given by (4.1) be in the class f)*B’/\(B,*y,é). Then

1
4(1 — 2)cos25)] 2k
|bo| < (41 + 0y = 2)eos™d)] (4.5)
1-p
and
(a) for each positive odd integer k,
1 1
2 |[T4~(y —2)cos?d] |[1+4k (1 +~(y—2)cos?d)k
bl < 4.6
x| < 1+ e — B(1+ k) ’ (4.6)
(b) for each positive even integer k,
1 i
2 /14~y —2)cos26 |1+ 2k (1 +~(y — 2)cos?5) 2k
|br| < (4.7)

1+ Me— B(1+ k)

o
b
Proof. Let g(z) = z+ by + E —Z Then by Definition 3, the conditions (4.2) and
z
n=k

(4.3) can be rewritten as follows:

ei(S 2 g (= A .
(1- 5>g<z[§](+ gzg%z) = ycosd + (" = 7cosd) p(2) (4.8)
and
e w [h (w) '
[ (w) = yc0s6 + (€ — ycosd) q(w) (4.9)

(1 = B)h(w) + pwh’(w)
respectively. Where p(z), ¢(w) € P and have the forms

_ b1 P2 P3
p(z)-l—l—;—l—;%—;—%... (z € A)

and ¢ ¢ a

1 2 3

q(w):l—i-a—l-ﬁ—i-@—i—... (weA).

Clearly,

i5 _ i5 _ 6 _
c0s8+(eP —cosd)p(z) = € (e —yeosd)py (e 75085)19;@ e vgifé)pm

z z z
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and

is i6

; ; €'’ — vycosé €'’ — ycosé
yeosd+(e —vycosd)q(w) = e +T+ . .+( ij Ja +( Z;k+1 Jai+1
Also,

e“zlg' ()] _ b (L= Bbo (=D)L B

(1= B)g(2) + Bzg'(2) 2 o 2

e[ = B)FHBET — (1+ Mk — B(L+ k))by]
k41

+ S

and using equation (4.4), we get

ew[h (w))* s is(1=B)bo e(1— )k

A Phw) + 8ol ¢ ¢  w Tt T

eB[(1 — AR 4 (14 Mk — B(1 + k))by]
wk+1 T

_|_
Now, equating the coefficients in (4.8) and (4.9), we get
¢ (=1)F (1= B)* b = (¢ — ycosd) pi, (4.10)
e [(=1)FF (1= BB — (1 Ak = B(1 + R)) bi| = (¢ = yeosd)pian , (411)
e® (1= B)Fbf = (€ — ycosd) gy
e [(1 — B)FFLBETE 1 (1 4+ Xk — B(1 + k) bk] = (" — yc0s6) Qo1 - (4.12)
From equations (4.10), we get

k(e —ycosd)py

P - B

Using Lemma 1, we get

o _ 20 — cosd)
)
by < [4(1 + (v — 2)cos?8)| 2k
0] > 1 _,B .
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Which is the bound on |bg|, as asserted in (4.5).
Next, in order to find the bound on |bg|, for each positive odd integer k, multi-
plying both sides of (4.11) by both sides of (4.12), respectively we get

20 (1 — B)RF2p2ET2 (1 4 Nk — B(1+k))? b2 | = (€% — 7c080)? Pri1 Qi1

0 _ 5 2
(1 M= 1+ R 8 = — (IO L gk i

By using Lemma 1 and considering the bound on |by|, we conclude that

1 1
2 | [T4+~(y—2)cos?d] |1+ 4%(1 + (v - 2)00326)%

b <

1+ e — B(1 + k) (4.13)

On the other hand, for every positive even integer k, from (4.12) and using the
Lemma 1 and also considering the bound on |by|, we conclude that

1 1

2 /14 (7 —2)cos25 |1+ 2k (1 + (v — 2)cos?s) 2k

|bk| < (4.14)

1+ Me— B(1 + k)

Equations (4.13) and (4.14) gives the bound on |bg| as asserted in (4.6) and (4.7)
respectively. Hence, complete the proof of Theorem 3.

Remark 1. By suitably specializing the various parameters involved in the assertion
of Theorem 1, Theorem 2 and Theorem 3, we can deduce the corresponding coefficient
estimates for several simpler meromorphically bi-univalent function classes.
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