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ABSTRACT. This paper involves constructed differential operators in concave
meromorphic function and studied its properties. In particular, coefficient bounds,
distortion theorem, and extreme points are obtained.
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1. INTRODUCTION

This paper concerns with class of functions which are analytic in the open unit disk
U = {z : |z] < 1} except for a simple pole at the origin. Also, this class attains
certain geometrical interpretation. Explicitly, mapping U onto a domain whose
complement is unbounded convex set.

Back to analytic functions of the form

fz)=2z+ Z anz®,
k=2

it is well-known fact, that the inequality
f"(2)
f'(z)

characterises conver functions that map the unit disk onto convex domain.
Due to the similarity, the inequality

/"(z)
f'(2)

§R{1+z }>O, zeU (1.1)

§R{1+Z }<07 zelU (1.2)
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is used sometimes as a definition of concave analytic functions (see e.g [11] and
others). However, Bhowmik et al. considered another characterisation of concave
analytic functions (see [6]).

In 2012, the condition (1.2) was used again and shown to be necessary and
sufficient condition of concave meromorphic mapping in the form

f(z):%+ao+alz+~- (1.3)

by Chuaqui, et al. [7].
Further in [7], the coefficients inequality

]a1|2 —1—3\a2| <1

was deduced by applied an invariant form of Schwarz’s lemma involving with Schwarzian
derivative.

Later, Challab and Darus studied on concave meromorphic functions defined by
Salagean Operator and Al-Oboudi operator respectively in [8, 9].

In [3], the authors estimated ay, for k = 2,3, ... for f of the form

1 o0
= ;+Zakzk. (1.4)
k=2

Let us consider the differential operators R , and DY which introduced respec-
tively in [10] and [4]. Then, the convoluted operator of both of them is

D af(z) = DY f(2) x Ry 5 f(2)

:< —i—Zl—i—)\ —1)] akz)*(i%—i[l—i—)\(k—l)]nC(ak)akz>
k=2

=2

1 o
:f+z 1+ Ak O, k) aiz”

=2

I

(1.5)
The operator ﬁg ) introduced in [1].

In the other hand, the authors in [2] introduced new differential operator by
means of linear combination of both Rf \ and DY as follows.

Nand (2) = (L =7)RLf(2) + DY f(2), z€l. (1.6)
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If f(z) is an meromorphic function of the form f(z) =1 4+ 3°2°, ay2*, then

NM—‘

=—+) [1+ "I+ (1 =) Cla k)]agz® (17)
k=2

D)\ay

Now let us define the classes of concave meromorphic functions involving con-
structed differential operator DY | a8 follows.

Definition 1. Let Cx (A, «,) denote the class of complex functions of the form
(1.4) and satisfies

(DX o~ f(2)"
R+ 22T 4 <0, z € U*, 1.8

{ (D4 1)) (13)
where A,y > 0, and a,n € Ny.

For constructed differential operator f)g y» we define the following class of con-
cave meromorphic functions.

Definition 2. Let Cx(\, «) denote the class of complex functions of the form (1.4)

and satisfies (~ #)
DTL}\ z "
RIT1+z———"— 0, z e U, 1.9

{+ (s f(Z))’}< - )

where A > 0, and a,n € Ny.

We begin with the coefficient bounds of the classes Cx (A, ,7y) and Cx (), «).

2. COEFFICIENT BOUNDS

First we obtain coeflicient bounds of the normalised concave meromorphic functions
of the form (1.4) as follow

Theorem 1. Let f(z) be of the form (1.4) and
> Kl < 1. (2.1)
k=2

Then f(z) is concave meromorphic function.
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Proof. Using the fact that Rw < 0 if and only if ‘g—ﬂ‘ < 1, we need to show that

(2)
1+zf,(z) +1 -1

f”(z) — 1 )
1+ 25705

and so

(2)
Ltemig 1 |12f(2) + 2f"(2)

L4248 -1 2f"(2)

;*22 +23 0% kapzt Tt + Z% + 30, k(k — 1)agzF1
2+ 30 k(k — 1agzk—1
S22 2k 4 k(k — 1)) agh!
2+ 30, k(k — 1)agzk—1

SR k(4 Dlar]
= 235, k(K — Dlal

The last expression is bounded above by 1 if
o o0
D k(k+ Dlag| <2 =) k(k —1)]axl,
k=2 k=2
which equivalent to (2.1). The other side of the assertion is trivial.

Therefore, f(z) is concave meromorphic function.

This result was obtained by the authors in [3]. For classes Cx()\, a,y) and
Cx (A, @) we provide the following theorems.

Theorem 2. Let f(z) be of the form (1.4), A,y > 0,a,n € Ny and
SR+ Ak — )" [+ (1 %) Clas )] ax] < 1. 2.2
k=2

Then f(z) € Cx(A, «,7).
Proof. Using the fact that Rw < 0 if and only if ‘g—ﬂ‘ < 1, we need to show that

(DY o D) (2)
1 + z (D;\Lya’:f),(z) + 1

(D} ., 1) (2)
T+ 28 The —

Aoy

<1

1

Following the steps of proof Theorem 1, the result is straightforward.
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Theorem 3. Let f(z) be of the form (1.4), A >0, a,n € Ny and
R[4 Ak = 1] Clo k) |ag|* < 1. (2.3)
k=2

Then f(z2) € Cx(\, a).

Proof. Using the fact that Rw < 0 if and only if

%ﬂ‘ < 1, we need to show that

)" (

L= fere T _
NN

L=t 1

Following the steps of proof Theorem 1, the result is straightforward.

The following two sections are concerting on the class Cx (A, a, 7).

3. DISTORTION THEOREM

The forgoing theorem obtain the the bound of |f(z)| for the class Cx (A, o, 7).

Theorem 4. Let f(z) be of the form (1.4)and in the class Cx(\, «,). Then for
z € U*

i 0 1 22
|f(2)] < ] +§24[1+A]" [’y+(1—’y)c(0472)]| |
and [e’s)
i 1 22
f(2)l = |z|+;4[1+/\]”h+(1 a2

Proof. Using Theorem 2 we have,

AL+ N" [+ (=7 Cl2)] Y lagl <Y K[+ Ak = D) [y + (1 =) Cla k)] fax] < 1.
k=2 k=2

That is,

% 1
; k| < AL+ N[y + (1 —7)C(a,2)]
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_ - 1 22
R E D ey e rore)

The other assertion can be proved as follows
1 o
1 k
LS
k=2
1 o0
> |- ai|z|*
> |2+ 2 ol

1 o0
2T > laxll=f?
k=2

o0

F (=) =

1

1 AT T (07 Ol 2]

1
> B

This completes the proof.

3.1. Extreme Points

In this subsection, extreme points of the normalised concave meromorphic functions
of the form (1.4) are obtained.

Theorem 5. Let fi(z) = L and fi(z) = %+kQ[H)\(kil)]n[}H(liw)c(a’k)} zF. Then f(2)
concave meromorphic function of the form (7.4) if and only if it can be expressed
in the form

F(2) =" fu(2),
k=1

where 6 > 0 and ) 2, 0 = 1.

Proof. Assume that

F(2) = okf(2).
k=1
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Then
=Z5kfk(z)
1 1 Sk
=01 +Z5k< R+ Ak = D" [y + (1= 7) Cla, k)] >
1
<25k> *Z‘SW[ T L eEa e e
1 1 Sk
Z+kz ka[ L+AE=D]"[v+ (1 —7)C(a, k)]~
Thus,
Zék%k@
k=2

:Zék:1—51<1.
k=2

Therefore, f(z) is a concave meromorphic function of the form (1.4).
Conversely, suppose that f(z) is concave meromorphic function of the form (1.4).

So

1
ﬁ’ (k:2,3,)
We can set
O = k2
6 :=1— Zak =1
k=2
Then,
1 <
flz)=-+ ag?
“ k=2

This completes the proof.

17



M. Al-Kaseasbeh, M. Darus — Concave Meromorphic Functions ...

Corollary 6. The extreme points of concave meromorphic functions f(z) of the
. k
form (1.4) are given by fi(z) = 1 and fg(z) = 1 + kQ[H)\(k_1)}na+(1_7)0(ayk>],

(k=1,2,3,..).
Proof. The proof follows by condition (2.2).
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