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CERTAIN INTEGRALS INVOLVING ALEPH FUNCTION AND
WRIGHT’S GENERALIZED HYPERGEOMETRIC FUNCTION
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ABSTRACT. The aim of this paper is to establish certain integrals involving prod-
uct of the Aleph function with exponential function and Fox-Wright’s Generalized
Hypergeometric Function. Being unified and general in nature, these integrals yield
a number of known and new results as special cases. For the sake of illustration,
four corollaries are also recorded here as special case of our main results.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, let C, R, Z~, and N be sets of complex numbers, real
numbers, and positive integers respectively. Also N g := {0} UN .

The Aleph function, which is a general higher transcendental function and was
introduced by Sudland et al. [9, 10], is defined in terms of the Mellin- Barnes type
integrals as following manner (see, e.g., [7, 8])

(aj, aj)1,n s oo [T (i, Qi) ]n+1vpi”“
(s B)1 s+ [7i (Ogis Bji) | moatgisr

Rlz] = R0 nir [Z
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where z € C- {0}, i=+/—1 and
I, T (b; + B;6) 74T (1 — a; — a;€)
iy w1 =i — B5:€) T, 1T (aji + i)

The integration path L = L;,~ (v €R) ranging from v — ioo to v — ioo; is a con-
tour of the Mellin-Barnes type, which separates the poles of I' (1 — a; — o) , (j =
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1, ...,n) from I'(b; +5;¢), (j = 1, ..., m). The empty product in (2) is in-
terpreted as unity. The parameters p;, ¢; €Ngwith 0 < n < p;; 1 < m < g
, T > O(i =1, ..., 7“) and Qaj o, Bj y Qi s Bji > 0 whereas aj, bj y Qji bjz' €C. The
existence of the R-function defined on (1) depends on the following conditions.
T
>0, |arg (2)| < 5% JA=1,...r (3)
and -
pr20, larg ()| < G l=1,.r and R(G)+1<0, (4)
where
n m Py q
o= i+ Bi—7m| Y au+ > Bal, (5)
j=1 j=1 j=n+1 j=m+1
and
m n q 1 1
QZij—Zaj—l—Tl Z bjl— Z aj +§(pl—ql) , =1, ...,r (6)
j=1 j=1 j=m+1 j=n+1

Remark 1: On setting 7; = 1 (¢ = 1,...,7) in (1), yields the I-function due to
Saxena [6], defined in following manner:

aj, o) ey (@giy @i)] ntips
Im,n 2 :Nmfﬂ 2] = Nm7n ' > ( 7 J/1mn> J J ,Di
piir 1= Npi00 1 1] P i 15T By Bi)im s Wbsis Bji) Ly g,
1 _
- M/LQZZ:ZJ;T (&) = éd&' (7)
where the kernel Q0 | (£) is given in (2). The existence conditions for the

integral in (7) are the same as given in (3)—(6) with 7, =1 (i =1,...,7).
Remark 2: If we set 7 = 1, then (7) reduces to the familiar H-function [3]

(CL‘7 O[) . 1 mn ¢
(b;’ Bj) :| N 27'['Z'/LQPZ'7Q7J71;1 (5) z75dE.
(8)

Hp%n [Z] = N;?:l,’gi,l; 1 [Z] = N;Z’gizl; 1 |:Z

are the kernel Q1. -, (§)can be obtained from (2).

For our purpose, we recall the Wright’s Generalized hypergeometric function 1
given by Wright [12] defined as:
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where v; and €;(¢ = 1,...,p; j = 1,...,q) are real and positive, and 1 + Z?Zl g5 —
Z?:l vj > 0.

To establish the integrals, we have also used the following result due to Rainville [4]:

SN Ak,n) =) Y A(k,n—k). (10)

n=0 k=0 n=0 k=0

2. MAIN RESULTS

In this section, we have evaluated three integrals involving product of the Aleph
function and Wright’s Generalized Hypergeometric function.

First Integral

_ ! p—1 0—1 —xz S n
Ilz/x (t—a) e phy (az® (t—2a)")
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(11)
where , N
_(e;+ vik)a

A(k) _ HZI—]_( J J ) - (12)
j=1 i+ gjk) k!

provided

1. >0, v > 0(not both zero simultaneously) such that v — p > 0,
2. ¢ and 7 are non-negative integers such that { +n > 1,

3. A; >0, B; <0; |arg(y)| < %Aﬂ(‘, Viel, .., r; where

n m Pi qi
A=+ Bi—7| > ait+ >, B,
=1 =1 j=nt1 j=mt1
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1 [*43 Di
BZ:§ _Qz Zb —ZCL] +Tl Z bji_ Z CLJ‘Z' s
j=m-+1 Jj=n+1
4. R (p) + pmini<j<m R (b;/58;)] >0, R(5) +vmini<j<pm [ (b;/8;)] >0
Proof: .
L=e " / Pt - x)afl et=2) g (az® (t —x)")
0

XNZ:Z«L,H:T [ywﬂ (t - x)v de,

(aj7 aj)lma"'?[ (G‘JZ? aﬂ)] n+1,p;r
(bj7 5j)17m7---7[ (sz 532)] m+1,q;;7

Substituting the e*=%)# by the infinite series 5 , (t_z)!uzu and rewriting the Aleph

(V) function and Wright generalized hypergeometric function the with the help of
(1) and (9) respectively, we obtain;

' t—x = 1 (ej + vjk) akxgk(t—a;)”k
L =e* / Pt —x)° !
0 uzzo Z (f5+ k) k!
=7t /t 2P (¢ — z)° ! ii 1 (65 + vik) abzvash (1 —o)"F e
0 uOkO L(fj+ gk) k!
1
; =&~ —v§
X5t ), Bobtorir (€) y™5a7HE (1 =)™ ded,
By means of (8), the above result reduces to
— %t /t 2 (- 2)" L ZZ 1 (e + vik) abask (¢ — g)1Fteh pluh)
0 uOkOHJ1ﬁ+aJ) k! (u—Fk)!

1
m,n £ _— —vé
X % /L Qpi,qi,n:r (5) Yy Ex e (t - .%') dfdl’,

Interchanging the order of integration and summation, we obtain

e # 6] + vy k‘) af =k 1 / . .
_ ak 0 (g
ZZ f] + €5 k) k!'(u—k)!2mi Jp PoOOTET &y

u=0 k= 0
t
0
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By replacing x = ts, the above equation becomes:

— fztthré 1 Zzu:

uOkO

1 1
Koy [ U (€ e O { [ R e e

211

L (ej + vjk) gkput(ctn—1k (u—Fk) '
L (f5+ € k) k! (u—k)

By using the definition of Beta function

—zttp—l—& 1 .
1 /LQm,n (f) F(P+§k—M§)F(5+U+( _1) _Ué-)yfft (u+v) £d€7

X — T
2mi Jy, PO T(p+d+u+(c+n—1k—(u+v)§

f]+5]k) KL (u—k)!

(13)
Finally, interpreting the contour integral by the virtue of (1) in the right-hand side
of the equation (13), we arrive at the desired result (11).

Second Integral

— ! p—1 0-1 —z2z2 S n
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(14)

provided

R(p) —p min [R ((a; —1) /a;)] >0, R () —v min [R ((a; —1)/ay)] >0,

1<j<n 1<j<n
along with the conditions (i) to (iii) given with I; and A(k) is given by (12).
Third Integral

_ ! p—1 0—1 —x=z S n
B= [ o =) e, (ant (t=0))
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XNZ;:ZZ-,H:T [y z (t - x)—v
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= e PO A(k gt
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(15)

provided

R (p) —i—,ulg;ignm R (b;/B;)] >0, R(6) —v min [R ((a; — 1) /aj)] >0,

1<j<n

along with the conditions (i) to (iii) given with I; and A(k)is given by (12).
Fourth Integral

—_ ! p—1 0-1 —z2 S n
M:iéx (t— ) ey (aas (t—2)")
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u=0 k=0
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pitlait+2,mr |Y ) )
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(16)

provided

1<j<n

Rip) = p i IR (6 = 1) fo)] > 0, R(E)+o0 min [R (/5] >0,
along with the conditions (i) to (iii) given with I; and A(k) is given by (12).

3. SPECIAL CASES

On taking v; = ¢; = 1 in equation (11), (14) (15), and (16), we get the following
four corollaries respectively, involving generalized hypergeometric function.
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Corollary 1.

¢
C) = /0 2Pt — ) e F, (axt (t—x)")

SO [y o (¢ - 2)"

(aja aj)l,n y ey [Ti (ajiv aji)] n+1l,pi;r dx
(bja ﬂj)l,m 3 ey [Ti (b]’H /Bﬂ)] m+1,q;;7

x© u (u—k)
__—atypt+é—1 Z ut(s+n—1)k
= e 7 ZZ@(k)(u_k)!t
u=0 k=0
X NTT%,TZ-FQ‘ . yt(u+v) (1=p—ck, ), 1=6—(n—1)k—u, 'U)v(aﬁO‘j)l,nv"'v[Ti(ajivO‘ji)]n.;_l,pi;r .
pi+2,q;+1,7;:m [ (1—p—b—u—(s+n—1)k, u+v), (bj7ﬁj)l,m""’[7i(bji ”Bji)]m+l,qi;'r
(17)
where . 3
- (ej+ k)a

i+ k) KD

provided that the conditions easily obtainable from those mentioned with (11) are
satisfied.

Corollary 2.

t
Oy = /0 V(=) e F, (aaf (t—2)")

ol (g )y s [T (@gis i) ] 1
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=e PO O(k) 2 put(stn—
>3 e 2
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(19)

Corollary 3.
t
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fpto-1 NN AR
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(20)

Corollary 4.
t
Cy = /o 2Pt — ) e R, (axf (t—x)")

XNZingi,n:r [y z (t - x)v

(aj, @g)y oo [7i (050, @Gi) | nvrpsr |
(b]7 Bj)l,mu'"a [Ti (bjl’ /BJ'L)] m—+1,q:;7

x U (u—k)
_ —ztypto—1 < ut(s+n—1)k
e E E O(k) (= F)] t

u=0 k=0
XNmI}’nt’}Q - t(—u-f—’U) (1—114—5—(7]—1)1{), U): (aj70‘]')17”a“~1[Ti(aji:aji)]n+1,pi;r .
P gie (ptsk,pn),(1—p—8—u—(s+n—1)k, v—p), (b5,8;)1 oo [7i (B » Bji) I mt1,q:7

(21)
Remark 3. Using (7) in (15), (16), and (21), make some suitable adjustment of
the parameters, we arrive at the known result given by Bhargava et al. [2].

4. CONCLUSION

The Aleph-function, expressed in this paper, is relatively basic in nature. Therefore,
on some suitable adjustment of the parameters on function, we may obtain various
other special functions such as I-function, Fox’s H-function, Meijer’s G-function,
etc. as its special cases, and therefore, various unified integral presentations can be
obtained as special cases of our results. Certain special cases of integrals involv-
ing generalized hypergeometric function have been investigated in the literature by
some of authors ([1, 5, 11, 12]) with different arguments. In this sequel, one can
obtain integral representation of more generalized special function, which has much
application in physics and engineering Science.
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