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ABSTRACT. In this paper, we obtained some condition on Poisson distribution

series and some related series to be in subclasses of analytic function. Also, we
investigate some mapping properties for these subclasses.
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1. INTRODUCTION

Let A denote the class of functions f(z) of the form:

f(2) :z+2anz", (1)
n=2

which are analytic in the open unit disc U= {z: z € C and |z| < 1}, and let S be
the subclass of all functions in A, which are univalent. For g(z) € A of the form

g(Z) = Z+ Zb’l’bzna
n=2
the Hadamard product (or convolution) of two power series f(z) and g(z) is given
by (see [3])
(f*9)(2) =24 D _ anbuz" = (g% f)(2).
n=2

Definition 1. For two functions f(z) and g(z) analytic in U, we say that the
function f(z) is subordinate to g(z) in U and written f(z) < g(z), if there ex-
ists a Schwarz function w(z), analytic in U with w(0) = 0 and w(z) < 1 such that
f(z) = g(w(z)) (z € U). Furthermore, if the function g(z) is univalent in U, then
we have the following equivalence (see [9]):

f(z) <9(z) < f(0) = g(0) and f(U) C g(U).
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Let S*(«) and K(«) denote the subclasses of starlike and convex functions of
order «, respectively. We note that $*(0) = §* and K(0) = K, the subclasses of
starlike and convex functions (see [8, 11, 13, 15, 16] and [19]).

Kanas and Wisniowska [6, 7] introduced the classes k — ST and k — UCV are
uniformly starlike functions and uniformly convex functions, respectively, as follow-
ing:

Definition 2. A function f(z) of the form (1) is in the class k — ST if it satisfies
the following condition:

AU ER UG

Definition 3. A function f(z) of the form (1) is in the class k—UCYV if it satisfies

the following condition:

) 24 e

Definition 4. [1/ withp =1 For -1 < A< B <1, 10| < 5 and 0 < a < 1,

the function f(z) € A is in the class L(A, B, 0;«) if it satisfies the subordination
condition

(k>0; ze ).

(k>0; z € ).

1+ Az
1+ Bz

e f'(z) < cos 6 [(1 —a) + a} + isin6.
Using the principle of subordination, f(z) € L(A, B,0;«) if and only if there
exists function w(z) satisfying w(0) = 0 and |w(z)| < 1 (z € U) such that

1+ Aw(z)

¢ f'(z) = cos {(1 - a)HTw(Z)

+ a] —+isin.
or, equivalently,

' e (f'(2) - 1)
Be f!(z) — [Be? + (A — B)(1 — «) cos 0]

‘<1(ze[U).

For suitable choices of A, B and «, we obtain some subclasses as following:
1. Let A = —1and B = 1, we obtain £(—1,1,0;a) = L(6;a) (0 < a < 1) the
class of functions f(z) € A satisfying the condition

“(f'(z) = 1)
el f'(z) — [e? — 2(1 — a) cos 0]

<
which introduce by [5].
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2. Let o = 0, we obtain L(A, B,6;0) = L(A,B,0) (-1< A<B<1,[0] <)
the class of functions f(z) € A satisfying the condition

e?(f'(z) = 1)
’Beiaf’(z) — [Be?® — (A — B) cos 0] <L

which introduce by [17].

3. Let A= —3, B= [ and 6 =0, we obtain L(—p, 3,0;a) = R(S,«) the class
of functions f(z) € A satisfying the condition

f'(z) -1
f'(z) +1 -2«

’<ﬂ 0<pB<1L,0<a<]; z€l),

which introduce by [4].

4. Let A= -3, B= 0,60 =0 and a = 0, we obtain £(—4,,0;0) = D(S) the
class of functions f(z) € A satisfying the condition

m‘<ﬁ (0<p<1;2€U),

which introduce by [2, 10].

Very recently, Porwal [12] introduce a power series whose coefficients are proba-
bilities of Poisson distribution:

e mnfl e
H(m;z):z+;m_1)!e mt (ze€). (2)
Also, we define the function
b(m, p;2) = (1 — p)H(m; 2) + pz(H(m; 2))’

:z+Z[1+u(n—1)]

n=2

n—1

(n—1)!

e 2" (u>0).

and

N, 3 2) = (1= b V(3 2) + (1 — Ao (B =)
+ uAZ?(H(m; 2))" (2 € Us p, A > 050 > )

n—1

:z—f—Z[l—l—(n—l)(u—/\—i—n,u,)\)] m e M2,

(n—1)!
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The properties of a function 1(m, u; z) was studied by Shukla and Shukla [18] and
Tang and Deng [20] with p = 1.
Now, we defined the linear operator A, : A — A defined by

[ ()I(2) = M(m, 2) x f(2)
- mn! -m _n
:z—|—7;2(n_1)!an6 zZ .

In this paper, we obtained some condition on Poisson distribution series and
some related series to be in subclasses of analytic function.

2. MAIN RESULTS

Unless otherwise mentioned, we assume that 0 < a <1, k>0, (0| <, -1 < A<
B<1,m>0, u,A>0and g > \. To prove our results, we will need the following
lemmas.

Lemma 1. [1] [Theorem 4, with p = 1] A sufficient condition for f(z) defined by
(1) to be in the class L(A, B, 0;a) is:

> n(1+ |B|)|an| < (B — A)(1 - a) cos?.

n=2
Lemma 2. [1] [Theorem 1, with p = 1] A sufficient condition for f(z) defined by
(1) to be in the class L(A, B, 0;a) is:
(B—A)(1—a)cosb
n

Lemma 3. [7] Let f(z) € A. For some k, the following inequality

|an‘ <

(n>2).

> 1
> nln = Dlanl < .
n=2

holds, then f € UCV(k). The number kiw cannot be increased.

Lemma 4. [6] Let f(z) € A. For some k, the following inequality

o0

S0+ k(n—1)lan| <1,

n=2

holds, then f € TS(k).
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Theorem 5. The sufficient condition for H(m;z) to be in the class L(A, B, 0; ) is

(B—A)(1—«)cosb

eyl < . 3
m-oe THLIS 1+ |B] (3)

Proof. Since
H(m;z) =z + Z L_lle_mz”, (z € U).
= (n—1)

By applying Lemma 1, we need to prove that

,in(l N |B)‘(;’”L"_1l)!em‘ < (B — A)(1 - a) cosf.
Thus,
~ net
T=3 i+ 1B pgge™
=(1+|B)e ™ iﬁ;ﬁrgﬁ]

=(1+[Bl)e™ mZTZ:Z—FZTZT]

n=0 n=1

: o0 mn o0 mn
— -m o R
= (1+|B])e m; p +n§:; o 1]
=(1+|B)[m+1-e".

But this last equation is bounded by (B — A)(1 — a)cosf if Eq. (3) is holds.
This completes the prove of theorem 5.

Corollary 6. Let A= —1 and B = 1 in Theorem 5, then the sufficient condition
for H(m; z) to be in the class L(0; ) is

m—e ™ +1<(1—a)cosé.

Corollary 7. Let o = 0 in Theorem 5, then the sufficient condition for H(m;z) to
be in the class L(A, B,0) is

_ (B — A)cosf
m—e "M +1< —F—
- 1+B|
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Corollary 8. Let A = —3, B =05, 0 =0 and a = 0 in Theorem 5, then the
sufficient condition for H(m;z) to be in the class L(—/,3,0;0) = D(B) is

2
T 1+8

Corollary 9. Let A = —f3, B = 3 and 6§ = 0 in Theorem 5, then the sufficient
condition for H(m; z) to be in the class R(f5; ) is

-m 2ﬁ(1_a)

Theorem 10. The sufficient condition for ¥)(m, u; z) to be in the class L(A, B, 0; )
18

m—e mM+1<

(B—A)(1—«)cosb

2 -m
+(1+2 — +1< 4
pm + (1+2p)m — e < 1418 (4)
Proof. Since
o0 mn—1
Y(m,pyz) =2+ ,;2[1 + p(n —1)] o= 1)!6*%”, (z € V).
By applying Lemma 1, we need to prove that
> mn—l
Zn(l +|B|) ’[1 + p(n —1)] (n = 1)'6_ <(B—-A4)(1— «)cosé.
n=2 ’
Thus,
e mn—1 B
fi= 3 n(1+ BDR+ = Dl e
[0 n—1 0
= (1+|B])e™ Z(l+2u)(n71)%+z +Z,un71 n72( )
Ln=2 ’ n:2 n=2

[ oo )

e mn—1
=(1+[Bl)e ™ Z(H?u ( Z Z(n_g)»
Ln n=3 '
= (1+|B])e™™ 1+2Nz m” ZTZ,+MmQZWZT]
i e 1l = nl

3 [ o > mn ) X mn
=@+ |Bl)e™™ +2NZ P ol
= n=0 n=0
= (1 + |B|)[um? +(1+2u)m+1—e ™.

But this last equation is bounded by (B — A)(1 — «) cos 8 if Eq. (4) is holds. This
completes the prove of theorem 10.
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Corollary 11. Let A= —1 and B =1 in Theorem 10, then the sufficient condition
for H(m; z) to be in the class L(0; ) is

pm? 4+ (1 +2)m —e ™ +1 < (1 — ) cosb.
Corollary 12. Let o = 0 in Theorem 10, then the sufficient condition for H(m; z)

to be in the class L(A, B,0) is

9 m (B—A)cosf
+(1+2 - +1< — "=
pm= + ( p)m —e 15 |B|

Corollary 13. Let A= -8, B = 03,0 =0 and o = 0 in Theorem 10, then the
sufficient condition for H(m;z) to be in the class L(—/3,3,0;0) = D(B) is

2

2 —m
pm”+ (1 +2um—e " +1< .
( ) 1+ 8]

Corollary 14. Let A= —3, B = and 0 = 0 in Theorem 10, then the sufficient
condition for H(m; z) to be in the class R(f5; ) is

_ 268(1 — «)
2 m

m +(1+2uym—e"+1< ——=,
[ (14 2p) 1513

Theorem 15. The sufficient condition for N'(m, u, \; z) to be in the class L(A, B, 0; )
18

(B—A)(1—«)cosb

AN+ (= A5pA)mP 4 (2u =20+ 1)mA-dpA —e” "+ 1 < 1+ B

. (5)

Proof. Since

N (my, p, A; 2) :z—i—Z[l—i—(n— D)(p— A+ npA)] ;n .e*mz", (z € U).

n=2
By applying Lemma 1, we need to prove that

o0

n(1+ |B|) ‘[1 +(n—1)(— X+ npd)] (Zl 01

n=2
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Thus,

o n—1

Iy = n(l+ BN+ (n—1)(u-xr+ nw]%e*m
n=2 — !

oo n—1 mn—1

- (1+|B‘)€77"[Z(1+2;/.—2/\)(7L—1)(m7 Z pp—

mn— mn—1

F S h— At N (- D -2y Z A(n = 1)(n — 2>(n—s>( m—

n=2 < 1)

mn— 2 -1 mn73
= (14 |B)e” "[Z(H-zu—zx)m [+ Z + Z(,u—)\-&-s;u\)m
n=2 - - ! n=3 (n —3)!
3 mn— 4
+ Z pAm - 4>']
oo n n 0o n 5 & mn
— (14 |B)e™ |:(1+2M—2)\)m2 +Z +(;L—>\+5/,L)\)m Z—l+,u,)\m Z—]
n=0 n=0 ™ =0 n!
’Vl ’V'L
=<1+|B\)e’"‘{m<1+2u—2x>z ,+Z—,—1+<u—x+sw)m Z BZ ,]
n=0 "™ n=0 " n=0 ! n=0 ™

=1+ |BDAm® 4+ (n = A+ 5pX)m? 4+ (1 +2u — 2X)m + 1 + 4pX — e ™ ™).

But this last equation is bounded by (B — A)(1 — a) cos 8 if Eq. (5) is holds. This
completes the prove of theorem 15.

Corollary 16. Let A = —1 and B =1 in Theorem 15, then the sufficient condition
for H(m; z) to be in the class L(0; ) is

pAm? + (1= A 5pA)m? + (2 — 20 + 1)m + 4pd — e +1 < (1 — a) cos 6.

Corollary 17. Let o = 0 in Theorem 15, then the sufficient condition for H(m; z)
to be in the class L(A, B,0) is

(B — A)cosf

pAm® + (= X+ 5pA)m® + (2u — 22+ 1)m 4+ 4pr — e + 1 < 1+ |B]

Corollary 18. Let A = —f3, B = (3,0 =0 and o = 0 in Theorem 15, then the
sufficient condition for H(m;z) to be in the class L(—p3,3,0;0) = D(B) is

2p
R

Corollary 19. Let A= —03, B = and 8 = 0 in Theorem 15, then the sufficient
condition for H(m; z) to be in the class R(f; ) is

pAm® 4 (= XN+ 5puX)m? + (2u — 22+ D)m +4pl —e ™ +1 <

26(1 —04).

pAm?® + (1 — A+ 5pA)m® + (2 — 2X + D)m 4+ 4ph —e ™ 41 < 1+ 8]
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3. INCLUSION PROPERTIES

Theorem 20. If condition

_ B—A)(1—«)cosb
m°+3m—e M+1< 1B (6)

holds, then [X,(f)](z) maps the class S or (S8*) to the class L(A, B, 0; ).

Proof. Since
> n—1
(P2 = 2+ 3 e e, (2 € U).
n=2 ’

By applying Lemma 1, we need to prove that

o n—1

S n(1+1B)) ]mm_l),

n=2

laple™™ < (B — A)(1 — «) cosb.

Using f(z) € S, then the inequality |a,| < n holds, we obtain that

I3 < Zn + |BJ) ”11) -
[ oo n—1 R,
=1 +[B)e™ > (n—1)(n—2) T +Z3 n—l) +Zm
Ln=2 n=2
[ o0 mn—1 > mn—l > mn—l

= (1+|Be™ 2Z'+3mz.+zn']
=(1+|Bl)e™ mzz%—}-?)mzn:& Z—l]
n=0 n=0

=(1+|B)m*+3m+1—e™.

But this last equation is bounded by (B — A)(1 — «) cos @ if Eq. (6) is holds. This
completes the prove of theorem 20.

Corollary 21. Let A = —1 and B = 1 in Theorem 20, then [Xn(f)](z) maps the
class S or (8*) to the class L(8; ) if

m?+3m—e ™ +1<(1—a)cosh

18 true.

97



R. M. El-Ashwah, W. Y. Kota — Some Condition on a Poisson. ..

Corollary 22. Let a = 0 in Theorem 20, then [X,,(f)](z) maps the class S or (S¥)
to the class L(A, B,0) if

9 —m (B—A)cosf
m°+3Im—e " +1< T
- 1+ B|

18 true

Corollary 23. Let A = —3, B = 3, 0§ = 0 and o = 0 in Theorem 20, then
[Xm(f)](2) maps the class S or (S8*) to the class L(—p,3,0;0) = D(pB) if

28

2 —m

m° + 3m — +1<
1+8/°

18 true.

Corollary 24. Let A = —f, B = 8 and 8 = 0 in Theorem 20, then [Xn(f)](2)
maps the class S or (S*) to the class R(B; ) if

28(1 —
m2+3m—e_m+1S76( a),
1+ (8]

18 true.

Theorem 25. If condition in Eq. (3) satisfied, then [X,,,(f)](z) maps the class K
to the class L(A, B, 0; ).

Proof. Since
oo mnfl . .
(X (N](z) = 2 + n§:2 e (D).

By applying Lemma 1, we need to prove that

o0

n—l
Z 1+ |B]) ’1)!

lanle™™ < (B — A)(1 — «) cos .

Using f(z) € S, then the inequality |a,| < 1 holds, we obtain the required result.
This completes the prove of theorem 25.

Theorem 26. If condition
1
B—A)(1- < —— 7
(B~ A)(1~ameost < 1. )
holds, then [X(f)](z) maps the class L(A, B, 6;«) to the class k —UCV.
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Proof. Since
0 n—1
n(PNE) = 24+ 3 e a2 €U,
n=2 '

By applying Lemma 3, we need to prove that

[e%S) _
mnl

(n—1)!

1
laple™™ < ——.

n(n_l)‘ ~ k42

n=2

Thus,

0 mn—1
I, < Z(n -1) n = 1)‘677”(3 —A)(1 —«a)cosb
n=2 ’

o) mn—l
= (B- A1 -a)eeosd ) T
n=2 .

=(B—-A)(1—a)e™mcosb Z %
n=0 ’

= (B —A)(1 —a)mcosb.

But this last equation is bounded by k%rz if Eq. (7) is holds. This completes the
prove of theorem 26.

Corollary 27. Let A= —1 and B = 1 in Theorem 26, then [X,,(f)](z) maps the
class L(0; «) to the class k — UCV if

2(1 —a)m o< ——
( )m cos st
15 true.

Corollary 28. Let a = 0 in Theorem 26, then [X,,(f)](z) maps the class L(A, B,0)
to the class k — UCYV if

1
— <
(B A)mcos&_k+2,

18 true
Corollary 29. Let A = —3, B = 3, 8§ = 0 and o = 0 in Theorem 26, then
[Xm(f)](2) maps the class L(—p,3,0;0) = D(B) to the class k —UCV if

28m < ——
fm <

18 true.
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Corollary 30. Let A = —f3, B = 8 and 8 = 0 in Theorem 26, then [Xn(f)](2)
maps the class R(B;«) to the class k — UCV if

1
28(1 —a)ym < Pk
18 true.
Theorem 31. If condition
(B—A)(1—a)cosf [(k—i—l—:l)(l—em)—kkem <1, (8)

holds, then [Xn(f)](z) maps the class L(A, B,8;«) to the class k — ST.

Proof. Since
> n—1
n(N)() = 2+ 3 e A", (2 € D)
n=2 :

By applying Lemma 4, we need to prove that

e mn—1
;(n(l + k) — k) ‘(n—l)' |aple”™ < 1.

Thus,

N m"! - — a) cos
I SZ(n(1+k)—k)(n_1)'@m(B A)(1 - a)cosb
n=2 .

M oo mnil 00 mnfl
=(B—-A)(1—a)e ™ cosh _;(1 + k)i(n T ;kn! ]
=(B—A)(1—-a)e ™cosh (k+1)z7z:l—:zznj]

L n=1 ’ n=2 :
=(B—-A)(1—a)e ™ cosb (k—l—l)(oonsl—l)—:l(ingl—l_m)]

L n=0 ’ n=0 ’

=(B—A)(1—«)cosb [(k+ 1-— %)(1 —e M)+ kem] :

But this last equation is bounded by 1 if Eq. (8) is holds. This completes the prove
of theorem 31.
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Corollary 32. Let A = —1 and B = 1 in Theorem 31, then [X,,(f)](z) maps the
class L(0; o) to the class k — ST if

)

(1—a)cosh {(k +1- %)(1 e 4 kem} <

N =

18 true.

Corollary 33. Let o = 0 in Theorem 31, then [ X, (f)](z) maps the class L(A, B, )
to the class k — ST if

(B — A) cosd [(k: F1- Ty em g ke—m] <1,

m
18 true

Corollary 34. Let A = —3, B = 3, 8 = 0 and o = 0 in Theorem 31, then
(X (f)](2) maps the class L(—p,3,0;0) = D(S) to the class k — ST if

[(k+ - Mg+ kem] < 21&’

m
1S true.

Remark 1. Putting 8 =1 and k = 0 in Corollary 34, we obtain the result obtained
by Porwal and Kumar [1/] Theorem 3.2, with A =1, B=—1, |t| =1, A\ =0 and
a=0.

Corollary 35. Let A = —f, B = 8 and 8 = 0 in Theorem 31, then [Xn(f)](2)
maps the class R(S;«) to the class k — ST if

k 1
1-— k+1——)1—-—e™™ ke ™| < —
(=) | (k1= )= e ke ™| < oo,
18 true.
REFERENCES

[1] M. K. Aouf, On certain subclass of analytic p-valent functions of order alpha,
Rend. Mat., 7 (8) (1988), 89-104.

[2] T. R. Caplinger and W. M. Causey, A class of univalent functions, Proc. Am.
Math. Soc., 39 (1973), 357-361.

[3] P. L. Duren, Univalent functions, Springer-Verlag, New York, 1983.

101



R. M. El-Ashwah, W. Y. Kota — Some Condition on a Poisson. ..

[4] O. P. Juneja and M. L. Mogra, A class of univalent functions, Bull. Sci. Math.
2¢ Ser., 103 (4)(1979), 435-447.

[5] S. Kanas and H. M. Srivastava, Linear operators associated with k-uniformly
convez functions, Integral Transform. Spec. Funct., 9 (2)(2000), 121-132.

[6] S. Kanas and A. Wisniowska, Conic regions and k-starlike functions, Rev.
Roum. Math. Pures Appl., 54 (2000), 647-657.

[7] S. Kanas and A. Wisniowska, Conic regions and k-uniform convexity, Comput.
Appl. Math., 105 (1999), 327-336.

[8] T. H. MacGregor, The radius of convezity for starlike function of order a, Proc.
Am. Math. Soc., 14 (1963), 71-76.

[9] S. S. Miller and P. T. Mocanu, Differntial Subordination: Theory and Applica-
tions, Series on Monographs and Textbooks in Pure and Applied Mathematics, Vol.
225, Marcel Dekker Incorporated, NewYork and Basel, 2000.

[10] K. S. Padmanabhan, On certain class of functions whose derivatives have a
positive real part in the unit disc, Ann. Polon. Math., 23 (1970), 73-81.

[11] B. Pinchuk, On the starlike and convex functions of order «, Duke Math. J.,
35 (1968), 721-734.

[12] S. Porwal, An application of a Poisson distribution series on certain analytic
functions, J. Complex Anal., Ar. ID 984135 (2014), 1-3.

[13] S. Porwal and K. K. Dixit, An application of generalized Bessel functions on
certain analytic functions, Acta Universitatis Matthiae Belii, Series Mathematics,
(2013), 51-57.

[14] S. Porwal and M. Kumar, A wunified study on starlike and convex functions
associated with Poisson distribution series, Afr. Mat., DOI:10.1007/s13370-016-0398-
2, 2016.

[15] M. S. Robertson, On the theory of univalent functions, Ann. Math., 37 (1936),
374-408.

[16] A. K. Sharma, S. Porwal and K. K. Dixit, Class mappings propertiws of convolu-
tions involving certain univalent functions associated with hypergeometric functions,
Electronic J. Math. Anal. Appl., 1 (2) (2013), 326-333.

[17] S. L. Shukla and Dashrath, On a class of univalent functions, Soochow J. Math.,
10 (1984), 117-126.

[18] N. Shukla and P. Shukla, Mapping properties of analytic function defined by
hypergeometric function, 11, Soochow J. Math., 25 (1) (1999), 29-36.

[19] H. M. Srivastava and S. Owa (Eds.), Current topics in analytic function theory,

World Scientific Publishing Company, Singapore, New Jersey, London, Hong Kong,
1992.

102



R. M. El-Ashwah, W. Y. Kota — Some Condition on a Poisson. ..

[20] H. Tang and G. T. Deng, Subordination and superordination preserving prop-
erties for a family of integral operators involving the noorintegral operator, J. Egypt.
Math. Soc., 22 (2014), 352-361.

R. M. El-Ashwah

Department of Mathematics, Faculty of science,
Damietta University,

Damietta, Egypt.

email: r_elashwah@yahoo.com

W. Y. Kota

Department of Mathematics, Faculty of science,
Damietta University,

Damietta, Egypt.

email: wafaa_kota@yahoo.com

103



	Introduction
	Main Results
	Inclusion Properties

