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CONVEXITY PROPERTIES FOR A NEW INTEGRAL OPERATOR

V. T. NGUYEN, A. OPREA, D. BREAZ

ABSTRACT. For some classes of analytic functions f, g and h in the open unit
(o7}
disk U, we define a new integral operator Hy,o(2) = [ [T, (glg?)g;(t» dt and
we study convexity properties of this general integral operator.
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1. INTRODUCTION

Let U = {z : |z| < 1} be the unit disk and A be the class of all functions of the
form

f(2) :z—l—iakzk, zeU (1)
k=2

which are analytic in U and satisfy the conditions f(0) = f/(0) — 1 = 0.

We denote by S the subclass of A consisting of univalent functions on U.

A function f € A is a convex function of complex order b, (b € C\ {0}) and type
A (0 < X< 1), if it verifies one of these condtions

L (2f"(2)
Re< 1+ — A
A ()b
We denote by C5(b) the class of these functions.
A function f € A is a starlike function of order 5, 0 < 8 < 1 if it satisfies one of

the conditions
zf’(Z)) 2f (2)
re (767) > 5 | 75

We denote this class by S*(3) .

12f"(2)

b () <1l-M\zeUl. (2)

< B,zeU. (3)
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We done by K () the class of convex functions of oder 5, 0 < 8 < 1 that satisfies
the inequality

f'(=)
A function f € A belongs to class R(8), 0 < g < 1, if

Re (Zf”(z) +1> > B, 2. (4)

Re (f'(2)) > B,z € U. (5)

A function f € A is a starlike function of the complex order b, b € C\ {0} and
type A, (0 < X\ < 1), if and only if

Re{Hi <f<(>) ‘l)} T )

We denote by S3(b) the class of these functions.

F. Ronning introduced in [6] the class of univalent functions SP(a, ), a > 0,
B €10,1). So, we denote by SP(a, 3) the class of all functions f € S which satisfies
the inequality:

L2/ G 1y sew (6)

2f'(2) 2f'(2)
f(2) f(2)

Silverman defined in [7] the class Gy. So, a function f € A is in the class Gy,
0 < b < 1if and only if

+a—-p3, zel. (7)

—<a+ﬁ>]gRe

‘1+ 2f"(z) 2] _ 12 ()

f'(z) f(2) f(z)
Uralegaddi in [8], Owa and Srivastava in [3] defined the class N'(8). So, a function
f € Ais in the class N(B) if it verifies the inequality

, zel. (8)

2f"(2)
Re<f,(z)+1><ﬁ, zeU, B>1. (9)

2. MAIN RESULTS

In this paper, we study new properties for a general integral operator defined by

o) = [ 11 (£0010)) " (10

0 j=1 \'™
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Remark 1. If we consider hi(z) = z, fori=1,2,...,n, in relation (10), we obtain

the integral operator:
2 7 t / @i
6= [T (7)) o (1)
i=1

introduced and studied by Adriana Oprea and Daniel Breaz in [2].

Remark 2. If fi(z) = z, hi(z) = z, fori =1,2,..n from (10), we obtain the integral
operator:

Favinson(2) = [ (0a(®)" a(0) (). (12)
introduced and studied by D.Breaz et all in [1].

Remark 3. Forn =1, f(z) = 2z, h(z) = 2, g1 = g, au = 7 = 7 from (10), we
obtain the integral operator:

G@zfngt (13)

studied in [4] and [5].

Theorem 1. Let f;, gi,hi € A, where g; € G,,0 < b; <1, fori=1,2,...,n. For
any M;, N; > 1, which verify

2f;(2)

fi(2)

for all z € U, there are «; real numbers, with a; > 0, i = 1,2, ...n, so that

2hi(2)

29,(2)
hz(z) 1

9i(2)

< N; and <1, (14)

> X

=1

In these conditions, the integral operator

oo [

fi(t)

hi(t)

i)

is in the class K()).
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Proof. We calculate the first and second order derivatives for H,, , and we obtain:

/ 1o ([ fi(z) » @i
a0 = 11 (752)
and
n N (£ N L) — fihiz) o filE) e
ol = Do (1590)) [ i)+ S
guGED)
ki

S 2f;(2)  zhi(2) g (2)  zg;(2)
= @i y -0 + i i - +1
i—1 [ fi(2) hi(z) =1 i(2) gi(2)
+ Z . Zg;(z) 1 (16)
— gi(2)
So, we have:
ZH;ZQ(Z) - Zfl (Z) n zh/(z>
/’ < Q; : + o L
Hn,a(z) ; fz(z) =1 hZ(Z)
20 (2)  zgi(2) "L | zg5(2)
T2 - 1+ ) o 1 17
; gi(2) 9i(2) ; gi(2) (17)
Since functions g; € Gp,, 0 < b; < 1, for i = 1,2, ..., n, using inequality (8), we get:
ZH (Z) n n Zg/ (Z) n Zg/ (Z)
— [ S )M+ Ny + > i ||+ ) i |— -1
Hn oz(z) Z_Zl ; gi(z) 7,_21 gi(z)
Siai(Mi‘f’Ni)—Fiaibi ORI +i0‘i 2g,(2)
i=1 i—1 9i(2) P gi(2)
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<3 ai(Mi+ Ny 420 +1) =1 - A, (18)
=1

So, the integral operator H, , is in the class K(\).
If we consider n = 1 in Theorem 1, we get the following corollary:

Corollary 2. Let f,g,h € A, where g € G,,0 < b < 1. For any M,N > 1, which
verify the conditions

2f (2) 29 (2)
f(2) 9(2)

for all z € U, with o > 0 is a real number, so that \=1—a(M + N +2b+1) > 0.
In these conditions, the integral operator Hyo(z) = [ (%gl (t)) dt is in the class
K(N).

!

zh/(2)
W | <N

— )

-1

— )

<1, (19)

Theorem 3. Let fz S S*(,Bl) and h; € S*(5Z) with 0 < 51,52 <1 and g; € ’C()\Z’),O <
Ai <1, fori=1,2,....,n. If a; are real numbers with a; > 0, for1=1,2,...n so that

D ai(Bi+ 6 — X +3) <1, (20)
=1

then the integral operator

Hoo) = [ T1(£850) " ar

0 =1
is convex of order p=1+>1" ; oi(Ni — Bi —6; — 3), for alli=1,2,....,n.
Proof. After the same steps as in the proof of Theorem 1, we get

Hual2) 0 2() o) | e 20 )
H, (2) _; " fil2) ; e +; Lgi(z)

Further, we obtain

2O I S AC NI SO I A
H';L,a(z) B ; Zfz(z) ; th(Z)_'_; Zgi(z)
S GRS E O IR ETAE)
R el R PR e e 3 Frieal
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S (‘_1

+1>+Zaz<

_ 1‘ + 1> + gai zg;/((;)

9

i

<Y Bt 1+6i+1+1=N] =Y oulBi+0—N\i+3). (21)
i=1 i=1
From (21), we get:

zH, (2)
m<2azﬁl+5 Ni+3)=1—p. (22)

So, the integral operator H,, ., is convex of order
p—1+ZZ L0i(Ni— B —0; —3), fori =1,2,..

If we consider n = 1 in Theorem 3, we get the following corollary:

Corollary 4. Let f € S*(8), h € S*(), 0 < < 1,0< 3§ <1 and g € K(N),
0 <A< 1. If ais a real number so that « > 0 and a(B+ 9§ — A+ 3) < 1, then the

integral operator N
Hl,a(z):/o <£g;g'(t)> dt

is convez of order 1 +a(A— 3 — 49 — 3).
Theorem 5. Let functions f; € SP( B),h 6 ((5,7]), with a >0 and § > 0,5 €

[0,1),7n € [0,1) and g; € N(N;), \i > 1 fori=1,2,....n. For any M;, N; > 1,i =
1,2, ....,n, which verify
2f1(2) zh.(2)
L < M;, |=— <N; for all z€U, 23
7.(2) hi(2) #)

there are o > 0 real numbers with a; > 0,1 =1,2,...,n, so that

n
p=1+ ai(M;i+N;+20+45— 27+ —1) > L. (24)
=1

In these conditions, the integral operator

9= [ MGEGso)

is in the class N'(p).
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Proof. From Theorem 3, we get:

zH” o(2) ; (2) ~  zg, (2)
—i— ai——=>+1
Hn,a Z f Z h — v gi(z)

— - i o — _ - o 2hy () _
‘; Z(ﬁ-(z) * 5) 2 Z(fw) o ”)

+Za15 n—a+ ) +Z <ZQZ 1>—Zai+1. (25)
i=1

We calculate the real part of both terms in the above expresion and obtain:
zH )
+Zaz(5 n—a+p) —i—Zaz <ng > Z%-Fl
= Z aiRe
i=1

: (2) . . Zh;(z) _
<fi(z) *la 5)) (hi(z) T 77))]

—}-Zazd n—a+pf) —l—Zal (Zgl ) Zal—{—l (26)

Since Rew < \w[, we have:

. zH,, o(2) ~ 2f1(2) o) zh(2) B
R(Hna<z>“> ?ﬁ(ﬁw“ m) (m@*“ 7”)‘

—i—Zalé n—a-+p3) +ZazRe< /;iz))+1)—iai+1

=1 =1

L),
S;az f(z)+(

—i—Zazé n—a+pf) —|—ZozzRe<ZgZ > Zaz—i—l (27)

=1 =1
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Since f; € SP(a, ), « > 0,5 € [0,1) and h; € SP(4,n), § > 0,n € [0,1), for
i=1,2,..,nand g; € N(\;),\i > 1,4 =1,2,...,n, we have:
2fi(2)

2fi(2) -
7.2 = e ( 28 ) rash

zh;(z) — (54| <Re (zh;(z)) Lo,

—(a+4

~—

and

Re (Zg’z (Z)) <A Ai>Li=1,2,.n, zeU

gl(z)
+ 5 -
) 1 < (Z)

Using above inequalities, we get:
zH (
+Zai(2a+25)—|—Zai(5—n—o¢—,8)—G—Zai)\i—Zai—i—l. (28)
i=1 i=1 i=1 i=1
From (28), we obtain:

= zh;(z

‘1‘2041 hl(z)
—1—20415 N+ 29) —1—2041(5 n—a+pf) —|—Zc«ZZ Zai—i—l
i=1

=1

Re(M—{—l)SZaiz +Zaza—ﬁ+2a)

n,x

n
=> ai(Mi+ Ni+20+45 = 2p+ X — 1) +1=p (29)
=1

So, the integral operator H, , is in the class N(p).

If we consider n = 1 in the Theorem 5, we obtain the following corallary:
Corollary 6. Let functions f € SP(«a,3),h € SP(d,n) with a > 0,0 > 0, €
[0,1),7 €[0,1) and g € N(N\), A > 1. For any M, N > 1, which verify

2f (2)
f(2)

<N, for all z€U,
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there is o real number with o > 0, so that
p=1+a(M+N+2a+40—-2n+r—1)>1.

In these conditions, the integral operator
z N t e
Hio(2) = t dt
=1

Theorem 7. Let f; € S5.(b), hi € S5.(b) gi € Cy,(b), with 0 < X\; <1,0<4; <1
fori=1,2,...n and b € C—{0}. Also, let o; be real numbers, with o; > 0 for
i=1,2,...n. If

is in the class N'(p).

n
0< 14> a2\ + 6 —5) <1,
=1

9= [ Ugse)

is in the class the Cy(b), with =1+ 31" @;(2X\; +6; — 5), fori=1,2,...,n.

then the integral operator

Proof. After the same steps from previous Theorems, we obtain:
ZO‘Z (2 _Z’%(Z)Jrzgz() _
fz hi(z)  gi(2)
Multiplying relation with 1/b, we get:

le;:,a(Z) < o 1 2f;(2) zh;(z) lzg;/(z)
b Hyalz) E_: z [b ( fi(z)  ha(2) ) ) ] '

=1

Further, we have
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LeHo ()| NS 1 (2f() = 1zhi(e) 14/ (2)
b ) | |2 Zb(ﬁ(?«) 201 hz(z>)+; b g(2)
no e s [ieme)| s (1)
S;az b () +; e +; e
1 |2fi) & o |t zhi(z)
S;O‘Z b‘( fi(2) +1>+; i b'( hi(z) “)
=~ |14 )
+; Z b' g;(2)
SO SN O
S (i (F5 ) 1)+ S5 (R 1) )
120 (2)
+; 1o gi(z)

Since f; € S3,(b), h; € S5.(b) and g; € Cj,(b) for i = 1,2,...,n, we have

i(zﬁi(iz))ﬂ)‘Sl—Ai, i(zzf’.?(w) 1>‘<1_‘5 and 1zgl<(>) i
So, we get: 1

1zH

b H, . (2) Zaz +1+Zaz ((1—d +1+ZO‘Z1_

= 2(2 -+ Zai(Q — &)+ Zai(l —\) = Zai(’é — 2\ — 0y).
=1 =1 =1 =1

Since 0 < 1+ 377", a;i(2X\ +6; — 5) < 1, we get, Hyq is in the class C,(b), with

w=1+ Z?:l Odi(2)\i +6; — 5).

If we consider n = 1 in Theorem 7, we get the following corollary:

Corollary 8. Let f € Sy and h € S5, g € C\(b) with0 <A <1,0<6 <1 and
be C—{0}. Also, let o be a real number, with « > 0. If0 <14+ a(2A+0—5) <1,

then the integral operator

Hia(2) = /0 ) (ig;g/(t))adt
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is in the class Cp(b), with p =14 a(2XA + 3 —5).

Theorem 9. Let f;, g;,hi € A, where g; € N(\;), with \; > 1 fori =1,2,....n.
For any \; > 1, and f;, h; verifying conditions

2fi(2) 2hy(2)

there are numbers o;; € R with oi; > 0 so that p = > | oi(Ni+1)+1 fori=1,2,...,n.
In these conditions, the integral operator

- [T (fo)
is in the class N'(). :

Proof. From the previous Theorems, we obtain

) (6 A 0
H (z)_;Z(fi(Z) (Z)+ ())

n,o

~1 <1, —1|<1,2€eU

Further, we get:

Hial) s (56 ) D3, ()
Hal) 3 Z(JQ(Z) 1) > 1(,%(2) 1>

n,a i=1

+ (a7} 29 / Zaz +1 (31)
i=1 92(

NEACTRNE-—-. e [
(5 ) =g (1) S (35 )

—i-zn:aiRe (Zg,’ (2) —|—1> —zn:aﬁ—l. (32)
: 9;(2) —

[

and

Since ¢g; € N(\i),i = 1, 2 ,n and Re(w) < |w| and applying the conditions from
the hypothesis of Theorem 9, (31) and (32), we get:

2H,, o(2) - 2fi () zh;(2)
Re| —/—"—F"~+1]| < o |~ -1+ ) a|———1
< Hn,a(z) ) ; fz(z> ; hl(z)
+Zai)‘i — Zal—i— 1
i=1 i=1
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SQZOéi—i-Zai)\i—Zai—l-l:ZO&Z'(AZ'—FI)—FI. (33)
i=1 i=1 i=1 i=1
So, Hy o is in the class N (p), where p=14"  ci(Ni+1),i=1,2,...,n.
If consider n = 1 and in Theorem 9, we get the following corollary:
Corollary 10. Let f,h € A, where g € N(\), A > 1 and f,h verify conditions
2f'(2)
f(2)

there is number a € R with o > 0 so that pp = a(A+1).
In these conditions, the integral operator
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-1 -1

<1,

<1l,zeUl,

is in the class N(u).
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