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CERTAIN CLASS OF ANALYTIC FUNCTIONS WITH VARYING
ARGUMENTS DEFINED BY THE CONVOLUTION OF SALAGEAN
AND RUSCHEWEYH DERIVATIVE

A. O. PALL-SzABO, O. ENGEL, E. SZATMARI

ABSTRACT. In this paper we derive some results for certain new class of ana-
lytic functions with varying arguments defined by the convolution of Saldgean and
Ruscheweyh derivative and we study the properties of the image of this class through
the Bernardi operator.
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1. COEFFICIENT ESTIMATES

Let A denote the class of functions of the form:
f(2) :z—i—Zakzk, (1)
k=2

which are analytic and univalent in the open unit disc U = {z € C: |z| < 1}.

Definition 1. [8]
For f € A,n € N, the Salagean differential operator .#" is defined by " : A —
A,
Sf(2) = f(2),

Sf(z) =21 (2),

Y"Hf(z) =2(S"f(2)) ,z€U
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Remark 1. If f € A and f(z) =z + Zakzk, then
k=2

S f(z —z+Zk‘ a2, z €

Definition 2. [7]
For f € A,n € N, the operator Z" is defined by Z™ : A — A,

#°f(2) = f(2),
B f(2) =2 (2),...

(n+1)Z" T f(2) = 2(Z"f (2)) +nZ"f (2),z € U.

Remark 2. If f € A and f(z) =z + Zakzk, then
k=2

k—
A" f(z +Z n+ akzkzeU

Definition 3. [1] Let n € N. Denote by %" the operator given by the Hadamard
product (convolution) of the Saldgean operator .#™ and the Ruscheweyh operator

R, SAE A= A,
SR f(2)=(S"«A%") f(2),z€U.

Remark 3. If f € A and f(z) =z + Zakzk, then
k=2

S A" f —z+zk n—l—k )aizk,zGU.

Definition 4. [5] Let f and g be analytic functions in U. We say that the function
f is subordinate to the function g, if there exists a function w, which is analytic in
U and w(0) = 0; |w(z)| < 1;z € U, such that f(z) = g(w(z)); Vz € U. We denote by
< the subordination relation.

Definition 5. For A > 0;-1 < A< B < 1;0 < B < 1;n € Ny let P(n,\ A, B)
denote the subclass of A which contain functions f(z) of the form (1) such that

1+ Az

A= NFZ" @)+ NIB @) < 5

(2)
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Attiya and Aouf defined in [3] the class Z(n, A\, A, B) with a condition like (2),
but there instead of the operator .Z#" they used the Ruscheweyh operator.

Definition 6. [10]

A function f(z) of the form (1) is said to be in the class V(6) if f € A and
arg(a) = 6 ,Vk > 2. If 35 € R such that 20, + (k — 1) = 7(mod 2m),Vk > 2 then
f(2) is said to be in the class V (0, d). The union of V (0, 0) taken over all possible
sequences {0y} and all possible real numbers § is denoted by V.

Let VP(n,\, A, B) denote the subclass of V' consisting of functions
f(z) € P(n,\, A, B).

2. MAIN RESULTS

Theorem 1. Let the function f(z) defined by (1) be in V. Then
f(z) € VP(n,\ A, B), if and only if

T(f) =) K'Cp (14 B)|ax* < B - A, (3)
k=2

where
(n+k—-1)!

Gy = [+ 1+ A= 1) (n+ b+ 1)) s

The extremal functions are:

B—A 0y Jk
=24+ > 2).
Jz) == \/kn+le(1+B)e (k= 2)

Proof. We work based on the technique used in [6].
Suppose that f(z) € VP(n,\, A, B). Then

14 Aw(z)

h(z) = (1= M(FR"f(2) + NS 2" f(2)) = 1+ Bu(z) (4)

where
w € H = {w analytic,w (0) =0 and |w(z)|<1,z€ U}.

From this we have
w(z) = 1—h(z)
~ Bh(z) - A
Therefore h(z) =1+ Z Crk™ ! |ag|? 257 and |w (2)| < 1 implies
k=2
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0
Z Ckk‘n+1 |ak|2 zk—l
k=2

= <1 (5)
(B—A)+ B> Cpk" |ay|* 2F
k=2
Since f(z) € V, f(z) lies in the V (0, ) for some {6} sequence and a real
number § such that 20, + (k — 1)6 = n(mod 2m),Vk > 2 .
Set z = e in (5), then

00
Z Ckkn+1 |ak|2 kal
k=2

= <L (6)
(B—A)—-B Z Crk™ Jag)? ¥t
k=2
Since R{w(z)} < |w(z)| < 1 we have
iC’kk”H lag |2k
R = <1 (7)
(B—A)— BZCkk”H |ag)? rF1
k=2
So -
> k(14 B) |ax* " < B - A (8)
k=2

and letting r — 1
[e.e]
> kTCL (14 B) |ax* < B - A
k=2
Conversely, f(z) € V and satisfies (3). Since r*~! < 1, we have

Z k,n—i—l |ak|2 Zk—lok < Z k,n+1 |akz|2 T‘k_ICk
k=2 k=2
<(B-A)—BY K" r" 1y
k=2
< (B — A) + BZ gt ]ak]2 Zk_lck

k=2
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which gives (5) and hence follows that

(L= MN(FZ"f(2)) + NS R  f(2)) = m
that is f(z) € VP(n,\, A, B).

Corollary 1. Let the function f(z) defined by (1) be in the class V P(n,\, A, B).
Then

B—A
|ak| < ,(k‘ZQ).
knt1Cy (1 4+ B)

The result (3) is sharp for the functions

B—A 0k k
— > .
fz) == ¢MH%%G+Bf #(k22)

3. DISTORTION THEOREMS

Theorem 2. Let the function f(z) defined by (1) be in the class VP(n, A\, A, B).
Then

B-A 2 B—-A )
— < < )
i \/2n+102 a+p A sVl \/2n+102 a+5 9)

The result is sharp.

Proof. We work with the technique used by Silverman [10]. We known that |ag| <

B—-—A
\/2n+10 G g 242" Ce SKTIC, (k2 2). Then
2

D ax] < HB -4 (10)
s AL CQ (1 + B)

This way we have

e e] [ee]
k 2
< T2+ larl [2* < [zl + 127 ) laxl,
k=2 k=2
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SO

N < 2]+ \/ s arE

Also, we have

e¢] o
k 2
= 12l =Dl 21" = J2] = [2* ) lax] -
k=2 k=2

—A
721~ \/ e

The result is sharp for the function

_ B-A i02 2
f(z)—z+\/2n+102(1+3)e z4,

at z = +|z| e 2

Corollary 2. Let the function f(z) defined by (1) be in the class V P(n, A, A, B).
B—-A
21 Cy (1 + B)

Then f(z) € U(0,71), where 1y =1+ \/

Theorem 3. Let the function f(z) defined by (1) be in the class VP(n, A, A, B).
Then

B-A ) B-A
- \/Qn_ICZ(HB) A< [f )] <1+ \/Qn_102(1+3) el an

The result is sharp.

Proof. We know that k2"t Cy < 2k"*1Cy, (k > 2). Then

oo
klag| < 2 .
Z; m”-’¢wﬂc 1+ B) ¢wz%&1+3)

This way we have

> B-—A
/ < < )
FOTES ERE DI 1+\/2n_1c2 Yol

k=2
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So

ZOO B-A
!/ > _ > _ .
‘f (Z)} — 1 ‘z|k:2k‘a’k‘ - 1 \/27’1—102 (1 +B) ‘Z’

Corollary 3. Let the function f(z) defined by (1) be in the class V P(n, A, A, B).
B-A
2”7102 (1 + B) ’

Then f'(z) € U(0,72), where ro = 1+

4. EXTREME POINTS

Theorem 4. Let the function f(z) defined by (1) be in the class VP(n, A, A, B),
with arg(ay) = 0 where 20y + (k — 1)d = 7w(mod 27),Vk > 2 . Define

filz) ==z

and

B-A
— v >
fr(2) Z+\/k”+1Ck(1+B)e & (k>22el).

Then f(z) € VP(n, A, A, B) if and only if f(z) can expressed by

z) = Z,ukfk(z), where pg > 0 and Z,uk =1.
= k=1

B-A <
Proof. Assume that f(z Zﬂkfk Z+Z PO, (11 B)Mkewkzk, fp >0

and Z,uk =1, then

k”“(]k 1+B) B-A
Z\/ \/kz”“Ck 1+ B)" Z“k_ L) < 1.

Hence f(z) € VP(n,\, A, B). Conversly, let the function f(z) defined by (1) be in
the class V P(n, A\, A, B), define

G, (14 B)
- >
ik \/ 54wl (k=2)

67



A. 0. P4ll-Szabg, O. Engel, E. Szatmari — Certain class of analytic functions ...

and

oo
pr=1-— Zuk-
k=2

o0
From Theorem 1, 3 pp <1 and so pu1 > 0. Since pgfx(2) = prz + arz”, then
k=2
o0 oo
Z,ukfk(z) =z+ Z arzt = f(2).
k=1 k=2

Theorem 5. Let

F(z)=1.f(z) = c:—cl /Zf(t)tc_ldt,c > —1
0

If fe VP(n,\,2a —1,B) then F € VP(n,\,25 — 1, B), where

(B -2«
ﬁzﬂ(o‘):Bgl_(CH)g((ig; +1)

The result is sharp.
Remark: The operator I. is the well-known Bernardi operator.

Proof. Let f € VP(n,\, 2a — 1, B) and suppose it has the form (1). Then

1 [? N
F(z):cjc /0 (t—i—Zaktk) et =

k=2

= +Zcikakz —z—i-Zbkz

k=2
Since f € VP(n,\,2a — 1, B) we have

o0
> kCL (14 B) |ag* < B - (20— 1)
k=2
or equivalently
S 2
> k" Cy (1 + B) [ag]

k=2 <1.
B—-2a+1 -
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We know from Theorem 1 that F' € VP(n,\, 28 — 1, B) if and only if

[e.9]

> KL (14 B) [bk]* < B— (28— 1)
k=2

or

= n+1 c+1 2 2
]C Ck (1—|—B> otk \ak\
k=2

B—28+1 =1 (13)

We note that the inequalities

2
KO+ B) () ol _KICL (14 B) oy
B_26+1 =T B—2a+1
imply (13). From (14) we have

Wk > 2 (14)

(c+1) _ 1
(c+k2(B-28+1) - B-2a+1

(c+1D)*B-2a+1)<(c+k)*(B—-28+1),Vk>2

B+1 (c+1)*(B-2a+1)
2 2(c+ k)2 '

Let us consider the function

p <

_B+1 (c+1)*(B-2a+1)

E
() == 2(c + )2 ’
then its derivative is :

(c+1)2(B—2a+1)
(cta)

E'(z) = > 0.

E(x) is an increasing function. In our case we need 8 < E(k) and for this reason

_B+1 (c+1)*(B-2a+1)

2 2(c+2)?

(c+1)%(B-2a+1)
(c+2)?

& (c+2%> (c+1)2.

we choose 8 = B(a) = E(2)

> 20 &

fla) >a< B+1—
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The result is sharp, because if

_ B—-2a+1 i0y 2
fa(2) _Z+\/2"+102 t+B)"

then
Fy=1.fo

belongs to V P(n, A\, 25—1, B) and its coefficients satisfy the corresponding inequality
(3) with equality. Indeed,

B—-2a+1 c+1 ;4 , B —25(a)+1 4 2
2(2) Z+\/2”+1C'2(1+B)c+2€ =T 20, (1+ B) *
and
B - 2B(a)+1

T(Fy) =2""'Cy (1 + B) =B —23(a) +1

2n+102 (1 =+ B)

Theorem 6. If f € VP(n,\, A, B) then F € VP(n,\, A*, B), where
2 _
o p_ CHUAB )
(c+2)

Proof. Let f € VP(n,\, A, B) and suppose it has the form (1). Then

> A. The result is sharp.

i +1akz —z+Zbkz
k= k=2

o0
Since f € VP(n, A\, A, B) we have Z E"TLCL (14 B) |ag|* < B — A or equivalently
k=2

S kO (14 B) |ag?

k=2
<1.
B-A -

We know from Theorem 1 that F' € V P(n, A\, A*, B) if and only if

Z k"HC, (1+ B) (CH) |ak)?

< 1,Vk. 15
B_ A =5 (15)
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We note that

2
n c+1 2
RO (14 B) (2 Jax _ KICL (14 B) |y
B _ A* - B — A

(16)

implies (15). From (16) we have

(c+1)? 1
(c+k)2(B—-A") " B-A

(c+1)*(B—A) < (c+k)*(B— A*),Vk>2
(c+1)2(B - A)
(c+k)?

A*<B-

Let us consider the function

(c+1)?>(B—A)
(c+x)2

E(x)=B-

its derivative is:
_2(B—-A)(c+1)?

E'(z) = ct ) > 0.

E(x) is an increasing function.
In our case we need A* < E(k),Vk > 2 and for this reason we choose
+1)% (B — A)
A =E@=B-
2) (c+2)2
We note that A* > A, because

(c+1)2(B - A)
(c+2)?

B—-A> S (c+2)?%> (c+1)%

The result is sharp, because if

_ B_A 02 2
ﬁm*”+¢WH@a+mez’

then
Fy=1.f

belongs to VP(n, A\, A*, B) and its coefficients satisfy the corresponding inequality
(3) with equality. Indeed,
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B-A c+1, , B—A* o,
h(2) Z+\/2n+102(1+3)c+2€ 2 =z+ 2n+102(1+B)e z

and B_ A*
_ on+l — _ _A*
T(F;) =2 02(1+B)2n+102(1+B)_B A*.

Theorem 7. If f € VP(n,\, A, B) then F € VP(n,\, A, B*),where

(A+1)(B—A)(c+1)?
(14+B)(c+2)*—(B—A)(c+1)*

B*> A+

The result is sharp.
Proof. Let f € VP(n,\, A, B) and suppose it has the form (1).
o]

Since f € VP(n, A\, A, B) we have Z E"FLCL (14 B) |ag|* < B — A or equivalently
k=2

S L (14 B) |ag]?

k=2
<1
B-A -

We know from Theorem 1 that F' € V P(n, \, A, B*) if and only if

> ECL (14 BY) |k < B - A
k=2

or
00 2
S KO (14 BY) () el
= <1. (17)
B*— A

We note that

2
n+1 * ctl 2
Ent1Cy, (14 BY) (;7) |a| _ EtiCy (1 + B) |ak|2
3 <

—— — Wk (18)

implies (17).
The inequalities (18) are implied by
(c+1)°(1+BY)
(c+ kP(B - A)

(1+ B)
B-A

<
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(A+1)(B—A)(c+1) vk o

Bz A (1+B)(c+k)?—(B—A)(c+1)*  ~

Let
(A+1)(B—A)(c+1)>

(1+B)(c+z)?—(B—A)(c+1)*

E(x)= A+

its derivative is

B(x) = —2(A+1)(c+1)*(B-A)(1+B)(c+2) ol

(1+B)(c+z)*—(B—A)(c+1)* ?

E(z) is a decreasing function. In our case we need E(k) < B* and for this reason

we choose
(A+1)(B—A)(c+1)?

(14+B)(c+2)?—(B—A)(c+1)*
B*<B& (B-A)(c+1)(1+B)<(1+B)(c+2)(B-A) ec+l<c+2.

B*=E(2) =

The result is sharp, because if

_ B—-A 02 2
fQ(Z)_Z+\/2n+102(1+B)€ o

then
Fy=1.f

belongs to VP(n, A\, A, B¥) and its coefficients satisfy the corresponding inequality
(3) with equality. Indeed,

B-A c+1 45 o B*x— A 0, 2
F — 02 — 109
2(2) =2+ \/2n+102 i1B)er2’ © *"Novgasrn)© 7

and B _ A
_ on+l1 * — T
T(F) = 2" C (14 BY) gy D
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