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QUANTUM CODES FROM CYCLIC CODES OVER A3

A. DERTLI, Y. CENGELLENMIS

ABSTRACT. In this paper, the quantum codes over F, are constructed by using
the cyclic codes over Az = Fo+uFs+vFs +wkFy +uvFs +uwFo+vwFy +uvwFy with
u? = u,v? = v,w? = w,uww = vu,uw = wu,vw = wv. Moreover, the parameters of

quantum codes over F, are determined.
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1. INTRODUCTION

Quantum error correcting codes are used in quantum computing to protect quantum
information from errrors. The first error correcting code was discovered by Shor in
[14] and independently by Steane in [1]. Although the theory quantum error cor-
recting codes has differences from theory classical error correcting codes, Calderbank
et al, gave a way to construct quantum error correcting codes from classical error
correcting codes.

Many quantum error correcting codes have been constructed by using classical
error correcting codes over many finite rings [2-16].

In [17], the finite ring Ay = Fa[vy, ..., vg)/ <2122 = v;, Vvj = vjvi> ,1<4,5 <k was
introduced.

In this paper, we give some knowledges about the ring Asz, in section 2. A
necessary and sufficient condition for cyclic codes over As that contains its dual is
given in section 3. The parameters of quantum error correcting codes are obtained
from cyclic codes over As. Some examples are given.

2. PRELIMINARIES

In [17], the finite ring Ax = Fyvy, ..., vx]/ <v3 = v, Vv = vjvi> .1 < 4,5 < k was
introduced firstly. By taking k = 3, we get the finite ring
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As = Fy4+ubFy +vFy +wFy + uvFy + uwFy + vwkFy + uvwky
o aj + uaz + vas + wa4 + uvas + vwae + vwary
- { +uvwag : a; € Fp,1 <1< 8 }
with v? = u,v? = v,w? = w,uv = vu,uw = wu,vw = wv. This ring has char-
acteristic 2 and cardinality 22° Tt is not a local ring. The only unit in the ring
Az is 1. It is a principal ideal ring. Moreover, it is clear that Ag is isomorphic to
Fsla,b,c]/ <a2 —a,b®> —b, ¢ —¢,ab—ba, ac — ca, bc — cb>.

We define the Gray map ® from A3 to F¥ as follows,
®: A3 — FS
a1 + uas + vas + way + uvas + vwag + vway + uvwag — ¢
where ¢ = (ag, a¢ + a7, a5 + az, a4 + as + ag + ay, a3 + ay, a2 + a3 + ag + ay, a1 + a3 +

as + ar,a1 + a2 + as + a4 + as + ag + a7 + ag).

This map ® can be extended to A% in obvious way.

Theorem 1. The Gray map ® is a distance preserving map from A3 (Lee distance)
to FS" (Hamming distance) and it is also Fy-linear.

The Hamming distance dp(z,y) between two vector x and y over Fy is the
Hamming weight of the vector = — y.

The Lee weight wr(x) of x = (zo,x1,...,2n—1) € A is defined as wr(z) =
wg(®(z)). The Lee distance dr(z,y) is given by dr(z,y) = wr(x — y) for any
x,y € AL,

A linear code C of length n over A3 is a Az-submodule of A%.

Lemma 2. Let C be a linear code of length n over As with rank k and minimum
Lee distance d, then ®(C) is a [8n,k,d] linear code over F;.

For any = = (z¢,...,Zn—1) ,¥ = (Y0, ---, Yn—1) the inner product is defined as

n—1
Y = Z TiYi
1=0

If xzy = 0, then x and y are said to be orthogonal. Let C be a linear code of
length n over R, the dual of C

Ct={z:VyeC,azy=0}
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which is also a linear code over R of length n. A code C is self orthogonal, if C' C C*+
and self dual, if C = C+.

Theorem 3. Let C' be a linear code of length n over As.If C is self orthogonal, so
is @ (C).

Proof. 1t is proved that as in [3]. B

Let
M = l+u+v+uw+w+uww+ vw + vow
Ay = u—+uv+ uw + wow
A3 = U4+ uv+ vw + wow
A = w+uw+ vw + uovw
A5 = uv + uvw
e = uw—+ uvw
A7 = vw + uvw
As = uwvw

8
It is easy to show that )\12 =X, \Aj=0and Y A\, =1, wherei,j =1,2,...,8 and
k=1

8
i # j. This show that A3 = > AgFs. Therefore, for any a € A3, a can be expressed
k=1

8
uniquely as a = > Agag, where a € Fy, for k =1,2,...,8.
k=1
If B; (i=1,2,...,8) are codes over Fy, we denote their direct sum by

Bi®By® ... Bg = {bl 4+ ..+bg:b; € B;,i = 1,...,8}
Definition 1. Let C be a linear code of length n over As, we define

Cy = {a€F}:3b,cde, f,gheFy,vel}
Cy = {beFy:3a,cde, f,g,heF}~yeC}
Cs3 = {c€F}:3ab,de, f,g,heF vel}
Cy = {d€F}:3ab,ce f,gheFy vel}
Cs = {ee€Fy:3a,bcd, f,g,heFy,veC}
Cs {f € F3 : Ja,b,c,d,e,g,h € Fy',v € C}
Cy {g € F} : Ja,b,c,d,e, f,h € F}',ve€ C}
Cs = {h€Fy:3a,becde, fgeFy,~vel}

where v = A1a + Xob + A3c+ Ad + Ase + A f + Avg + Agh.
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It is noted that C; (i = 1,...,8) are linear codes over F». Moreover, C' = A\;C @
.. ® AgCg and |C| = ‘Cl| ‘02| |Cg| .

8
Theorem 4. Let C = Y N\;C; be a linear code of length n over As. Then ct =
i=1

8
S NG
i=1

Lemma 5. If G; are generator matrices of binary linear codes C; (i = 1,...,8),
then the generator matriz of C is

MGy
Ao Go

AsGig

Let dr, minimum Lee weight of linear code C over As. Then,

dp = dg(®(C)) = min{dp (C1),dr(C), ...,dn (Cs)}

where d(C;) denotes the minimum Hamming weights of codes C1, Cs,...,Cg, respec-
tively.

Proposition 1. Let C' = Z A C; be a linear code of length n over As, where C;

=1
are codes over Fy of length n for i =1,...,8. Then C is a cyclic code over As iff
Ci,i=1,...,8 are all cyclic codes over FQ.

Proof. Let (a%,ail, ...,afl_l) € (;, wherei =1, ...,8. Assume that m; = Ala}—i-)\ga?—i-

.t AgCL? for i = 0,1,...,n — 1. Then (mg,m1,...,my—1) € C. Since C is a cyclic
code, it follows that (M 1,m0,.. mn—2) € C. Note that (Mp—1, M0, ey Mp—2) =

M (a1, a0, - Gy _g) + .+ As(af, l,ag,...,a%_Q) Hence (aj,_y, ap, ---, a;,_p) € Cy,for

i =1,...,8. Therefore, C1, Cs,...,Cs are cyclic codes over Fj.

Conversely, suppose that C1, Cs,...,Cg are cyclic codes over Fy. Let (mg, my,...,mu—1) €

C, where m; = A\a} +Xoa? + ...+ Agab fori = 0,1,...,n—1. Then (ao,al, @l 1) €

C; for ¢ = 1,...,8. Note that (mn_1,m0,...,mn_2) = M(al_j,ad, . al o)+ .. +
As(ad_j,ad,....a8_5) € C=X\C1@ ... \sCs. So, C is a cyclic code over Aj. |

8
Proposition 2. Suppose that C = Y X\;C; is a cyclic code of length n over As.Then
i=1

= (M f1, X2 f2, s A fR)
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where f1, fa,...,fs are generator polynomials of C,Ca,...,Cyg respectively.

8
Lemma 6. For any cyclic code C = > \;C; of length n over As, there exist a

unique polynomial f(x) such that C = (f (x)) and f(x) | 2™ — 1 where fi(x) are
the generator polynomials of Ci,i = 1,2,...,8 and f (z) = A fi(z) + Aafe(x) + ... +
Asfs(z).

8

Lemma 7. Let C = Y \;C; be a cyclic code of length n over As, where Cy, Cy,...,Cy
i=1

are binary codes. Then

Ct = (A\hl + Mohl + ...+ Xghy)

where for h}(x) are the reciprocal polynomials of h; (z) = (2™ — 1) /f; (z), that is,
e (z) = gdeehi@h; (271) fori=1,2,..,8.

Lemma 8. A cyclic code C with generator polynomial f (x) contains its dual code
uf

2" —1=0(mod ff*)
where f*(x) is the reciprocal polynomial of f(z), [7].

3. QUANTUM CODES FROM CYCLIC CODES OVER Aj

Lemma 9. Let Cy and Cy be linear codes over Fy with parameters [n, k:1,d1]q and

[n, k2, ds],, respectively and Cy- C Cy. Furthermore, let

q}
d = min{w;(v) : v € (C1\C3) U (C2\CF)} > min{dy, da}

Then, there exist a quantum error correcting code C with parameters [[n, ki + ko — n, d]] ”

In particular, if C’f C (4, then there exist a quantum error correcting code C' with

parameter [[n, 2k —n, d]], where d; = min{w;(v) : v € C1\C{}, [11].

Theorem 10. Let C be a cyclic code of arbitrary length n over As, where f (x) =
Mfi(z)+Aafa(z) +...+ As fs (), then C+ C C iff 2 —1 = 0 (mod fi(x) fF(z)) , where
f(x) are the reciprocal polynomials of f;(x) respectively, fori=1,2,...,8.

7

Proof. Let 2™ — 1 = 0 (mod f;(z) f¥(x)) for i = 1,2, ...,8. By using Lemma 8

1

C’iL C C; fori=1,2,...,8. By using this, we get

NiCE C NGy
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8 8 8
for i = 1,2,...,8. Hence, )\jC’j- C > XCj. So, we have <Z )\jhj(x)> -
j=1 j=1 j=1

8
<Z )\jfj(x)> . This implies that C*+ C C.
j=1
8 8
Conversely, if C+ C C, then Zl )\jC’jL - 21 A;jC;. Since C; are the binary codes
J= j=
such that \;C; is equal to C mod \;,¢ = 1,...,8, we have CZ-J- C C;i=1,...,8. So,
2" —1=0(mod f;(x)f*(x)),i=1,....,8. &

2

8
Theorem 11. Let C = Y \;C; be a cyclic code of length n over As. If Ci- C C;
i=1
where i = 1,2, ....8, then C+ C C and there exists a quantum error-correcting code
with parameters [[8n,2k — 8n,dL]], where dy, is the minimum Lee weight of the code

C and k is the dimension of the code ®(C).

4. EXAMPLES

Example 1. Letn =17

T 1=+ D)@ +r+1)@>+22+1) € F[a]

Let fi(z) =23+ 2 +1,i=1,2,....8. Thus C; are [7,4,3] linear codes of length 7.
So, ®(C) is [56,32,3] linear code. Clearly, C+ C C. Hence we obtain a quantum
code with parameters [[56,8, 3]] .

36



A. Dertli, Y. Cengellenmis — Quantum Codes from Cyclic Codes over As

n C; ¢(C) [NV, K, D]]
4 4,3,2]  [32,24,2]  [[32,16,2]]
8 8,6,2)  [64,48,2]  [[64,32,2]]
14 [14,11,3]  [112,88,3]  [[112,64,3]]
15 [15,8,4]  [120,64,4]  [[120,8,4]]
30 30,17,6] [240,136,6]  [[240,32,6]]
31 31,21,5] [248,168,5  [[248,88,5]]
31 31,16,7] [248,128,7]  [[248,8,7]]
64 [64,45,8] [512,360,8] [[512,208,8]]

5. CONCLUSION

In this paper, we have given the structure of cyclic codes over A3 = Fo + ulFy +
vy + wFy 4+ woFy + wwFy + vwFy + uwvwFy with v? = u,v? = v, w? = w,w =
VU, uWw = wu, vw = wv. to obtain quantum codes from cyclic codes over this ring.
We have established a method to obtain self-orthogonal codes over F5 as the Gray
images of cyclic codes over the ring As. Finally, we have constructed some examples
of quantum codes to illustrate the main result in which some of them are new in
literature.

REFERENCES
[1] A. M. Steane, Simple quantum error correcting codes, Phys. Rev. A, 54 (1996),
4741-4751.

[2] A. R. Calderbank, E. M. Rains, P. M. Shor, N. J. A. Sloane, Quantum error
correction via codes over GF(4), IEEE Trans. Inf. Theory, 44 (1998), 1369-1387.

[3] A. Dertli, Y. Cengellenmis, S. Eren, On quantum codes obtained from cyclic
codes over Ag, International Journal of Quantum Information, 13 (2015), 1550031.

37



A. Dertli, Y. Cengellenmis — Quantum Codes from Cyclic Codes over As

[4] A. Dertli, Y. Cengellenmis, S. Eren, Quantum Codes over the Ring Fs + uF5 +
u?Fy + ... + u™Fy, International Journal of Algebra, 9 (2015), 115-121.

[5] A. Dertli, Y. Cengellenmis, S. Eren, On the linear codes over the ring Ry,
Discrete Mathematics, Algorithms and Applications, (2016), 1650036.

[6] A. Dertli, Y. Cengellenmis, S. Eren, On the Codes over a Semilocal Finite Ring,
Intern. J. of Adv. Computer Science & Appl., DOI: 10.14569/IJACSA.2015.061038.

[7] A. Dertli, Y. Cengellenmis, S. Eren, Some results on the linear codes over the
finite ring Fo» + v1F5 + - - - + v.F5, International Journal of Quantum Information,
(2016), 1650012.

[8] A. Dertli, Y. Cengellenmis, S. Eren, Quantum Codes Over Fy + uFy + vFy,
Palestine Journal of Mathematics, 4 (2015), 547-552.

[9] J. Qian, Quantum codes from cyclic codes over Fy + vFy, Journal of Inform.&
computational Science 6 (2013), 1715-1722.

[10] J. Qian, W. Ma, W. Gou, Quantum codes from cyclic codes over finite ring,
Int. J. Quantum Inform., 7 (2009), 1277-1283.

[11] M. Ashraf, G. Mohammad, Quantum codes from cyclic codes over F3 + vF3,
International Journal of Quantum Information, 6 (2014), 1450042.

[12] M. Ashraf, G. Mohammad, Construction of quantum codes from cyclic codes
over Fy, + vF,, International Journal of Information and Coding Theory, 2 (2015),
137-144.

[13] M. Ashraf, G. Mohammad, Quantum codes from cyclic codes over Fy + uFy +
vFy + uwvFy, Quantum Information Proc., DOI:10.1007/s11128-016-1379-8.

[14] P. W. Shor, Scheme for reducing decoherence in quantum memory, Phys. Rev.
A, 52 (1995), 2493-2496.

[15] X. Kai, S. Zhu, Quaternary construction of quantum codes from cyclic codes
over Fy + uwFy, Int. J. Quantum Inform., 9 (2011), 689-700.

[16] X. Yin, W. Ma, Gray Map And Quantum Codes Over The Ring Fo+uFs+u?F,
International Joint Conferences of IEEE TrustCom-11, (2011).

[17] Y. Cengellenmis, A. Dertli and S. T. Dougherty, Codes over an infinite family
of rings with a Gray map, Designs, codes and cryptography 72 (2014), 559-580.

Abdullah Dertli

Department of Mathematics, Faculty of Art and Science,
University of Ondokuz Mayis,

Samsun, Turkey

email: abdullah.dertli@gmail.com

38



A. Dertli, Y. Cengellenmis — Quantum Codes from Cyclic Codes over As

Yasemin Cengellenmis

Department of Mathematics, Faculty of Science,
University of Trakya,

Edirne, Turkey

email: ycengellenmis@qgmail.com

39



	Introduction
	Preliminaries
	Quantum codes from cyclic codes over A3
	Examples
	Conclusion

