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FEKETE-SZEGO THEOREM FOR A CLASS OF FUNCTIONS
DEFINED BY A DERIVATIVE OPERATOR

A. EGHBIQ, M. DARUS

ABSTRACT. In this paper, a new subclass S*"(m,, q, A, ¢) defined by the gener-
alised derivative operator D®™(m,l, q, \) is introduced. The Fekete-Szego functional
lag — ,ua%\ of the subclass S“"(m,l, q, A, ¢) is obtained. Then by convolution, we
state another subclass S*™9(m, [, q, A, ¢) defined by fractional derivatives. Another
set of Fekete-Szego result is determined.
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1. INTRODUCTION

Denote by A the class of normalised analytic univalent functions f of the form
o0
f2) =2+ apz" (1)
k=2

where z € U= {z: |z < 1}.
For the function f € A given by (1), we state a generalised derivative operator given
by Eghbiq and Darus [2] as follows:

DO (m, 1, g, N (f)(2) = 2+ 3 k®

<q+)\(kz— 1) +1
k=2

p— > c(n, k‘)akzk, (2)

1521 G+n)

where n,a € Ng ={0,1,2...},ym € Z, \,l,q > 0,1+ g # 0 and ¢(n, k) = =]

In terms of convolution, D*"(m,1,q, A) f(z) can also be written as

#lz) = <l+zi;A> Tt (liq) i G
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Ifm=0,1,2,..., then

D g M) = ) 5k bl | | o Zk"‘zk*f
(m)—times

= R"=x Da(my Z7Q7 )\)f(Z),

where R" = 2+ 22, ¢(n, k)2*, the Ruscheweyh derivative operator[18] and D%(m, [, g, ) =
z4 > po o k*(1+ ke 1)\) If m=-1,-2,..., then

I+q
DM (m, 1, g, N f(2) = ¢(2) % .o % 6(2) * [(1—2)%1] SR f(2)
k=1

(m)—times

= R"xD%(m,l,q,\)f(2).

Note that:

DY(0,1,q,\)f(2) = f(2), and
DY(0,1,q, N f(z) = zf'(2).

By specialising the parameters of D™ (m, [, q,\) f(z), we get the following derivative

and integral operators.

e The derivative operator introduced by Ruscheweyh [18];

oo
DY™(0,1,¢,\); (n € Ny) = Z c(n, k)apz".
e The derivative operator introduced by Salagean [6];
D™0(0,1,¢q,\); (n € Ny) = =z+ Z k"agz".

e The generalised Salagean derivative operator given by Al-Oboudi (see [5]);

D%9(n,1,0,)); (n € Ny) =

>/3
||

[e.e]
o+ S0 A — 1)yt
k=2
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e The generalised Ruscheweyh derivative operator given by Al-Shagsi and Darus in
[9);

D™(1,1,0,A); (n € No) = Ry = 2+ Y _(1+ A(k — 1))e(n, k)az2".
k=2

e The generalised Ruscheweyh and Salagean derivative operator introduced by Darus

and Al-shagsi (see [11]);

D%%(m,1,0,A); (m € No) = D5 =z + 3 _(1+ Ak — 1))"c(B, k)ay2.
k=2

e The derivative operator introduced by Catas (see [1]);

D% (m,1,1,\); (m € Ng) = D™(\, B,1) = z + Z <1 + A(lltll) + z)m (B, k)ayz".
k=2

e The operator introduced by Uralegaddi and Somanatha (see [4]);

kE+1
Doo(n,l,l,l)_I”—z+Z< ; ) apz".

e The multiplier transformations studied by Flett (see [19]);

k+ A
DOO(n,l,)\ ===z —1-2(1:::)\) akzk.

e The integral operator introduced by Cho and Kim (see [12]);

1+A
0,0 — TA _ k
D% (—n,1,\,1) = I, z—I—E k<k+)\> apz".

e The derivative operator introduced by Mustafa and Darus ( (see [13]);
D*"(m, 1,4, N)(f)(2) = D*"(m, q, = z+Z ’f< i A) c(n, k)agz",

The Fekete-Szego problem has attracted many researchers to solve similar problems

19



A. Eghbiq, M. Darus — Fekete-Szego theorem for a class of functions ...

for different classes.

In this paper, we obtain the Fekete-Szego inequality for functions f of the class
S (m,l, q, A\, ¢) which we will define below. Also, we give applications of our re-
sults to certain functions defined through convolution (or the Hadamard product).
In particular, we consider a class S*™"(m,l, q,\, ¢), of functions defined by frac-
tional derivatives. The work here is much motivated by Srivastava and Mishra (see
[7]), that leads to our new results.

By using the following definition and the operator D*"(m,1,q, \), we define the
class S*™(m,l,q, \, ¢) as follows:

Definition 1. Let ¢(z) be a univalent starlike function with respect to 1 that maps
the unit disc U onto the right half plane which is symmetric with respect to the real
axis,p(0) = 1, ¢/(0) > 0. The function f € A belongs to the class S*™(m,l, q, \, ¢),

if
2(D*"(m, 1, q,\) f(2))

Dar(m g N fz) O

It is clear that:

(1) §9°(0,0,¢, A\, ¢) = S*(¢), introduced by Ma and Minda (see [21]).

(2) S%9(0,0,q, A, (1 + Az)/(1 + Bz)) = S*[A, B],(—1 < B < A < 1), introduced by
Janowski (see [20]).

(3)599(0,0,¢, A\, B) = S*(B), introduced by Robertson in 1936 (see [15]).

(4) S%m(1,1,0,\, (1 + 2)/(1 — 2)) = R,, was studied by Singh and Singh (see [16]),
and also Owa et al (see [17]).

2. MAIN RESULTS

In order to prove our result we have to recall the following lemmas:

Lemma 1. (Ma and Minda [21]) If p(z) = 1 + c1z + 222 + ... is an analytic
function with positive real part in U, then

4y 42 if  v<o,
lcg —ved| < {2 if 0<v<l,
4v 42 if v>1.

When v < 0 or v > 1, the equality holds if and only if p(z) is %fz, or one of its
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1422
1—227

rotations. If 0 < v < 1, then the equality holds if and only if p(z) is or one of

its rotations. If v = 0, the equality holds if and only if

1 1 \14=z 1 1 \1-=
_ (1.1 21 <a<1
p(2) <2+2a>1_z+<2 2a>1+z, (0<a<),

or one of its rotations. If ¥ = 1, the equality holds if and only if p(z) is the reciprocal
of one of the functions such that the equality holds in the case of v = 0. Also the
above upper bound is sharp, and it can be improved as follows when 0 < v < 1:

1
|e2 — vei| + v]e] <2, (0<v<3),
and ]
2 — vel| + (1= v)|er] €2, (5 <v<).

Lemma 2. (Ma and Minda [21]) If p(z) = 1 +c12+c22% + ... is an analytic function
with positive real part in U, then for any complex number y

o2 — pe?] < 2max{1, 2 — 1]},
The result is sharp for the function

1+2 () 1+ 22
= or Z2) = —=
1—2 p

p(2)

Next, we state and prove the following theorem.

Theorem 1. Let ¢(z) =1+ Byz + Boz? + - -, where By, are real with By > 0.
Let the function f be given by (1) and belongs to the class S*"(m,1,q, A\, ¢). Then

laz — paz| <
B (l+q)™ Ba(l+q)™ _ uB2(I+q)™ .
30‘(n+1)5gn?;2)8l+q+2)\)m T D) (2™ — e )20 tgt )™ if p<on,
1(l+q)™ .
35 (1) (n+2) (1T g T 2aN)™ ifor < p = o2,
B (I+q)™ Ba(l4-q)™ pBi(I+q)™

T3¢+ (nr2)(I+gt2N)™  39(n+1)(n+2)([+g+2N)™ + 220 (n+1)2(I+q+\)™ if p< o,

where
2%+ 1)(l4 g+ \)?™[B — By + Bj]

7= 3*Bi(l+q¢)m(I+q+2\)"(n+2)
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o 2%(n +1)(I + ¢ + X\)*™[B; + By + B}]
2T 3B+ (I +q+ 20 (n+2)

Proof. For f € S“"(m,l,q,\, ¢), let

z(D*™(m,1,q,\) f(2))
Dan(m,l,q,\) f(2)

=14+bz+byz?+---.

pi(z) =

It follows from (3) that

(l+qg+N)"
2%(n+1)————ag = b1,
A
and
(l+qg+20)™ (l+qg+Nm
3¢ 1 2)——————a3 = by + b12° 1)————as.
(n+1)(n+2) g as = by +012%(n+1) T as
Knowing that ¢(z) is univalent and p < ¢, we can say
1+ ¢~ (p1(2)) 2
2)=—————F——~ L =14c1z24+co2"+ -+,
A )
is analytic with positive real part in U. Thus we obtain
p(z) —1
z) = ,
p1(2) ¢(p(z)+1>
and from equation,
+ 02z2 + ...
Ltz b2+ = oo )
t o1zt bzt ¢ 2+ c1z+ oz + ...
= 2012 9 (&) 201 z
1 1 1 1
= 1+ Bliclz + 315(62 — 50%)22 —+ ...+ BQZC%ZQ
we get
1 1 1
bl = 53101 and bg = §B1(CQ — 50%)
Therefore

22
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g2 L(Biet 4 2Bi[es — 5] + Boed) (I + 9)"]
3T G 43 (n+ D(n+2) I+ g+ 20)™
B pBici(l+ ¢°™)
22(a+1)(n_|_ 1)2(l _|_q+ >\)2m’

4 — a2 = Bi(l+q)™
TR T By D (n+2)(l +q + 20
B 1{ . B 3N+ q@mn+2)(I+q+2N)™
[02 Cl<2{1 B T T S DU+ g A ’
Bi(l+q)™
— al = 1 2
U 1 = Bt n+ 2+ g T 2y 2 A
where
1 By 3%+ )" (n+2)(I+qg+2\)™
—1-B -2 :
=3l B TP T e D+ g ) ]

If 4 < o1, then by applying Lemma 1 we have

B} (1+q)™ Bo(l+ )™

2
_ — + _
3 = 10| = S T DUt g2 | BT D+ 20T g T )"

uB(l+q)™
22a(n +1)2(1+q+ \)™'

If 01 < p < o9, we get

23+ 1) (n+2)(1 +q+20)m

Similarly, if y < g9, we get

Bi(l+q™ By(l 4 q)™

— 2:_ —
a5 = 10 = R e D+ ) T F I 3 (nt D(n + D+ g LI

uBi(l+q)™
920(n +1)2(1 + g+ \)™

If © = o1, then equality holds if and only if
1 1 142 1 1 1—2z
p(z) <2+2a>1_z+<2 2a>1+z, (0<a<1,z€U),
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or one of its rotations. Also, if ;4 = o9, then

1—B — =2 —0.
1= p, TH 220 (n+ 1)1+ g+ A)™

1[ By | 3*(l+qHn+2) (I +q+20)"]
2

Therefore

1 1 1 142 1 1 1-=2
_ (L1 R 0<a<1,zel).
<2+2a>1_z—|—<2 2a>1+z, (0<a<1,z€0)

We obtain an interesting result contained in the following remark.

Remark 1.
eFor a=¢q=0, m=101=1 in Theorem 1, we get the results obtained by

Al-Shagsi and Darus (see [10]).
eFor [ =1 in Theorem 1, we get the results of Mustafa and Darus (see [14])

Theorem 2. If o1 < p < 09, then in view of Lemma 1, Theorem 1 can be im-
proved. Let o3 be given by

oo = 2+ DI+ g+ N)*"[By + B
5T 3eB2(I4 ) (I 4+ q+ 20" (n +2)

If 01 < pu < o3, then

2%(n+ 1)1+ g+ A"
3B+ )™ +q+22)"(n+2)

|az — paj| +

(BBl 4+ )™+ q+2\)"(n+2)+ (n+ 1)l +q+ \)*™B?) as)?
2¢(n + 1)(1 + q + A2 2
< Bi(l+q)™
~3%n+ 1) (n+2)(+q+20)m

By — By +

If o3 < pu < 09, then

2%(n+ 1)1+ g+ )"
3B+ @)™+ q+22)"(n+2)

las — pa3| +

(BBl +q)m(I+q+2)"(n+2)+ (n+ 1) +q+ \)?*™B?)
20(n + 1)( + ¢ + A)2™
Bi(l+q)™
—3(n+1)(n+2)[1+q+20)"

|az|®

B1 + By —

24
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Proof. For the values of 01 < u < o3, we have

las — pag| + (u = on)lazf* = 2(3%)(n + 11)3(17£l4r+2(1))(z Fq+2nm [e2 — v
Bi(l+¢q)*™
22(+1) (n 4+ 1)2(1 + ¢ + \)2™

_ Bi(l+ g™ les — v
2(39)(n+1)(n+2)(I +q +2\)™ !
N < C2%(n+ Dl +g+ A)?™[By — By + B%])
3Bl 4+ )™l + g+ 2\)™(n+2)
Bi(l +q)*™ 2
(wes v g )

+ (p—o1) le1|?

= Bl(l+q)m 1 Cy — IVC v\|c
T B+ 1)(n+2)(1+q+22)m [2” 2 il +v 1‘2]]
Bi(l+q¢)™

S BYm+ D+ 2 +qt 2

Similarly, if o3 < u < 09, we can write

Bi(l+q™
39+ D(n+2)(I +q+20)m

jag — pa3| + (02 — p)az|* = 5 [e2 — 7]

Bi(l+q)*"
n+1)2(l+qg+ A)>m
= Bl + )™ [co — ved]
2(3%)(n +1)(n + 2)(1 + g + 2\)™ !
N <20‘(n +1)(+q+N*"[Bi + Ba + Bf] >
32B2(l + q)™(l + q + 2\)™(n + 2)

% B%(Z+Q)2m ’61’2
220t (n + 1)2(1 + g + A\)?m

le1|

+ (02 - :u) 22(a+1)(

_ Bi(l+q¢)™ 1
T B+ D+ 2)(+g+20)m [2”02 - el (1~ ”)‘01‘2]]
Bi(1+q¢)™

S BYmE )LD+ gt 20

Using the above method for the class S*™(m,l, ¢, A, (1+ Az)/(1+ Bz)), we give the
following corollary.
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Corollary 1. Let —1 < B < A < 1. Let the function f be given by (1) and
belongs to the class S*™(m,l,q,\, (1 + Az)/(1 + Bz)). Then

A-B)2(1+q)™ B(B—A)(+q)™ __wA-B)2+q™ ;
2 A D) (Fq 20T T SN (FaFI0™ 2 (ar)Z(tadm 1 K SOL
— (A—B)(1+q)™ .
‘CL3 Ha2‘ < 30(n+1)(n+2)(11q+2x)m ifor < p < oz,

_ A—B)2(l+q)™ _ B(B—A)(I+9)™ u(A=B)2(1+q)™ i
AT D (nT2) (I +aT20™ 30D (nr D) (+aT20™ T 3%a(ninZ(sqinm o HZ02

where 22+ 1)(I+q+ N)?™[(A— B)(1 - 2B + A

LT T 30(A B2+l +q+ 20" (nt2)
2%+ 1)1+ g+ N)*™[(A — B)(1 + A)]
39(A— B2l + q)"(l+ g+ 2N)™(n+2)’

Making use of Lemma 2, and equation (4), we immediately obtain the following

g9 =

result.

Corollary 2. Let ¢(z) = 1 + Byz + Boz? + --- and the function f be given by
(1) and belongs to the class S“™(m,l,q, A\, ¢). For a complex number p

las — pa2| < Bi(l+q™ maxd1 B B2 3%+ )™ (n+2)(L+ g+ 2))™
BTHRIE Byt D+ 2 +a+20™ T T B YT 2 )+t ™

The next result is motivated by Srivastava and Mishra (see [7]). The methods of
proving are similar [7]. Here we define the class S“™"(m,l,q, A, ¢). This will require
the following definition.

Definition 2. (Srivastava and Owa [8]) Let the function f be analytic in a simply
connected region of the z-plane C containing the origin and 0 < a < 1, then the
fractional derivative of order « is defined by

apy_ L d " flo)
sz(z)—r(l_a)dz/o mdt, 0<a<l,

where the multiplicity of (z —¢)~% is removed by requiring log(z —t) to be real when
z—t>0.

Srivastava and Owa[8] introduced and studied the operator Q¢ : A — A defined
by
Q%f(2) =T'(2 - a)z*D7 f(2), (v #2,3,4,...),

where DY is the fractional derivative of f of order a.

26



A. Eghbiq, M. Darus — Fekete-Szego theorem for a class of functions ...

The class S*™"(m,l,q, A, ) consists of the functions f € A for which Q"f €

S (m,l, q, A\, ¢). Note that S*™"(m, [, q, A, ¢) is a special case of the class S*™9(m, 1, q, \, p)
when

oo

Z 77)
P
= + 1 -n)
Let
2)=z+> g (g >0).
Since

f(z)=z+ Z agz® € S“™I(m,1,q,\)
k=2

if and only if

(fx9)(2) =2+ > apgrz® € S™™(m,1,q, ), ¢).
k=2

The coefficient estimate for functions in the class S*™9(m, [, q, A, ¢) is obtained from
the corresponding estimate of functions in the class S*"(m,1,q, ). Applying The-

orem 1 for the function (f * g)(2) = z + a2922® + azgzz> + ..., we have Theorem 2
below after some changes of the parameter pu.

Theorem 2 Let ¢(2) = 1+ Byz + Bz + -, where By, are real with By > 0.
Let the function f be given by (1) and belongs to the class S*™9(m, [, q, \, ¢). Then

2
las — pa3]| <
2 m 2 m
1 Bi(l+q) Bo(l+q)™ _ ng3 By (l+q) .
93 {3@(n+1)<n+2><l+q+2/\>m + 3“<n+1)(n+2)(l+q+2k)m 95220‘(71+1)2(l+q+k)m1| iopson
1 By (+a)™
93 {3a(n+1)(n+2)<l+q+2x>m] ifor s p 2oz,
2 m m
1| Bi(+q) _ Bo(l+4q)™ 93B3 (1+q) )
93 3T (nF 1) (nF2)(IFqF2N)T 3a(n+1)(n+2)(l+q+gk)m + 222a(n+1) (l+q+A)m] if p<og,

where
g52%(n +1)(I + ¢ + \)*™[By — By + B}]

g33°Bi(l+ q)™(l+ g+ 2\)™(n+2)
g32%(n +1)(I + g + \)®*™[B; + B + Bj]
g33°Bi(l+ q)™(l+ g+ 2\)™(n+2)
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Since
QID*™(m, 1, q, A) = kZ o Zi 1- )n) [k?a (1 + I;_i_)\) c(n, k:)] apz”.
We have
g — r3)re—my) _ 2 ’
I'(3—n) (2—n)
r4)re—-n 6

BZTTE—n) T 2-nE-n

for go and g3 given by the above equalities, Theorem 2 gives to the following.

Theorem 3 Let ¢(z) = 1+ Byz + B2z? + ...., where B;, are real with B; > 0.
Let the function f be given by (1) and belongs to the class S*™"(m,l,q, A, ¢). Then

|ag — pa3| <
(2—n)(3—n) [ Bi(l+q)™ n Ba(l+q)™
D N e O O G
—-n q
2(3—,[;)22“(n+11)2(l+q+)\)m] if p< o,
(2=n)(3—n) Bi(l+q)™ -
15— 3a(n+1)(é+2)q(l+q+2)\)mi| ifor < p > o,
(2=1)(3=n) — B (l+q)™ By (l+q)™
36(2 )Bzfi(‘;‘j_n;-’i)(n-f—Q)(l-‘,-q—&—Q)\) 3D‘(n+l)(n+2)(l+q+2>\)m
—n)H q
2(3—n)22‘:](n+11)2(l+q+)\)m] if p<oy,
where
o 23 = n)2%(n+1)(L + g+ X\)*™[By — By + B?]
LT3 —n)3eBHi+ g+ g+ 20" (n+2)
o 23 = n)2%(n+ 1)(I + g + X\)*™[By + By + B?]
g =

3(2=1)3B2(l + q)™(l + g + 2X\)™(n + 2)

Remark 2. When A =0, n=0, m=0, B} = %, By, = 3 A5 the above
Theorem 2 reduces to the work of Srivastava and Mishra (see [7]) for a class of
functions for which Q7f(z) is a parabolic starlike function (see [3]).

Acknowledgement: The work here is supported by MOHE grant:
FRGS/1/2016/STG06/UKM/01/1.
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