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ON AN INTEGRAL OPERATOR
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ABSTRACT. In this paper we derive some criteria for univalence of an integral
operator for analytic functions in the open unit disk.
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1. INTRODUCTION

Let A be the class of functions f(z) which are analytic in the open unit disk
U={zeC:|z|] <1} and f(0)= f(0)—1=0.

We denote by S the subclass of A consisting of functions f(z) € A which are
univalent in U.
Acu [1] had considered the integral operator F, g given by

1
z I+a+B+y

Fapo (@) = | (1 a8 +9) [ (1) (9()" (h(w)du Cw
0
for «, B, be complex numbers, o+ 8 +v+1#0, f,g9,h € A and obtain the next

result, using Loewner chain.

Theorem 1. Let f,g,h € A and let o, 3,7 be complex numbers with |a|+|B|+|v| >
0. If

la+ B8+ <1, (2)
2 o (G ) )
ot )+ @l (S 4 20 SO <1 )

for all z € U, then the function F, g (2) given by (1) is analytic and univalent in
U.

In this paper we obtain new univalence criteria for the integral operator F, g,
using Lemma Schwarz [3], Lemma Mocanu and Serb [2] and Lemma Pascu [4].
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2. PRELIMINARY RESULTS

To discuss our problems for univalence of integral operator F, g, we need the fol-
lowing lemmas.

Lemma 2. (Mocanu and Serb [2]). Let My = 1,5936... the positive solution of
equation

(2— M)eM =2. (4)

If fe Aand 0
f/(Z) < My, (Z € Z/{), (5)

then 2)
e —1‘<1, (z€elU). (6)

The edge My is sharp.

Lemma 3. (Schwarz [3]). Let f(z) be the function regular in the diskUr = {z € C:
|z| < R} with |f(2)] < M, M fized. If f(z) has in z = 0 one zero with multiplicity
greater then m, then

7 S 2™, (= € Un) (7

the equality (in the inequality (7) for z # 0) can hold only if

where 0 is constant.

Lemma 4. (Pascu [4]). Let § be a complex number, Red > 0 and the function
feA If

1— |Z|2Re6 Zf”(Z)

Red f'(2)

for all z € U, then for every complexr number n,Ren > Red, the function

<1 (8)

z

Fy(2) = ¢/m1fme (9)

0

3=

is reqular and univalent in U.
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3. MAIN RESULTS

Theorem 5. Let f,g,h € A and let § be a complex number,
Red > 0, K, L, M real positive numbers.

If ,
Zf(ij) —1| <K, (z€elU), (10)
29'(z) ;
o) 1‘ <L, (z€l), (11)
zh'(z) B
) 1' <M, (zelU), (12)
and

2Red+1

(2Red + 1) 2Res

5 )
then for any complex numbers cv, 3,7, Re(l4+a+p+7) > Red, the integral operator
Fo 5, defined by (1) is in the class S.

alK +|BIL + |[y|M <

(13)

Proof. We have

= [ (B2 (22 ()
0

Let’s consider the function

- (89 (42 () e
0

The function p is regular in & and p(0) = p’(0) — 1 = 0. We have

z;)(iz)') oy (f:é)) _ 1) + 8 (;2)) - 1) . (Z(g - 1) ew. ()

By (16) we obtain

1
1+a+B+~y

(14)

1— ’Z‘QRGJ
Red

2f'(2)
f(z)

2g'(2)
9(2)

zp"(2)
P'(2)

1— |Z|2Re5
Res |1

—1\+\5|

—1\+m

2

121



Virgil Pescar — On an integral operator

for all z € U.
For (10), (11), (12) and Lemma 3 we get
2f'(2) ‘
—1| < K|z|, 18
e 4 (18)
z9'(2) ‘
— 1| < L|z#|, 19
e g (19)
2h (z)
-1 M 20
po) 1] <, (20)
for all z € U, hence and (17) we obtain
1— |Z|2Re(5 Zp//(Z) 1— ’Z‘QReé
K L M 21
o | E < T lllal + BT b, @)
for all z e U.
Since Res
maxi’z] = 2 2Red+1
2<1 Red (2Red + 1) "zred
by (13) and (21) we have
1— ‘Z|2Re6 zp”(z)
<1 U). 22
Red p(z) |~ 7 (zeu) (22)

a B
From (15) we have p/(z) = (@) (g(zz)> (h(j)>7 , by (22) and Lemma 4 it results
that FO[”@’;y eSs.

Theorem 6. Let f,g,h € A and let o, 8,v,0 complex numbers,
Re(l1+a+ B +7) > Red >0, K;, L;, M; positive real numbers, i = 1,2.
If

[f(2)] < Ku;1g(2)| < La; |h(z)] < My, (23)
Z;{;S) - 1‘ < K, (24)
Z;é’;(zz)) - 1’ < Lo, (25)
igég - 1‘ < My, (26)
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for all z €U and
[|o| K1 K2 + |B| L1 Lo + |7y| M1 Ma]Red+
+ [Ja|(K; + > + IBI(L1 + 1) + |7|(M; + 1)](Red + 1) fer < (27)
< (Red +1) e - Red,

then the integral operator F, 5. given by (1) belongs to the class S.

Proof. We consider the function

o= [ (22) (292)° (M), e, 29
0

From (16) we have

T e[y =) 22 2 e[ (55 ) 22 2

() 2]

and hence , we obtain

= ()
- (- \'9 L)
= -2 )

for all z € U.

From (23), (24), (25), (26) and Lemma 3 we get

|f(2)| < Kilzl;|g(2)] < Lilz[; |h(2)] < Mz], (30)
P | < alap (31)
ETRI.
‘ZZZS) - 1‘ < M|z, (33)
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for all z € U, and hence, by (29) we have

1— |z 2Red zp" P 1— |z 2Red
[ < L a2 + )+
2 al(Ky + 1)+ BI(E1 +1) + | (Ma + 1),
forall ze U.
Since
X 1 |Z|2Re5| ’2 1
max L I ——
z<1 Red (R65+ 1)R§i§1
from (34) and (27) we obtain
1— |2 | 2p"(2)
<1 Uu 35
Red P'(2) , (zeU). (35)

o B
From (28) we have p/(z) = (f(z)> ( (Z)> (h(z)> by (35) and Lemma 4 we obtain
that Fop~ € S.

Theorem 7. Let f,g,h € A and let a, B, be positive real numbers, My the positive
solution of equation (2 — M)eM =2, My = 1,5936...

If
f"(2) 9"(2) h(z)
f'(z) 9'(2) h(z)
for all z € U, then the integral operator F, 5~ € S.
By

< My, 0, < My, (36)

Proof. Let us consider the function

o= [ (22)° (22)° (M), e, @

0

From (16) we have

1 — [22@TB) | p () — |2 PO T2 f(2) B ' ‘Zg'(Z) B ‘ zh'(z) H
atBty | P SPEe [“Qﬂ@ N5 e N
(38)
forall z € U.
By (36) and Lemma 2 we obtain
zf'(2) zg'(2) zh'(2)
@ S e ‘4<1 e ‘4<1
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for all z € U and hence, by (38) we get
1 _ ’2’2(a+5+7)

a+ B+

Zp//(z)
P'(2)

<1, (zeU). (39)

z z z

a B
From (37) we have p/(z) = <M> (M) (M)v, by Lemma 4,
for 1 + o + 8+ v = Red = Ren, it results that F, 5, € S.
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