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ABSTRACT. The object of the present paper is to derive several interesting prop-
erties of the class Cp,(\, &) consisting of analytic univalent functions with negative
coefficients by using Salagean operator. Coefficient inequalities, distortion theorems
and closure theorems of functions in the class C,, (), ) are determined. Also radii
of close to convexity, starlikeness and convexity for are determined. Furthermore,

integral operators and modified Hadamard products of several functions belonging
to the class Cy,(\, ) are studied her.
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1. INTRODUCTION

Let A denote the class of functions of the form
) =2+ ash, (1)
k=2

which are analytic and univalent in the unit disc U= {z : |z| < 1}. For a function

f(z) in A, let

Df(z) = f(2),
D'f(z) = Df(z)==2f(2),

and

D"f(z) = D(D" 1 f(2)) (n e N=1{1,2,..}),
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:z—i-Zk"akzk (n € Ng =NU{0}). (1.2)
k=2
The differential operator D™ was introduced by Salagean [5]. With the help of the

differential operator D", we say that a function f(z) belonging to A is in the class
K,(\ ) if and only if

e { (D" (2)) + (D" f(2)"

(D" f(2)) + Xz(Dnf(2))" } > o (n € No), (1.3)

for some o (0 <a<1), A (0<A<1)and forall z€U.
Let T denote the subclass of A consisting of functions of the form

flz)=2-) az" (ar >0). (1.4)
k=2
Further, we define the class C),(\, «) by

Crn(\ ) = Kpy(\a)NT. (1.5)
We note that by specializing the parameters n, A, and «, we obtain the following
subclasses studied by various authors:
(i) Co(A, ) = C(A, ) (Altintas and Owa [1]);
(ii) Co(0, ) = C'(ex) (Silverman [8]);
(iii) Cr(0,a) = Cp(a) =

Re{l+m}>a(nENO, 0 <a<1and for all z € U).

2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we assume throughout this paper that
0<a<1l,0<A<1, neNgand z € U.

Theorem 1. Let the function f(z) be given by (1.6). Then f(z) € Cy, (A, @)
if and only if

[e.9]

S ETHE - all + Ak - D]}bag < 1 - a. (2.1)
k=2
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Proof. Suppose that (2.1) holds. Then we have

!

SE Nk —1)(1 — NagzF!
k=2

(D"f(2)) +2(D"f(2))" || _
(D" f(2)) + Az(D" f(2)) 1= 3 BT+ Ak — 1)]ageh—!
k=2

SRR —1)(1 = Nag
=1 <i-a, (2.2)
1— 5 kUL + Ak — 1)]ag
k=2

(D" f(2)) +2(D" f(2))
(D" f(2)) +A=z(D" f(2))
whose radius is 1 — . Hence f(z) satisfies the condition (1.3).

Conversely, assume that the function f(z) defined by (1.4) be in the class Cy (A, ).
Then

1"

this shows that the values of - lies in a circle centered at w = 1

(D" () +2(D"f(2))” 1— 3 knt2qy ko1

D™ f(z)) +z(D™ f(z _ k=2

Re { (D f(2)) +Az(Dn f(2))"” } =R 1— § kn 1[I A (k—1)]ap zF—1 > @ (2.3)
k=2

"

(D" F@) +2(D" ()" i Leal.

(D" f(2)) +2z(D" f (2))
Upon clearing the denominator in (2.3) and letting z — 1~ through real values, we
obtain

for z € U. Choose values of z on the real axis so that

1-> k" a > a {1 = R+ A - 1)]a,k} : (2.4)
k=2 k=2

which gives (2.1).

Corollary 1. Let the function f(z) defined by (1.4) be in the class Cj, (A, a).

Then we have

l—«o
WS TR el G 22 (25)

The equality in (2.5) is attained for the function f(z) given by

11—«
ki E — afl + Ak — D]}

fz)==z2 28 (k> 2). (2.6)
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3. SOME PROPERTIES OF THE CLASS Cj(\, @)

Theorem 2. Let 0 < a < 1,0 < Xy < A and n € Ng. Then
Cn<)\1,a) - Cn()\g,a).

Proof. It follows from Theorem 1 that

o0

D EHE — ol + Mi(k — 1))}y
k=2

< D Mk —a[l+ Xk - D]ty < 1-a,
k=2

for f(z) € Cp (A1, ). Hence f(z) in Cp (A2, ).
Theorem 3. Let 0 < a<1,0< A <1 and n € Nyg. Then

Cn+1(\, @) C Ch(\ ).

Proof. The proof follows immediately from Theorem 1.

4. DISTORTION THEOREMS

Theorem 4. Let the function f(z) given by (1.4) be in the class C,, (A, ). Then we
have

1—a ‘
2n=iH1[2 — a1 4+ N)]

Df(2)] > |2l - = (4.1)

and

11—« |Z|2
2n7i+1[2 _ a(l + )\)]
for z € U, where 0 < ¢ < n. Then equalities in (4.1) and (4.2) are attained for the
function f(z) given by

|D'f(2)] < || +

, (4.2)

1-a 9

f(z):z—2n+1[2_a(1+)\)]z . (4.3)

Proof. Note that f(z) € Cp(A, ) if and only if D' f(z) € Cp,—;(\, ), where
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z)=2z— Z kiay2". (4.4)
k=2
Using Theorem 1, we know that
=2 — (1 + \)] Zkzak < Zk”“{k +Ak—=D]}ar <1—a, (4.5)
that is,that
1-«
K . 4.6
Z ak—Qn 2 = a(l+\) (4.6)

It follows from (4.4) and (4.6) that

i i 11—«
D f(2)| > |2] — |2 Zkak> |2l = 5om o TN |2|? (4.7)

and

l—« ||2

’Dl |<|Z|—|—|Z Zklak<|2’|—|—2n z+1[ ( +)\)]

k=2
This completes the proof of Theorem 4.
Taking ¢ = 0 in Theorem 4, we have the following corollary

Corollary 2. Let the function f(z) given by (1.4) be in the class Cy (A, ). Then
we have

11—« ’|2

|f(2)’ > |Z’ - 2n+1[2—05(1—|—)\)] z

(4.9)

and

1l—« | |2
z
2712 — a1+ N
for z € U, where 0 < ¢ < n. Then equalities in (4.1) and (4.2) are attained for the
function f(z) given by (4.3).

|f(2)] < [2] + : (4.10)

Taking ¢ = 1 in Theorem 4, we have the following corollary

Corollary 3. Let the function f(z) given by (1.4) be in the class Cy (A, ). Then
we have

l1—a

Fe|z1-5 21, (4.11)
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and
l—«

272 — a(l + A)]
for z € U. the equalities in (4.12) and (4.13) are attained for the function f(z) given
by (4.3).

(f’(z)‘ <1+ 2], (4.12)

Corollary 4. Let the function f(z) be given by (1.4) be in the class Cy, (X, ). Then
the unit disc U is mapped onto a domain that contains the disc

202 —a(1+A)] - (1 — )

4.13
Jwl < 912 — a1+ \)] (4.13)
The result is sharp with the extremal function f(z) given by (4.3).
5. CLOSURE THEOREMS
Let the functions f;(z) (j = 1,2,...,m) be given by
z)=2z— Zak,jzk (ag,; > 0; z € U). (5.1)

We shall prove the following results for the class Cy, (), «).

Theorem 5. Let the functions f;(z) (j = 1,2,...,m) given by (5.1) be in the class
Cpn(\ ) for every j = 1,2,...,m. Then the function h(z) defined by

m

h(z) = ¢ifi2) (¢ 2 0) (5.2)

Jj=1

is also in the same class Cy, (A, o), where
> g=1. (5.3)

Proof. According to the definition of h(z), we can write

m

= Z cjag )z (5.4)

k=2 j=1
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Futher, since fj(z) are in Cy, (X, «) for every j =1,2,...,m we get

o0
D ETHE —all + Ak — D]}ag,; <1—a, (5.5)
k=2

for every j = 1,2, ..., m. Hence we can see that

[e.e] m

S Rk — ol + Ak - DO cjary) (5.6)

k=2 j=1

:§2q<§:HWQk—aH+A%—1MMm>

j=1 k=2

m

< ch l—a)=1-a,

=1

which implies that h(z) in Cp (A, o). Thus we have the theorem.
Taking m =2, ¢; = p, co =1 — p in Theorem 5, we have the following corollary

Corollary 5. The class C), (A, «) is closed under convex linear combination.
Proof. Let the functions fj(z) (j = 1,2) be given by (5.1) be in the class Cy, (A, ).
It is sufficient to show that the function h(z) defined by

h(z) = pfr(z) + (1 = p) fa(2) (5.7)

is in the class Cy, (A, @).
As a consequence of Corollary 5, there exists the extreme points of the class Cy, (A, a).
Theorem 6. Let fi(z) = z and

1—a

Rk —afl 4+ Mk —1)]}

fr(z) ==z 2" (k> 2), (5.8)

for 0 <a<1,0<A<1andn e Ny Then f(2) is in the class Cp (A, «) if and only
if it can be expressed in the form

1) =3 (), (5.9)
k=1

where p, >0 (k> 1) and > 22,y = 1.
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Proof. Suppose that

z) = N z) =2z — N l - Zk
f(2) ;#kfk( ) ; e e fur v (5.10)
Then it follows that
= Rk — afl + Ak~ D]} (1 o
= I—a P ai -1y Ot

k=2

So by theorem 1, f(z) in C, (A, o).
Conversely, assume that the function f(z) defined by (1.4) belongs to the class
Cr (A, ). Then

11—«
WS TR el G 22 (5:12)
Setting "
= k= O{“_ZW: “ OB k> 2), (5.13)
and .
p=1-3" . (5.14)
k=2

we can see that f(z) can be expressed in the form (5.9). This completes the proof
of Theorem 6.

Corollary 6. The extreme points of the class C, (), ) are the functions fi(2)
(k > 1) given by Theorem 6.

6. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY
Theorem 7. Let the function f(z) defined by (1.4) be in the class Cy,(\, a).
Then f(z) is close-to-convex of order n (0 <n < 1)in |z| <ri(n, A, a, ), where

(1 —n)k"{k — a[l + Ak —1)]} }’“11 (k> 2).

(6.1)

Tl(na)‘a Q, 77) :H]if{ 1—a

The result is sharp, the extremal function given by (2.6).
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Proof. We must show that
(f’(z)—l‘ <1—17 for |z| <r, (6.2)
where r; is given by (6.1). Indeed we find from (1.4) that
‘f/(z) - 1( <3 kay |2[FL
k=2
Thus
HOESIESEY
if

i (1577) a |z[Ft < 1. (6.3)

k=1
But by using Theorem 1, (6.3) will be true if

<k> z‘k—1§<k”+1{k—a[1+/\(k—1)]}).
n

l—«o

Then
1

ol < {(1—n)k”{k—a[1+)\(k—1)]}}l<:—1 k>3 6.4

l1-«a
The result follows easily from (6.4).

Theorem 8. Let the function f(z) defined by (1.4) be in the class Cy, (), «).
Then f(z) is starlike of order n (0 < n < 1) in |z| < ra(n, A, a, 1), where

(- U)kn:k{_k;)g[l_z))\(k -V} }]H (k>2).  (65)

The result is sharp, the extremal function given by (2.6).

Proof. We must show that

2f'(2)
f(2)

where rg is given by (6.5). Indeed we find from the definition of (1.4) that

—4s1—nfm\4ermm<nm, (6.6)

> (k= 1ay |2/*~
k=1

70|
~1| < _ .
/e -5 ael!
k=1
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Thus 7(2)
z z
-1 S 1- n,
5
if
oo k o
(1”> ay, |2|F1 < 1. (6.7)
=1 N7

But by using Theorem 1, (6.7) will be true if

(k—n)Mm4<(Mﬁ%k—au+xk—nn>_

11—«

Then

1
(L—n)k" ™ {k — ol + Ak —1)]} }k—l
z| < k> 2). 6.8

1< { (-1 a) (h=2 (0
Corollary 7. Let the function f(z) defined by (1.4) be in the class C, (), ).
Then f(z) is convex of order n (0 <n < 1) in |z| < r3(n, A, a,n), where

1
(1 —nk"{k —all + Ak — D]} 1
(k—n)(1—a) } (k2 2).

The result is sharp, the extremal function given by (2.6).

7“3(”, )‘a a, n) = H]if{ (69)

7. INTEGRAL OPERATORS

Theorem 9. Let the function f(z) defined by (1.4) be in the class Cy, (), o) and let
¢ be a real number such that ¢ > —1. Then the function F(z) defined by

Flz) =1 /OZ (1)t (7.1)

ZC

also belongs to the class Cy, (A, a).
Proof. From the representation of F'(z), it follows that

F(z)=2-) bt (7.2)
k=2
where )
c+
by = 7.3
= () (7.3
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therefore, we have

o0 e.¢]

SR all 4 A= D= DK = ol AG - D) (5 )

k=2 k=2 ctk

< i E N E —a[l + Ak —D]}ap <1 —a, (7.4)
k=2

since f(z) € Cp(\, a). Hence, by Theorem 1, we have F(z) € Cy, (A, ).

Theorem 10. Let ¢ be a real number such that ¢ > —1. If F(z) € C,,(\, «), then
the function f(z) defined by (7.1) is univalent in |z| < R*, where

oo (et DRk — afl + A(k = D))\ T
e ( (ct+R)(1—a) > (k=2). (7.5)

The result is sharp.
Proof. Let F(z) = z — Y725 agz®(ay > 0). If follows from (7.1) that

. zl_c[zCF(z)]/ L (c+k ke s —
1= = () wte - (7.6)

In order to obtain the requird result, it stuffices to show that ‘ f(z) - 1‘ < 1lin
|z| < R*, where R* is given by (7.5). Now

: > k(e+k
‘f (2) — 1( <> (06:1)“’“ Bl (7.7)
k=2
Thus
IHOESIESt
if .
D (k(ccjlk)> ar, |2[F1 < 1. (7.8)
k=1

But by using Theorem 1, (7.8) will be true if
<l<:(c + k)) o1 < (k"“{k‘ —a[l+ Ak —-1)]}

) (k>2), (7.9)

c+1 (1—-a)
or if )
(c+DE"{k—a[l+ Ak—1)]} 5T
2] < < e B ) (k> 2). (7.10)
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Therefore f(z) is univalent in |z| < R*. Sharpness follows if we take

(c+k)(1—a)
k{k — o[l + XMk — 1)]}c+ 1)Zk (k= 2). (7.11)

f(z) =2~

8. MODIFIED HADAMARD PRODUCTS

Let the functions f;(2) (j = 1,2) be defined by (5.1).The modified Hadamard prod-
uct of f1(z) and fa(z) is defined here by

(f1* f2)(z —Z—Zaklamz (f2* f1)(2)- (8.1)

Theorem 11. Let the functions f;(z) (j
Crn(\ @). Then (f1 % f2)(2) € Cn(\, B(n, A, a)

(1-N)(1—a)?

2) defined by (5.1) be in the class
where

=1,
);

A =1- . 2
Bl A, @) 212 —a(1+ N2 — (L + V(1 — a)? (82)
The result is sharp for the functions f;(z) (j = 1,2) given by
1—
filz) =2 — “ 2(z € V). (8.3)

27 +1{2 — a1+ A)}

Proof. Employing the technique used earlier by Schild and Silverman [6], we need
to find the largest 8 such that
i EtHE — B[+ Ak —1)]}
1-p
k=2

Since fj(z) € Cp(A, ) (j = 1,2), we readily see that

ak,10k,2 < 1. (8.4)

=k — afl + A(k — 1))}

< .
1—a ak71 ~ 1, (8 5)
k=2
and kg Ak
= k" —all -1
1-a ’
k=2
By the Cauchy Schwarz inequality, we have
kU E —all + Mk -1
{ [ ( )]} A /ak,lak,g S 1. (8.7)

11—«
k=2
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Thus it is sufficient to show that
EvtHE — B+ Mk —1)]}

1-3 ag1ak2 <
Erk —all + Mk —1
{ 01‘[_ . k=D aeras (k> 2), (8.8)

or, equivalently, that

(1 B){k —alt + ALk~ 1))
N [ e Y )| A (59

Hence, in light of the inequality (8.9), it is sufficient to prove that
11—« <
Kk — o[l + A(k— 1)} =
(1= Bk —afl + Ak —1)]}
(1 —a){k =B+ Ak —-1)]}
It follows from (8.10) that

(k > 2). (8.10)

(k=D - N( —a)” (k>2). (8.11)

psl- ik —al+Ak—D]2 -1+ AXk—-1D]Q—-a)2" ~

Now defining the function G(k) by

(k—1)(1=XN(1—a)?

G =1 T = T Ak — D] — [+ AGk = DJ(1 = @)

(8.12)

we see that G(k) is an increasing function of k (k > 2), letting £ = 2 in (8.12), we

obtain
(1N —a)?

<G(2)=1- 8.13
f=G@) 202 — a1+ XN)}2 — (1 +A)(1 —«a)?’ (8.13)
which evidently completes the proof of Theorem 11.
Corollary 1. For f1(z) and f2(z) as in Theorem 11, the function
hz)=2—Y Jagiara?", (8.14)
k=2

belongs to the class Cy, (A, a).
This result follows from the Cauchy-Schwarz inequality (8.7). It is sharp for the
same functions as in Theorem 11.
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Theorem 12. Let the functions f; (z) (j = 1,2) defined by (5.1), fi (2) € Cpn(X, @)
and f3 (2) € Cr (N, 7). Then (f1 * f2) (2) € Cr(A\,n(n, A, a, 7)), where

1= - —7)
A =1- .
A4 = T e+ N2 - A+ A - (L N~ )1 —7)
(8.15)
The result is best possible for the functions
Filz) = 2 — 1-a 2 (8.16)
BT et “ a1+ A} '
and !
-7 2
- . 1
Proof. Proceeding as in the proof of Theorem 11, we get
n(n, A a,v) < B(k) = 1-
(k—1)(1-N)(1-a)(1—7) (k > 2) (8.18)

krtH{k—a[l+A (k=D HE—y[1+A(k— D]} = [1+A(k=1)](1-a)(1—7)
Since the function B(k) is an increasing function of k (k > 2), setting k = 2 in (8.18)
we get

1-N)(1—a)(1—
nn, A 0,7) 2 B2) =1 = serpam) poate v aaan sy (319

This completes the proof of Theorem 12.

Corollary 9. Let the functions f;(2) (j =1, 2, 3) defined by (5.1) be in the class
Co(\,a). Then (fi + fo + f5)(2) € CulA, C(n, A, @), where

1-N1—-a)’

C(n,A\a) =1~ R a1+ NP - 1+ M1 —a)®

(8.20)

The result is sharp for the functions f;(z) (j = 1,2, 3) given by (8.3).
Proof. Form Theorem 11, we have (f1 % f2)(2) € Cy (A, B(n, A, «)), where j3 is given
by (8.2). By using Theorem 12, we get (f1 * f2 * f3)(2) € Cr(N, ¢(n, A, a)), where

(1-N1 -1 - p)
22— a1+ MH2 - B+ N} -1+ N1 -a)(1-B)

C(nA\,a) =1— (8.21)

(1-2)(1—a)

= A NP N

(8.22)
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This completes the proof of corollary 9.

Theorem 13. Let the functions f; (2)(j =1,2) defined by (5.1) be in the class

Cpn(A, @). Then the function

(o]
_ K
= Z ak1+ak2
k=2

belong to the class C, (A, ¢(n, A\, ), where

p(n, A\, o) =1 — (1= N (1—a)?

The result is sharp for the functions f;(z) (j = 1,2) given by (8.3).

Proof. By virtue of Theorem 1, we obtain

Z;[quk—au+xw_¢nq ,

a <
1—a k1l >

= gk —all £ AG -]} ]
Z 1_ o ag1 < 17
k=2

and

e ) n+1 _ _ 2
X;[k e i

k=
[ WHQk_?EZAw ”h%4 .

It follows from (8.25) and (8.26) that

oo n+1 — . 2
Zl[k {k—af[l+ Xk 1)]}] (a2

l—«

N |

k=2

Therefore, we need to find the largest ¢ = ¢(n, A, a) such that

F k= gL+ Ak = D]} _
1-¢ =

EHE —all + Ak —

1 D]}
2 11—« (k=2),

69
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2
Clk,1 + am) <1

(8.23)

(8.24)
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that is,
2(k—1)(1 = A1 — «a)?
S A Al e A= D — 20 s A= D —a 22 (829)
Since
2(k — 1)(1 = \)(1 — a)?
D) = - o e A )P — i A= — a2 &30
is an increasing function of k(k > 2),setting k£ = 2 in (8.30) we get
p<DE)=1— (=N -a) (8.31)

- 272 —a(1+ M)} =1+ N1 —a)?’
and Theorem 13 follows at once.

Theorem 14. Let the function fi(z) = z — Y20y ar12* (ax; > 0) be in the
class Cp (A, a) and fa(z) = 2 — Do, |ake| 2%, with |ags| < 1, k =

2,3,... .Then
(fl*f?)(z) S Cn()‘va)
Proof. Since
S ETHE = all + Ak = D]} lagpae] = > K"k — ol + Ak — D]}ag1 aggl
k=2 k=2

IN

D kT k — ol + Ak - 1)]}ags
k=2
S 1-— «,

by Theorem 1, it follows that (fi.f2)(2) € Cpn(\, ).

9. DEFINITIONS AND APPLICATIONS OF FRACTIONAL CALCULUS

Many essentially equivalent definitions of fractional calculus (that is, fractional
derivatives and fractional integrals) have been given in the literature (cf., e.g. [2], [9]
and [10]. We find it to be convenient to recall here the following definitions which
were used recently by Owa [4] and by Srivastava and Owa [7] ).

Definition 1. The fractional integral of order p is defined, for a function f(z), by

D) = s [ (tt))l_ﬂdt (1> 0), (9.1)
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where f(z) is an analytic function in a simply-connected region of the complex
z—plane containing the origin and the multiplicity of (z — ¢)*~! is removed by re-
quiring log(z — t) to be real when z — ¢ > 0.

Definition 2. The fractional derivative of order y is defined, for a function f(z), by

1 d [* f@)
D =—"— dt (0<pu<1 9.2
U0 = Frm s |, et 0 k<), (92)
where f(z) is an analytic function in a simply-connected region of the complex
z—plane containing the origin and the multiplicity of (z—t) * is removed by requiring
log(z —t) to be real when z —t > 0.

Definition 3. Under the hypotheses of definition 2, the fractional derivative of
order n + p is defined by

dn
DI f(z) = T DEf(2) (0< p <13 neNo) . (9:3)
Theorem 15. Let the function f(z) defined by (1.6) be in the class C,(\, ). Then
we have and

- z | |1+,u -«
|DZ "(D'f ‘ —“ T2+ p) {1 + 2712 — a1+ N)](2+ p) |Z|} (9-4)
and
—u( i i l1-a
PPN i\ FE a9

for £ > 0 and z € U. The result is sharp.
Proof. Note that f(z) € Cp,(X, ) if and only if Dif(2) € Cp,_;(\, ), D' f(2) is given

by (4.4). Using Theorem 1, we know that

2712 — (1 4 \)] i Kay < i Uk —al + A(k—1D)]}ap < 1—a, (9.6)
k=2 =

that is,that

11—«
K .
Z ak - on-— 1+1[2 ( + )\)] (9 7)
k=2
Let
2 T(k+1)I(2 ,
F(2) =T(2 + p)z "D *(D'f(z) = Z FUOTEH W) i ok (9.8)

— F(k4+p+1)
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Then
=z- > U(k)kaz", (9.9)
k=2
where Pk + D2 )
+ +u
(k) = k> 2). 9.10
() = g =) (9.10)
Since ¥(k) is an decreasing function of k , then
2
0<U(k)<T(2)=— (k=>2). 9.11
() < ¥@)= 5o (h22) (9.11)
From (9.9) and (9.11), we have
F(2)| 2 |2] — 0 (2) |2 Zklak (9.12)
|[F(2)| = [D2+ w)z DD f(2))| 2 |2] = ¥(2) |2 Zkl
1—
> . o1 (9.13)

=T e a2+ )

and

[F(2)] = T2+ p)z DD f(2)] < |2l + W(2) |2 ) Kax

l—« | ’2
. z
2012 —a(l+ N)](24 p)
which proves the inequalities of Theorem 15. Further equalities are attained for the
function f(z) given by

tn 11—«
SO 2 g\ w0

<|z| + (9.14)

or
11—« 9

T2 —a(l+ N
Using arguments similiar to those in the proof of Theorem 15, we obtain the following
theorem.

Theorem 16. Let the function f(z) defined by (1.4) be in the class Cy,(\, ). Then
we have

D'f(z) =z

(9.16)
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i ‘Z|1_M l -«
PEDIEI < s\ e ) O
and
i |Z|17# _ l-—a ~
P> s (1 - e Y 9

for 0 < p <1 and z € U. The result is sharp for the function f(z) given by (9.16).

Remarks.

(1) Putting ¢ = n = 0 in Theorem 15, we obtain the result obtained by Altintas and
Owa [1, Theorem 9];

(2) Putting ¢ = 0 in Theorem 16, we obtain the result of Theorem 4;

(3) Putting ¢ = n = 0 in Theorem 16, we obtain the results obtained by Altintas
and Owa [1, Theorem 11];

(4) Putting ¢ = n = p = 0 in Theorem 16, we obtain the results obtained by Altintas
and Owa [1, Theorem 4, inequality (2.22)];

(5) Putting n = 4 =0 and ¢ = 1 in Theorem 16, we obtain the results obtained by
Altintas and Owa [1, Theorem 4, inequality (2.23)];

(6) Putting = 0 and ¢ = 0 in Theorem 16, we obtain the result of Corollary 2;

(7) Putting p = 0 and ¢ = 1 in Theorem 16, we obtain the result of Corollary 3.
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