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ON THE COMPOSITION OF TWO STARLIKE FUNCTIONS

OLGA ENGEL

ABSTRACT. In this paper we determine a subclass of the class of starlike func-
tions S*, which is denoted by S** and which has the property that the composition
of two functions from S** is in the class S*. The basic tool of our research is the
differential subordination theory.
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1. INTRODUCTION

Let U(r) = {z € C: |z| < r} be the a disk in the complex plane C, centered at zero,
and U = U(1). We denote by A the class of the functions f of the form

@) =2+ ans,
n=2

defined in U. Let r be a real number with r € (0, 1].

We say that f is starlike in U(r) if f : U(r) — C is univalent and f(U(r)) is a
starlike domain in C with respect to origin. It is well-known that f € A is starlike
in U(r) if and only if

/
Re <Zf (Z)) >0, for all ze€ U(r).
f(z)

It is also known that the composition of two starlike functions generally is not
starlike (if the composition can be done). In this paper we determined conditions
which imply that the composition of two starlike functions is also starlike. This prob-
lem seems to be new, we did not find in the literature results regarding this question.
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We define the class S** by the equality

{feA‘1+zf// ‘<\[ zeU}. (1)

We will prove in the followings that S** C S*, and if

f,g € S™, then fogis starlike in a disk U(rg).

2. PRELIMINARIES

The following definitions and lemmas are necessary to prove our main results.

Definition 1. [1/[2] Let f and g be analytic functions in U. We say that the function
f is subordinate to the function g, if there exist a function w, which is analytic in
U and for which w(0) =0, |w(z)| < 1 for z € U, such that f(z) = g(w(2)), for all
z € U. We denote by < the subordination relation.

Definition 2. [1]/2] Let Q be the class of analytic functions q in U which has the
property that are analytic and injective on U\E(q), where

E(q) ={¢€aU: Zli_n}Cq(Z) = oo},

and are such that ¢'(¢) # 0 for ( € OU\E(q).

Lemma 1. [Miller-Mocanu] Let q € Q, with q(0) = a, and let p(z) = a+apz" +...
be analytic in U with p(z) # a and n > 1. If p £ q, then there are two points
20 = 19 € U, and ¢y € OU\E(q) and a real number m € [n,00) for which
p(Ur,) C q(U),

(i) p(z0) = q(Co)

(i) zo0p'(20) = mGoq'(Co)

zop” (20) ¢oq” ($o)
(i)  Re (;,(ZO)O +1> mRe< Oq’(Co)O + 1).

The following result is a particular case of Lemma 1.

Lemma 2. [ Miller-Mocanu] Let p(z) = 1+an2"+. .. be analytic in U with p(z) # 1
and n > 1. If Rep(z) # 0, z € U, then there is a point zg € U, and there are two
real numbers x,y € R such that

(1)  plz0) =iz

(i) zop'(20)
(iii)  Rez3p’

< o,
+ 209 (20) < 0.

=y
"(20)

48



Olga Engel — On the composition of two starlike functions ...

3. MAIN RESULTS

Theorem 3. We have S™ C S*.

Proof. Let f be a function from the class S**.

/
We will prove that p(z) = () >0, zeU.

f(2)

It is easily seen that

1), )

1+ ,
f'(z) p(z)
and consequently the following equivalence holds
2f"(2) \f ()| [5
1+ ‘< —,ZEU(:)‘pz+ ‘< -, zelU. 2
<V B+ e 1<V @
oy 2f'(2) :
If the condition Re p(z) = Re ) > 0, z € U, does not hold, then according to
z

the Miller-Mocanu lemma (Lemma 2) there is a point zy € U, and there are two real
numbers z,y € R such that
p(20) = iz,
and
14 2?
5

zop (20) =y < —

These equalities imply

/ 1 2 5
p(20) T T 2w 4
.. . . Zf,(z)
This inequality contradicts (2) and consequently Re p(z) = Re e >0, 2€U
z
holds.
52

Remark 1. The class S** is not empty. It is easily seen that if f(z) = z — 100"

then

zf"(2) 100 — 4z _ 104 \F
1 ‘ - ‘ ’ <—<,/2zevU
’ T T 0—2z 1 =, 1°

and consequently f € S**.

/
Theorem 4. If f € §**, then ‘arg Z;((j)‘ < z, zeU.
z

4
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2f'(2)
f(2)

_z2f'(2) [1+2
p(z) = ) =< 1_z—q(z), zeU. (3)

We will prove the subordination (3) using again the Miller-Mocanu lemma.
If the subordination (3) does not hold, then according to Lemma 1 there are two
points zg € U and ¢y = € € 9U, and a real number m € [1,00), such that

4 it
p(20) = q(Co) = q(e”) = \/57

20p'(20) _ Coq'(Co) e’
=m =m 2i0 -
p(20) q(¢o) 1—e
According to (2) the function f belongs to the class S** if and only if

‘p(z) + zp’(z)’ < \/i, zeU. (4)

p(2)

Proof. The inequality |arg

i
‘ < 1 z € U is equivalent to

On the other hand we have
20’ (20) ‘ N ’ ¢oq' (Go) ‘ B ‘ 14 et e’
o)+ gy | = o)+ m = = T+

‘ /. t6+ 1
= 72 COt — m .
2 2sin 6

, it follows that x € (0, 00), and

0
cot 3

Denoting z =

We will prove in the followings that

$2+w4+1+(a¢4+1
22z
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Indeed we have

4 4 4
1 1\2 1 1 b
x2+m+ +(x4—2) a:2+$+ >1+—>—-, ze]l,o00).
2V/2x 4 2v/2x V2 o4
4 4
o +1 =+ 1\2
Since th ing v : (0,3 SR, - ( )'t'tld ing,
ince the mapping x : (0, 5] x(x) WPt + 2 is strictly decreasing

it follows that

4 4
e+ () 20 zx() > 3 e (0
CravE T Uae ) 2 Eg) 2w e 0g)

> — and > —— > 0.62. We
4 2/ 22 3v/2

1 1 111\2 1 141 2v3
finally if x € [5,1} then$221, (i) vt V3

4 2

1\2 t 1\2

introduce the notation t = z2 = 22 + (x4—i—2 ) = ( ;t_ ) . We will prove

x
4
1\2 3
that z2 + <w4+2 ) > te [%, 1]. This inequality is equivalent to
x

1
u(t) =t + 1663 — 102 +1>0, t €|

—, 1.
1

We have o/ (t) = 4¢3+ 48t — 20t = 4¢(t>+ 12t —5) and u(t) > V41—6 > 0, t € [3,1].
Thus the proof of (6) is finished. Now (5) and (6) imply

zop’(zo)‘ - 5

‘p(ZO) + p(ZO) N

4 J
and this contradicts (4). This contradiction implies the subordination (3).

Theorem 5. If f € S** then ‘argf’(z)’ < %, z e U.

Proof. The inequality ’ arg f’ (z)’ < %, z € U is equivalent to

) <y 1e =q(z), z€U (7

If the subordination (7) does not hold, then according to Lemma 1 there are two
points zg € U and ¢y = € € 9U, and a real number m € [1,00), such that
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wf"(20) _ Gd'(C) _ e im
f(z0) q(C) 1 —e2?  2sinf’

Thus we get

L2 i Gy = e (3) =

This inequality contradicts f € S**. The contradiction implies that the subordina-

tion (7) holds, and the proof is done.

Now we are able to prove the result proposed in the Introduction for composition

of functions.

Theorem 6. If f,g € S**, and ro = sup{r € (0,1]|g(U(r)) C U}, then fog is

starlike in U (ro).
Proof. We have
o)) _ =)
(feg)(z)  flg(2))
If f,g € ™, then Theorem 4 and Theorem 5 imply the inequalities

zf’(z) ™ ’ s
‘arg ) ‘<Z,z€Uand‘argg(z)‘<Z, zeU.

The equality (8) implies that
2(fog)(2) 2f"(9(2))
f

arg —————=- = arg

(fog)(2)

() T Y

Thus we get

arg z(f 2 9)(2) Zf’(g(?) ‘ n

Foow | =750

This inequality means that

z(f o 9)(2)
(fog)(z)

and consequently f o g is starlike in U(r).

Re >0, z € U(ry),

52

T
argg'(z)’ < 5 %€ U(ro).

(8)
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4. FINAL CONCLUSIONS

We have proved that the class S** is a subclass of the class S*, the class of starlike
functions. Also we have proved that the class S** has the property that every two
functions from this class can be composed, and the composition of such two starlike
functions is also starlike.
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