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SOME OPERATORS IN IDEAL TOPOLOGICAL SPACES VIA
COZERO SETS

AHMAD AL-OMARI

ABSTRACT. An ideal on a set X is a nonempty collection of subsets of X
with heredity property which is also closed finite unions. The concept of ideal
topological spaces via cozero sets was introduced by Al-Omari [1]. In this
paper, we introduce and study an operator ® : P(X) — 7 defined as follows
for every A € X, ®(A) = {x € X : there exists a cozero set U containing x
such that U — A € Z} and observes that ®(A4) = X — (X — A),. We construct
a topology 7} for X by using the cozero sets and an ideal Z on X. Moreover,
we obtain some characterizations of ®(A).
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1. INTRODUCTION AND PRELIMINARIES

The notion of ideal topological spaces was first studied by Kuratowski [7] and
Vaidyanathaswamy [11]. Compatibility of the topology 7 with an ideal Z was
first defined by Njastad [9]. In 1990, Jankovic and Hamlett [4, 5] investigated
further properties of ideal topological spaces. An ideal Z on a topological space
(X, 7) is a nonempty collection of subsets of X which satisfies the following
properties:

1. A€eZ and B C A implies that B € 7.
2. AeZ and B € 7 implies AUB € 1.
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An ideal topological space is a topological space (X, 7) with an ideal Z on
X and is denoted by (X, 7,Z). For a subset A C X, A*(Z,7) = {z € X :
ANU ¢ T for every open set U containing x} is called the local function
of A with respect to Z and 7 (see [4, 7]). We simply write A* instead of
A*(Z,T) in case there is no chance for confusion. For every ideal topological
space (X, 7,7), there exists a topology 7%(Z), finer than 7, generating by the
base B(Z,7) ={U —J :U € 7 and J € Z}. It is known in [4] that B(Z, 1)
is not always a topology. When there is no ambiguity, 7*(Z) is denoted by
7*. Recall that A is said to be x-dense in itself (resp. 7*-closed, *-perfect) if
A C A* (resp. A* C A, A= A*). For a subset A C X, Cl*(A) and Int*(A)
will denote the closure and the interior of A in (X, 7%), respectively.

A subset H of a topological space (X, 7) is called a cozero set if there is
a continuous real-valued function g on X such that H = {z € X : g(z) #
0}. The complement of a cozero set is called a zero set. Recently papers
2, 3, 6, 10] have introduced some new classes of functions via cozero sets.
Since the intersection of two cozero sets is a cozero set, the collection of all
cozero subsets of (X, 7) is a base for a topology 7, on X, called the complete
regularization of 7. It is clear that 7, C 7 in general. Furthermore, the space
(X, 7) is completely regular if and only if 7, = 7. In general for any topological
space 7, C 7, we note that (X, 7,) is completely regular.

We set Int,(A) = U{U : U C A, U is a cozero set } and Cl,(A) = N{F :
A C F,F is a zero set }.

Proposition 1.1. [1] Let (X, 7,7) be an ideal topological space and A be a
cozero set then Int,(A) = A and if A is zero set then Cl.(A) = A.

Conversely Int.(A) = A dose not imply A is cozero set and Cl,(A) = A
dose not imply that A is zero set.

Lemma 1.2. Let (X, 7,Z) be an ideal topological space. Then = € Cl,(A) if
and only if every cozero set U, containing x, U, N A # ().

Proof. Let € Cl,(A). Supposed that U, N A = (), where U, is a cozero
set containing . Then A C X — U, and X — U, is a zero set containing A.
Therefore, x € X — U, and this a contradiction. Conversely supposed that
U, N A #  for every cozero set U, containing x. Suppose that « ¢ CL,(A).
Then there exists a zero set F' such that A C F and z ¢ F. Therefore,
r€X —F. So AN (X — F) = 0 for the cozero set X — F' containing z. It is
a contradiction.
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Definition 1.3. [1] Let (X, 7,Z) be an ideal topological space. For a subset
A of X, we define the following set: A,(Z,7) ={x € X : ANU ¢ T for every
U € CZ(z)}, where CZ(x) is the set of all cozero set in X containing z. In
case there is no confusion A,(Z,7) is briefly denoted by A, and is called the
z-local function of A with respect to Z and 7.

Lemma 1.4. [1] Let (X, 7,Z) be an ideal topological space and A, B any
subsets of X. Then the following properties hold:

L (0).=0.
2. (A;). CA..

3. A,UB. = (AUB)..

Theorem 1.5. [1] Let (X,7) be a topological space, Z and J be ideals on
X, and let A and B be subsets of X. Then the following properties hold:

1. If AC B, then A, C B..
2. If T C 7, then A,(T) D A(J).

w

. A. = CL(A.) C CL(A).
4. Tf AC A, then A, = CL(A,) = CL(A).
5. If A€ Z, then A, = 0.

Corollary 1.6. [1] Let (X,7,Z) be an ideal topological space and A, [
subsets of X with I € Z. Then (AUI), =A, =(A—1)..

Remark 1.7. In [1] Al-Omari obtained that Cl,(A) = AUA, is a Kuratowski
closure operator. We will denote by 7} the topology generated by C1,, that is,
r={UCX:ClL(X-U)=X-U}.

Theorem 1.8. [1] Let (X, 7,Z) be an ideal topological space. Then 5(CZ,Z) =
{V —1:V is a cozero set of (X,7),] € I} is a basis for 7.

Theorem 1.9. [1] Let (X,7,Z) be an ideal topological space, then the
following properties are equivalent:

1. CZNT = {0}
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2. If I € Z, then Int (I) = {0};
3. For every cozero set G, G C G;
4. X = X,.

Lemma 1.10. Let (X, 7,7) be an ideal topological space. If A is cozero set
then CZNZ = {0} if and only if A, = CI,(A).

Proof. Let CZNZ = {(}. Let A be a nonempty cozero sets then by Theorem
1.5 we have A, C Cl,(A). Let x € Cl,(A), then for all cozero set U, containing
x we have U, N A # (). Again U, N A is a nonempty cozero set, so U, N A & T,
since CZNZ = {(0}. Hence x € A,. Therefore, A, = Cl,(A). Conversely
for A cozero set we have A, = CI,(A). Then X = X, and this implies that
CZNZ={0} by Theorem 1.9.

2. ®-OPERATOR IN IDEAL TOPOLOGICAL SPACES

Definition 2.1. Let (X,7,Z) be an ideal topological space. An operator
¢ : P(X) — 7 is defined as follows for every A € X, ®(A) = {z € X : there
exists a cozer set U containing x such that U — A € Z} and observes that
P(A)=X—(X—-A)..

Several basic facts concerning the behavior of the operator ® are included
in the following theorem.

Theorem 2.2. Let (X, 7,7) be an ideal topological space. Then the following
properties hold:

1. If A C B, then ®(A) C &(B).

2. If A,B € P(X), then (AN B) = ®(A) N D(B).

3. If U € 77, then U C (V).

4. If AC X, then $(A) C O(P(A)).

5. If AC X, then ®(A) = ®&(P(A)) if and only if (X — A), = (X — A).)..
6. If A€ T, then ®(A) = X — X..
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7. If AC X, then AN®(A) = Int,(A).
8. If AC X, €T, then B(A—I) = d(A).
9. fAC X, €T, then B(AUI) = B(A).
10. If (A—B)U (B — A) € Z, then ®(A) = &(B).

Proof. (1) This follows from Theorem 1.5 (1).
(2) It follows from (1) that (AN B) C ®(A) and $(AN B) C ®(B). Hence
P(ANB) C ®(A)NP(B). Now let x € (A)NP(B). There exist U,V € CZ(x)
such that U — A€ Z and V —B e€Z. Let G=UNV € CZ(x) and we have
G—A € T and G—B € T by heredity. Thus G—(ANB) = (G-A)U(G—-B) €T
by additivity, and hence x € ®(ANB). We have shown ®(A)NP(B) C ¢(ANDB)
and the proof is complete.
(3) If U € 7}, then X — U is 7}-closed which implies (X —U), € X — U and
hence U C X — (X —U), = ©(U).
(4) This follows from (3).
(5) This follows from the facts:

1. ®(A) = X — (X — A),.
2. B(D(A)) = X — [X — (X — (X — A),)]. = X — (X — A).)..

(6) By Corollary 1.6 we obtain that (X — A), = X, if A€ 7.

(7) If x € AN®P(A), then z € A and there exists a cozero set U, containing
such that U, — A € Z. Then by Theorem 1.8, U, — (U, — A) is an 7}-open
neighborhood of = and = € Int,(A). On the other hand, if z € Int.(A),
there exists a basic 7}-open neighborhood V,, — I of z, where V,, is a cozero set
and I € Z, such that z € V, — I C A which implies V, — A C [ and hence
Ve, — A€ Hence x € AND(A).

(8) This follows from Corollary 1.6 and P(A—1) =X —[X —(A—-1)], =
X—-[(X-AUl,=X—-(X—-A4), =2(A4).

(9) This follows from Corollary 1.6 and ®(AUI) = X — [X — (AU )], =
X_[(X_A)_]]Z:X_(X_A)z:q)(A)'

(10) Assume (A—B)U(B—-A) € Z. Let A—B =1and B— A = J.
Observe that I, J € Z by heredity. Also observe that B = (A —I) U J. Thus
P(A)=P(A—-1)=P[(A—-1)UJ]=d(B) by (8) and (9).

Corollary 2.3. Let (X,7,Z) be an ideal topological space. Then

5
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1. U C ®(U) for every cozero set set U.
2. U CClL(PU)) for every cozero set set U.
B UNACCL(®PUNA)) it ACCIlL(P(A)) and U is a cozero set.

Proof. (1). We know that ®(U) = X — (X — U),. Now (X —U),
Cl(X —-U)=X—-U,since X —U is zero set. Therefore, U = X — (X —U)
X — (X - U), = o).

(2). If follows from (1).
(3). Let U be cozero set and A C Cl,(P(A)). By Theorem 2.2 and (1), we
have

NN

UNACUNCL(PA))
CCLUNDA)
C CL(2(U) N &(
=CL(P(UNA)).

A))

Theorem 2.4. Let (X, 7,7) be an ideal topological space. and A C X. Then
the following properties hold:

1. ®(A) = U{U : Uis cozero set and U — A € T}.
2. ®(A) D U{U : Uis cozero set and (U — A)U(A—-U) € Z}.

Proof. (1) This follows immediately from the definition of ®-operator.
(2) Since Z is heredity, it is obvious that U{U : Uis cozero set and (U — A) U
(A-U) € I} C WU : Uis cozero set and U — A € I} = P(A) for every
ACX.

Theorem 2.5. Let (X, 7,Z) be an ideal topological space. If o0 = {A C X :
A C ®(A)}. Then o is a topology for X and o = 7.

Proof. Let 0 ={AC X : A C ®(A)}. First, we show that o is a topology.
Observe that ¢ C ®(¢) and X C &(X) = X, and thus ¢ and X € 0. Now
if A,B € o, then ANB C ®(A)NP(B) = ®(AN B) which implies that
ANBeo. If{A,:a € A} C o, then A, C ®(A4,) C P(UA,) for every o
and hence UA, C ®(UA,). This shows that o is a topology. Now if U € 7
and x € U, then by Theorem 1.8 there exist a cozero set V' containing x and
I € 7 such that x € V-1 CU. Clearly V—U C I so that V — U € Z by

6
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heredity and hence z € ®(U). Thus U C ®(U) and we have shown 7 C o.
Now let A € o, then we have A C ®(A), that is, A C X — (X — A), and
(X — A), C X — A. This shows that X — A is 77-closed and hence A € 7.
Thus o C 77 and hence o = 7}.

Definition 2.6. [1] Let (X, 7,Z) be an ideal topological space. We say 7 is
z-compatible with the ideal Z, denoted 7 ~, Z, if the following holds for every
A C X: For every x € A and cozero set U withx e Uand UNAe€Z, AeT.

Theorem 2.7. Let (X, 7,Z) be an ideal topological space. Then 7 ~, 7 if
and only if ®(A) — A € T for every A C X.

Proof. Necessity. Assume 7 ~, 7 and let A C X. Observe that = €
P(A)—AeZifandonlyifx ¢ Aand z ¢ (X — A), if and only if x ¢ A
and there exists a cozero set U, containing = such that U, — A € Z. Now, for
each z € ®(A) — A and a cozero set U, containing z, U, N (®(A) — A) € T by
heredity and hence ®(A) — A € Z by assumption that 7 ~, Z.

Sufficiency. Let A C X and assume that for each x € A there exists
a cozero set U, containing = such that U, N A € Z. Observe that ®(X —
A) — (X — A) = {z : there exists a cozero set U, containing = such that
xe€U,NA €T} Thus we have A C &(X — A) — (X — A) € Z and hence
A € T by heredity of Z. Hence 7 ~, 7.

Proposition 2.8. Let (X,7,Z) be an ideal topological space with 7 ~, Z,
A C X. If N is a nonempty cozero subset of A, N ®(A), then N — A € 7 and
NNA¢T.

Proof. If N C A, N ®(A), then N — A C &(A) — A € T by Theorem 2.7
and hence N — A € 7 by heredity. Since N € CZ — {¢} and N C A,, we have
NN A¢7Z by the definition of A,.

As a consequence of the above theorem, we have the following.

Corollary 2.9. Let (X, 7,7Z) be an ideal topological space with 7 ~, Z. Then
O(P(A)) = P(A) for every A C X.

Proof. ®(A) C ®(P(A)) follows from Theorem 2.2 (5). Since 7 ~, Z,
it follows from Theorem 2.7 that ®(A) C AU for some I € Z and hence
O(P(A)) = ®(A) by Theorem 2.2 (10).

Theorem 2.10. Let (X, 7,Z) be an ideal topological space with 7 ~, Z. Then
O(A) =U{P(U) : U is a cozero set and ®(U) — A € T}.

7
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Proof. Let W(A) = U{®(U) : U is a cozero set and P(U)—A € Z}. Clearly,
U(A) C P(A). Now let z € ®(A). Then there exists a cozero set U containing
x such that U — A € Z. By Corollary 2.3, U C ®(U) and ®(U) — A C
[®(U)—U]JU[U— A]. By Theorem 2.7, ®(U)—U € Z and hence ®(U)— A € T.
Hence x € W(A) and ¥(A) O ®(A). Consequently, we obtain W(A) = ®&(A).

In [8], Newcomb defines A = B [mod Z] if (A — B)U (B — A) € T and
observes that = [mod Z] is an equivalence relation. By Theorem 2.2 (11), we
have that if A = B [mod Z], then ®(A) = ®(B).

Definition 2.11. Let (X, 7,Z) be an ideal topological space. A subset A of
X is called a z-Baire set with respect to 7 and Z, denoted A € B,(X,7,7), if
there exists a cozero set U such that A = U [mod Z].

Lemma 2.12. Let (X, 7,Z) be an ideal topological space. with 7 ~, Z. If
U, V are cozero set and ®(U) = &(V), then U =V [mod Z].

Proof. Since U is a cozero set, we have U C ®(U) and hence U — V C
OU) -V =d(V)—-V € Z by Theorem 2.7. Similarly V — U € Z. Now
(U—-V)U(V =U) €Z by additivity. Hence U = V' [mod Z].

Theorem 2.13. Let (X, 7,Z) be an ideal topological space with 7 ~, Z. If
A, Be B.(X,7,7) and ®(A) = ®(B), then A = B [mod Z].

Proof. Let U,V be a cozero set such that A = U [mod Z] and B = V
mod Z]. Now ®(A) = &(U) and ®(B) = (V) by Theorem 2.2(11). Since
®(A) = &(U) implies that &(U) = (V') and hence U = V' [mod Z] by Lemma
2.12. Hence A = B [mod Z] by transitivity.

Proposition 2.14. Let (X, 7,Z) be an ideal topological space.

1. If B € B.(X,7,Z) — Z, then there exists a nonempty cozero set A such
that B = A [mod Z].

2. If CZNZ = ¢, then B € B,(X,7,Z) — T if and only if there exists a
nonempty cozero set A such that B = A [mod Z].

Proof. (1) Assume B € B,(X,7,Z)—Z, then B € B,(X,7,Z). Now if there
does not exist a nonempty cozero set A such that B = A [mod Z], we have
B = ¢ [mod Z]. This implies that B € Z which is a contradiction.

(2) Assume there exists a nonempty cozero set A such that B = A [mod Z].
Then A = (B—J)UI, where J = B— A I =A—-B €I If BeZ, then
A € T by heredity and additivity, which contradicts that CZ NZ = ¢.

8
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Proposition 2.15. Let (X, 7,Z) be an ideal topological space with CZNZ =
6. If B € B.(X,7,Z) — I, then ®(B) N Int.(B,) # ¢.

Proof. Assume B € B,(X,7,Z) — Z, then by Proposition 2.14(1), there
exists a nonempty cozero set A such that B = A [mod Z|. This implies that
p#+ACA =((B—-J)UIl), =B, where J = B—-A 1l =A—-—BecZbhy
Theorem 1.9 and Corollary 1.6. Also ¢ # A C ®(A) = ®(B) by Theorem
2.2 (11), so that A C ®(B) N Int,(B.).

Given an ideal topological space (X, 7,7), let Z(X,7,Z) denote {A C X :
there exists B € B,(X,7,Z) —Z such that B C A}.

Proposition 2.16. Let (X, 7,Z) be an ideal topological space with CZNZ =
¢. The following properties are equivalent:

1. Ac Z(X,7,1);
2. ©(A) N Int.(A:) # &;
3. D(A) N A, # ¢
4. D(A) # ¢;

(4) #

6. There exists a nonempty cozero set N such that N—A € Zand NNA ¢ 7.

5. Int,

Proof. (1) = (2): Let B € B.(X,7,Z) — Z such that B C A. Then
Int,(B,) C Int,(A,) and ®(B) C ®(A) and hence Int,(B,)N®(B) C Int.(A.)N
®(A). By Proposition 2.15, we have ®(A) N Int,(A,) # ¢.

(2) = (3): The proof is obvious.

(3) = (4): The proof is obvious.

(4) = (5): If ®(A) # ¢, then there exists a nonempty cozero set U such that
U—-—AeZ SinceU ¢Zand U = (U—-A)U(UNA), wehave UNA ¢ 7.
By Theorem 2.2, ¢ # (UNA) COU)NA=d(U-A)UUNA)NA=
PUNA)NACPA)NA=Int,(A). Hence Int,(A) # ¢.

(5) = (6): If Int,(A) # ¢, then by Theorem 1.8 there exists a nonempty
cozero set N and I € Z such that ¢ # N — 1 C A. We have N — A € 7,
N=(N—-A)U(NNA)and N ¢ Z. This implies that NN A ¢ Z.

(6) = (1): Let B= NNA ¢ 7 with a nonempty cozero set N and N — A € T.
Then B € B,(X,7,Z) —Z since B¢ Zand (B— N)U(N—-B)=N—-AeT.



Ahmad Al-Omari — Some operators in ideal topological spaces ...

Theorem 2.17. Let (X, 7,Z) be an ideal topological space, where CZNZ = ¢.
Then for A C X, ®(A) C A,.

Proof. Suppose © € ®(A) and x ¢ A,. Then there exists a cozero set
U, containing x such that U, N A € Z. Since z € ®(A), by Theorem 2.4
x € UW{U : Uis a cozero set and U — A € Z} and there exists a cozero set
V such that x € V and V — A € Z. Now we have U, NV is a cozero set,
U,NVNAeTand (U,NV)— A €T by heredity. Hence by finite additivity
we have (U, NV NA)U U, NV —-A)=(U,NV)eZ Since (U,NV) is a
cozero set , this is contrary to CZ NZ = ¢. Therefore, v € A,. This implies
that ®(A) C A,.

Corollary 2.18. Let (X, 7,Z) be an ideal topological space, where CZNZ = ¢.
Then for A C X, ®(A) C Cl,(A,).

Theorem 2.19. Let (X, 7,7) be an ideal topological space. Then the follow-
ing properties are equivalent:

1. CZ2NTI = ¢;

2. ©(¢) = ¢

3. If AC X is zero set, then ®(A) — A = ¢;
4. 1 I €T, then ®(I) = ¢.

Proof. (1) = (2) Since CZNZ = ¢, by Theorem 2.4 we have ®(¢) = U{U :
Uis cozero set and U € I} = ¢.
(2) = (3) Suppose x € P(A) — A, then there exists a cozero set U, containing
xsuchthat r €U, —A€Zand U, —A€CZ. BuwU, —Ae{UeCZ:U €
Z} = ®(¢) which implies that ®(¢) # ¢. Hence ®(A) — A = ¢.
(3) = (4) Let I € Z and since ¢ is zero set, then (1) = P(IU¢p) = (o) = ¢.
(4) = (1) Suppose A € CZNZ, then A € T and by (4) ®(A) = ¢. Since
A e CZ, by Corollary 2.3 we have A C ®(A) = ¢. Hence CZNZ = ¢.

Definition 2.20. A subset A in an ideal topological space (X, 1,7) is said to
be z-dense if A, = X.

The collection of all z-dense in (X, 7,Z) is denoted by 2-D(X,7). The
collection of all dense sets in (X, 7) is denoted by D(X, 7). Now we show that
the collection of dense sets in a topological space (X, 7)) and the collection of
z-dense sets in ideal topological spac (X, 7,Z) are equal if CZNZ = ¢.

10
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Theorem 2.21. Let (X,7,Z) be an ideal topological space. If CZNZ = ¢,
then z-D(X, 1) = D(X, 1}).

Proof. Let D € z-D(X, 7). Then Cl,(D) = DUD, = X,ie. D € D(X,7}).
Therefore, z-D(X,7) C D(X, 7}).

Conversely, let D € D(X, 7). Then Cl,(D) = DU D, = X. We prove
that D, = X. Let x € X such that x ¢ D,. Therefore there exists a cozero
set U # ¢ such that UND € Z. Since U ¢ Z, UN (X — D) ¢ 7 and
hence UN (X — D) # ¢. Let xp € UN (X — D). Then zy ¢ D and also
o ¢ D,. Because zo € D, implies that U N D ¢ Z which is contrary to
UND eZ Thus g ¢ DUD, = Cl,(D) = X. This is a contradiction.
Therefore, we obtain D € z-D(X, 7). Therefore, D(X, 1) C 2-D(X, 7). Hence
z-D(X,7) = D(X,7]).

Theorem 2.22. Let (X, 7,Z) be an ideal topological space. Then for x € X
X —{z} is z-dense if and only if ®({z}) = ¢.

Proof. The proof follows from the definition of z-dense sets, since ®({z}) =
X — (X —{z}). =¢if and only if X = (X — {z})..

Proposition 2.23. Let (X, 7,Z) be an ideal topological space. with CZNZ =
¢. Then ®(A) # ¢ if and only if A contains a nonempty 7.-interior.

Proof. Let ®(A) # ¢. By Theorem 2.4 (1),
P(A) = U{U : U is cozero set and U — A € T} and there exists a nonempty
set a cozero set U such that U — A € Z. Let U — A = P, where P € 1.
Now U — P C A. By Theorem 1.8, U — P € 7} and A contains a nonempty
7, -interior.

Conversely, suppose that A contains a nonempty 7;-interior. Hence there
exists a cozero set U and P € Z such that U — P C A. SoU — A C P. Let
H=U-ACP, then H€Z. Hence U{U : U is cozero set and U — A € T} =

(4) £ 6.

Proposition 2.24. Let (X, 7,Z) be an ideal topological space. Let z € X.
Then {z} C CL,(®({«})) if and only if {z} is 7}-open in X.

Proof. Let {z} C Cl,(®({z})) then ®({z} # 0. By Proposition 2.23, {z}
contains a nonempty 7;-interior. Therefore {z} is 7/-open in X. Conversely
suppose that {z} is 77-open in X, implies that by Theorem 2.2 {z} C ®({z})
and hence {z} C Cl,(®({z})).

11
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