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ON CERTAIN PROPERTIES OF MEROMORPHIC MULTIVALENT
FUNCTIONS DEFINED BY A GENERALIZED DIFFERENTIAL
OPERATOR
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ABSTRACT. Inspired by the work of Srivastava and Patel [Applications of differen-
tial subordination to certain subclasses of meromorphically multivalent functions,
J. Inequal. Pure Appl. Math. 6 (2005), no. 3, Article 88, 15 pp.], in the present
manuscript, using the principle of differential subordination, certain interesting re-
sults such as subordination properties, coefficient estimates, radius constants and
inclusion relationship are discussed. Also the relevant connections of the various
results presented in this manuscript with those obtained in earlier works have been
pointed out.
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1. INTRODUCTION

Let X, , denote the set of all analytic and p—valent functions of the form
o0
f2) =274 apz" (m>-ppeN) (1)
k=m

in the punctured unit disk U* := {z : 2z € C and 0 < |z| < 1}. We define the
Hadamard product of functions f, given by (1), and g given by

oo
g(z)=z2"P+ Z bzt
k=m

by
(f*xg)(z)=2z"P+ Z arbpz”.
k=m
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For a function f € ,,,, given by (1) and ¢ defined by

[ee] 1 «
2)=2z"P+ — ) ZF a € R),
0=+ 3 (py1) & e®
=m
we define the differential operator Ty (), i) by the following way:

Ty 1) = f(2) * 6(2),

T () = wul LN () EEIO O (1 g2y w0() @)
and in general
Ty 1) f(2) = Ty s i) (T~ (O ) £(2)), (3)

where 0 < p < X and m € Ny = NU {0}. From (2) and (3), it can be verified that

TSL:Z(A7 M)f(z) =z P+ Z (I)k()\ﬂ , n, aap)akzkv (4)

k=m

where 14+ (k+p)A—p+Iu(k+p+ 1))]”

)
[k +p+ 1]* 5)
From (4) it is clear that the operator Ty s (A, 1), by means of convolution, can be
written as

(bk()\, M, 1, Oé,p) =

Tops ) f(2) = (f * h)(2),

where

h(z) =277+ Z (N, 1y, p) 2. (6)

k=m

1. For a = 0, the operator Ty, (A, p) defined (4) is the operator DY, defined by
Orhan et al.[9].

2. The operator Tﬁi’,g()\, ) is the one parameter family of integral operator

« 1 ‘ zye-t a—1

o0 1 e
— P - - k
2o kz?; <k +p+ 1> ‘
introduced by Aqlan [3] (see also [2]).
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3. The differential operator T, %’Z(l, 0) = D™ was introduced and studied by Sri-
vatava and Patel [10].

4. For m = 0,\ = 1,u = 0 and o = 0 the operator Té{’;(l,()) was introduce by
Liu and Srivastava [4].

5. For p=1,m =0, = 0,A = 1,4 = 0 the operator Tg”f’(l,(]) was considered
earlier by Uralegaddi and Somamatha [11].

6. A special case of the operator T 5 (A, 1), when m = 0, =0,A=1,u=0,p €
N was considered by Aouf and Hossen [1].

The recent paper of Mostafa and Aouf [8] and that of Noor and Riaz [?] are also a
useful reference in this direction.
From the definition of Ty, (A, 1) f(2) it can be easily verified that

AT\ 1) f(2)) = T (A ) f(2) = (0 + D Tp (X ) £ (2) (7)
(T (0, 1) f(2)) = Ty (0, 1) f(2) (8)
A2 (Tp (A 0)f(2)) = Top (X 0)f(2) = (p + TR (A, 0) f(2) (9)

Definition 1.1. Let $5%%"" (A, B) be the class of functions f € X,,, which satisfy
the following differential subordination:

Ty wf () 14 Az

p 5 ((1<B<A<lzel) (10)

In view of the differential subordination (10) can be written as

FHTp(A ) f(2) +p
B(Tmp(A\ 1) f(2)) +pA

<1l (z€l). (11)

For convenience, let S5 (1 — 2n/p, —1) =: Do3""(n) (0 < n < p).

Definition 1.2. Let Z%’,Ap’“ "™(n) be the class of functions f € %, ,, satisfying
—Re(Tp (A, 1) f(2)) > .

Let Yo, =: 5 and S50"" (A, B) = Sp™"(A, B).

The following existing results: Let P(7) be the class of functions p(z) of the form
p(2) = 1+ b1z + boz? + b3z + - -+ | which are analytic in U and satisfy Re(p(z)) >
7, (0<y<1,zel).
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Lemma 1.3. [6, 7] Let the function h(z) be analytic and convex (univalent) in U
with ~(0) = 1. Suppose also that the function p given by

p(Z) =1+ Cp+mZp+m + Cp+m+1zp+m+1 4. (12)
is analytic in U. If

2p'(2)
¥

p(z) + < Nh(z) (Re(y) >0,7#0,z€0), (13)

then

o A T . 2
< = p+m t p-‘rmhtdt
pe) <) = e [ eEmaQ)

and ¢(z) is the best dominant of (13).

For real or complex number a,b and ¢ (¢ # 0, —1,—2,—3,---), the Gauss hyper-
geometric function [12] is defined by

abz ala+1)b(b+1) zj

Filabiez) =1+22
2P, bics 2) T c(c+1) 2!

Lemma 1.4. [12] For real or complex parameters a,b and ¢ (¢ # 0,—1,—2,—-3,---),

/1 I — ) (1 —t2) %t = F(b)FF((C)_b) oFi(a,b;c;z)  (Re(c) > Re(b) > 0);
’ c (1)
2Fi(a,byc;z) = (1—2)7° 2F1(G,C—b;0;fzz) (15)
(b4+1) 2oF1(1,0;0+1;2) = (b+ 1) + bz o F1 (1,0 + 1;0 4 2; 2) (16)

and
oFi(a,b;c;z) = 2F1(b,a;¢; 2). (17)

2. MAIN RESULTS

Note that throughout this section, unless otherwise mentioned specifically, the pa-
rameters A, B, P, \,§ and  are constrained as follows:

—1<B<A<InpeNaecRI<A<LL,0< u< A <d<Tland0<n<p.
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Theorem 2.1. Let v = W and the function f given by (1) satisfy the follow-

ing differential subordination

P (L= 8)(1+ p(1 = N)[Tap A ) f (2)) +8[Timp " (A )£ (2)]) L 1t+Ae

P 1+ Bz’
e AT )Y A
T w) f(2 N 14+ Az
_ : 1
; <) < (18)
where
0"(2) A+ (1= $)(1+B2) " oRi(1, 1 55 + 15 125), B#0;
Z) =
1+ (525 ) A2, B=0
is the best dominant of (18). Furthermore
PHELYT S (A !
p
where

YA _
1= o B=0.

. { A+1-HA-B) 1R L+ L), B#O;
The inequality in (19) is the best possible.

Proof. Define the function ¢ by

Zp 1 !
o(z) = (T ;A ()" (20)

Then it can be easily seen that ¢(z) is of the form (12) and is analytic in U. Using
the identity (7) in (20) and differentiating, we obtain

S l4p(1—=N) p
From (20) and (21), we have

(Tnp ") f(2)) = p(z) + N 2 (2). (21)

1+p(1—

A=)+ p(1 = TR A W f G + [Ty " (A 1) f(2)])
p

Iz¢'(2) - 1+ Az
1+p(l—X) 1+ Bz

=o(2) +
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Using Lemma 1.3 for v = (1 + p(1 — A))/(d\) accompanied by change of variables
and using identities (14), (15), (16) and (17), we deduce that

_FPTERONIE) e

p
z
S zpfm/tpfml LAY

S+ 0= 50+ B2)" 2R 0 + 15 12), B#0;

This completes the proof of the claim (18). The assertion (19) follows from (18)
which can be seen as follows. To prove the assertion (19) is sharp, it is sufficient to
prove that

inf {Re(Q*(2))} = Q"(=1).

|z|<1
It is known that for |z] <r < 1,

1+ Az 1-— Ar
> < 1).
Re<1+Bz>_1—Br (el =r<1)

Setting g(s, z) = %igzz and dv(s) = erLmth%mflds (0 < s < 1), with positive

measure on the closed interval [0, 1], we have

1
@)= [ g5,
0
therefore
11— Asr

R(@'() 2 [ |~ pmdv(s) = @'(=r) (12| <7 < 1) (22)

0

The assertion (19) follows from inequality (22) by letting » — 17. The result is the
best possible because Q*(z) is the best dominant of (18). Setting § = 1 and m = 0,
we deduce the following inclusion property from Theorem 2.1:

Corollary 2.2. Let f € ¥,. Then

ngl,A,/,L,n(A7 B) C 2;,)\,#,71(1 _ 2@7 _1) C EZ»)\,M,TL(/L B),
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where A A B
- gl
=4+ (1-=Z)|0-B) 'R (1L, +1; ——
o=+ (1-5)a-mton (1)
and v = w. The result is best possible.

Remark 2.3. Corollary 2.2 generalizes the result [10, Corollary 1]. In fact when
A =1, =0and a = 0, the above Corollary 2.2 reduces to the result [10, Corollary
1] proved by Srivastava and Patel.

Theorem 2.4. Let 0 <n<pand f € Zg”\’“’”(n), then

= Re[z"TH((1 = 8)[T35 (A ) f(2)) + O[T, (X, m) f(2)))]
> (1 +p(1=A)+ (1 =0)] (2] <R),

where
_ (VAP +m)2 + (L +p(1 = N) + (1 =92 = No(p +m) i
R‘( ST+ p(L—N) +(1—0) ) - )
The result is best possible.
Proof. Let
— PTUTRR (N 1) f(2)) = 0+ (p = n)u(z). (24)

Then u(z) is of the form (12) and has positive real part in the unit disk U. Using
the identity (14) in (24) and differentiating, we have

— PP T A 1) f(2) = nlp(L—n)+ 1]+ (p—n)[p(1 —n) +1]u(z) + (p—n)zu/(2). (25)
From (24) and (25), we have

A= )ITRE N ) f () + ST (A ) f(2)])] + 0l = 81+ p(L — ) + 4]
[0(1+p(1 =)+ (1= —n)

= u(2) +

2’ (2)
S(1+p(1—X)+(1-9)

(26)

It is well known that [5]:

2/ ()] _ 2ot m)rt

Re{u(z)} = 1 —2ptm) (|Z’ =r< 1)’

using this in (26), we get

- {20 = DO T O 080500 =) + 081}
B +p(1 =)+ (1 -0)lp—n)

(p + )+
TR =) @)

> Re(ul) (1 -
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It is easy to see that the right hand side of (27) is positive if » < R, where R is given
by (23). We now show that the value of R is best possible for that let us consider
the function defined by

=~ FE) =0+ (0= T

Note that

[PHH((1 = 8) [T\ ) F(2)) + 0[Tap " (A ) £(2)])] + 61+ p(1 = X)) + (1 = 8)]
[6(1+p(1—A)+ (1 =0)]p—mn)
O(1+p(1—N\) + (1 —8)] — [6(1+p(1—\) +(1—

(1= 0) (L +p(1— )+ 8](1 - z)2+m)

§)]z2p+m)

:0’

T
p+m

for z = R.exp{ }. The proof is complete at this juncture.

Remark 2.5. Theorem 2.4 generalizes [10, Theorem 2]. In fact when A=1,4=0
and a = 0, the above Theorem 2.4 reduces to the result [10, Theorem 2] proved by
Srivastava and Patel.

Theorem 2.6. A function f € ¥,,, of the form (1) is in the class X" (A4, B) if
and only if

00 A
Z Sok()\a,uanaaapﬂa“ < p(

-B) 28)

k=m

where @i (X, i, n,p) is as defined in (5).

Proof. Let the inequality (28) holds true. Then, for z € U : {z: z € C and |z| < 1},
from (1) and (28), we deduce that

I Twp (N 1) f(2)'
B(Tmp(A 1) f(2)) + pA

Zzo:m Sok()‘a ,U’vn7a7p)k|ak|
p(A - B) +B ZZO:() ka’()‘uuvna a,p)k‘|ak|
< 1.

An application of maximum modulus theorem completes the proof of the sufficient
condition. Conversely suppose f be given by (1) and that $%7%"" (A, B). Then from
(1) and (11), we have

LT\ ) f(2)
B(Tp (M, ) f(2)) + pA

< ' Zzo:m gok()\,u,n,a,p)k‘]akzk+p
o p(A - B) +Bzzoz(] wk(k,u,n,a,p)kakzkﬂ?
< 1.
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Since Re(z) < z, z € C, it follows that

Re { Zio:m sok()‘a e, 1, ayp)kak2k+p } ]
p(A o B) +B ZZOZO Cpk()\, w, 1, Oé,p)kakzkﬂ’ )

Letting z — 17 through the real axis in the above inequality (29) we have the
inequality (28).

(29)

From the above Theorem 2.6, we deduce the following result:

Corollary 2.7. If the function f € X, ,, given by (1) is in the class E?,{j}o’“’”(A, B),

then
p(A— B)

1- B)(,Ok;()\, Ly 10, a,p)

The result is sharp for the function defined by
p(A—B) Sk

(1= B)pr(A, p,n, a, p)

For the function f € ¥, ,, given by (1), the integral operator

lag| < ( (k> —p).

f(z) =27+

Fep:Xpm — Xpm

is defined by

c AP
Fale) = 5 [ et (30)
— P N _ k 0 31
z —I-kzzm<k+p+c>akz, c>0. (31)

From (31) it is clear that F., € ¥,,,. From (30), after a simple computation, we
obtain that

Ae(Fep(f)(2)) = cf(2) — (¢ +p) Fep(f)(2)- (32)
Taking convolution with h(z) = 27 4+ > 22 ¢r(A, 4, n,a, p)zF, given by (6), on
both sides of (32) and using the fact that (f * g)'(2) = f(2) * z¢'(2), it is easy to
verify that

M (Tp (N ) Fep(£)(2))" = e (N ) f(2) = (e + p)Typ (N m) Fep(f)(2) - (33)

Theorem 2.8. Let the function f given by (1) is in the class Y5%*"(A, B) and
the function F,, be defined by (30). Then

P TN ) Fep(f)(2) 14 Az
- ) P ) Q) <

(34)
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where
Q*( ) { %—i_(l_%)( +BZ) 2F1( 9 ’p+m+1’1f§z) B#Oa
2) =
1+ (52 ) A2, B=0
is the best dominant of (34). Furthermore
PHEYTEE (N, 1) Fe !
e {ZUEONENON )
p
where

cA _
- B=0.

p:{ S+(1-5)0-B) oAl 55 + Lg2), B#O;

The value of p in inequality (35) is the best possible.
Proof. Define the function ¢ by

P TR, v )
o(z) = — (Trp (A ;L)F, (f)(2) 7 (36)

then ¢(z) is analytic in U. Using the identity (33) in (36) and then differentiation

once, we have
2P (TR (N, 2)) 20 (2
D c
Now an application of Lemma 1.3, similar to that in the proof of Theorem 2.1,
completes the proof.

Remark 2.9. The above Theorem 2.8 gives a generalization to the result [10, The-
orem 3. In fact when A = 1,4 = 0 and a = 0 it reduces to [10, Theorem 3].

Theorem 2.10. Let the function F; ), be defined by (30) satisfies

1+ Az
1+ Bz’

{1 = OTp O\ W) Fep(f)(2) + T3 (N 1) Fep(f)(2) } <

then
—Re {0PTo (AN w)Fep(f)(2)} > p, (39)

where

1— <4 B=0.

_ { A+0=$) =B o F(L L 555 + L 521), B#0;
Sp+mTe’

The value of p in inequality (39) is the best possible.
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Proof. Let us define the function ¢ by

p(2) = =2"T (A ) Fep(f)(2), (40)

then ¢(z) is and analytic in U. Differentiating (40) and using the identity (40), we
obtain

AT ()(E) = o(2) + 2 (a)

From (40) and (41), have

{1 = OTR5 A\ 1) Fep(F)(2) + 0T 5N m) Fep(f)(2)} = o(2) + gw'(Z)-

Now an application of Lemma 1.3, similar to that in the proof of Theorem 2.1,
completes the proof.
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