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A CLASS OF MEROMORPHIC MULTIVALENT FUNCTIONS
DEFINED BY A DIFFERENTIAL OPERATOR

A. EBADIAN, S.SHAMS, R. ASADI
ABSTRACT. In this paper, we define a class of meromorphically multivalent func-
tions in U* = {z: 2 € C: 0 < |z| < 1} by using a differential operator.Important
properties of this class like coefficient estimates, distortion theorem, radius of star-

likeness and convexity,closure theorems, convolution properties are obtained. We
also study d-neighboorhoods and partial sums for this class.
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1. INTRODUCTION

1 )
f(Z) = Zip + Zap+kzp+k (a’p-‘rk > pr eEN= {1’27 }) (1)
k=0

which are analytic and p-valent in the punctured unit disk

U'={z:2€eC:0< |z <1} =U\{0}
A function f € ¥, is meromorphically starlike of order p(0 < p < p) if

e}

A function f € ¥, is meromorphically convex of order (0 < 6 < p) if

w{1+ T 0
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If f € X, is given by (1) and g € 3, is given by
1 o0
=57 > byt (byyk > 0;p €N) (2)
k=0
then the Hadamard product (or convolution) of f and g is defined by

(F* () = 5+ D apribps”™ = (g% )2) € VipeN)  (3)
k=0

For functions f(z) € ¥,; Aouf [1] defined the following differential operator:

SN pf(2) = f(2)

A 2
Shol () = (L= NJE) + S 2f ) + 25
- Z—lp +Y (¢ —;)\k)ap+kzp+k

k=0
= S\pf(z) A=0;p€N)

S (2) = Sap(Sx [ (2))

and
SR pf(2) = Sap(SY, (2))
2\

= (1= N8I+ 2S5, @) + 2 (2 0inp e N)

It can be easily seen that

= )\k
S, = 5+ Sy o e N =NU O eN) @
k=0

Also Orhan et al. [4] defined the differential operator 77, in the following way:

oup
T9upf (2) = f(2)

SPHLE (N SPHL ()
1,01 (2) = Topf (2) = ooy (o - IO o yp) 9
and, in general
Topf(2) = Top(T5,y £(2)) (6)
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where 0 < p < o and n € Ny.
If the functionf(z) € ¥, is given by (1) then from (5) and (6) we obtain

y,pf - Z U M?n p ak+pzk+p (7)
k=0
where
Ui, pyn,p) = [1+ (k+2p) (o — p+ (k+2p + Dop)]" (8)

Making use of the differential operators S} f(z) and 17, f(z) defined as in (4)
and (7) respectively, we defined the following differential operator for the functions
f(z) € ¥y

Dﬁ,a,u,w,pf(z) = (1 - w)S;\l,pf( ) + w7, y,pf( ) (9)

forneNA>0,0< u<0,0<w<1.
Let f(z) be given by (1), then by using (4), (7) and (9) it is easy to see that

1 o0
D§’07u7w7pf(z) - J + Z @k(ﬂ, )\7 g, I, w7p)ap+kzp+k (10)
k=0
where
+ Ak
By(n, A, 0,y w,p) = (1 - w)(P"20) 4wy (o, 1., p) (11)
and Wi(o, p,n,p) = [1+ (k+2p)(oc —p+ (k+2p+ L)op)]" (12)

forne NJA>0,0< 1 <0,0<w<1,orin terms of convolution as

Nowwpd (2) = (f * h)(2)

where
1 oo
h(z) = 5+ D @\ o, w,p)2
k=0

With the aid of the differential operator Dy, wp f(2) we define the following sub-
class of multivalent meromorphic functions.

Definition 1. A function f(z) € X, is said to be in the class Hpy(c, B,7) if it
satisfies the following inequality:
" /
2D o d (1) + 2P (DY 5w (2)) — P
/
v (DY, Ll (2) Fa(l+)p —p
where 0 < a<1,0< 5 <1,0<y < 1.

<B (13)
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Meromorphically multivalent functions have been extensively studied, for exam-
ple, recently by Najafzadeh and Ebadian [3], Atshan and Kulkarni [2], Orhan et al.
[4] and Auof [1].

2. COEFFICIENTS ESTIMATES

Theorem 1. A function f(z) defined by (1) is in the class Hy(, B,7) tf and only
if

S+ E)p+k+ BBk A 0y w,p)apk < Pp(l—a)(1+7)  (14)
k=0

where O (n, \, o, u,w, p) is given by(11).
Proof. Assume that (14) holds. It is enough to show that
/
M = [52DR )+ 7 (DR g 2)) — 7]
B (DY o (2)) + @l 2)p = | <0

For |z] = r < 1 from (14) we obtain

o
Zp+k O (n, A, 0, 1, w, p)ap iz

o0
p(1 —«) ’yz p+ k)Pr(n, A, o, p,w, p)ap+k22p+k
k=0

o0
< "+ k)?u(n, A, 0, 1, w, papr

k=0
— Bp(1 = @)1 +7) + 87 Y (0 + k) ®r(n, A, 0, 1, w, p)ap P HF
k=0

<

WE

(p+k)[p+k + B7]®x(n, A, 0, 1, w0, p)apr — Bp(1 —a)(1 +7) <0

iy
=)

Hence f € Hy(a, B,7).
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Conversely Let f(z) € Hy(a, 3,7), then (13) holds true, so we have

" /
zp+2 (DQ:U#M#?f(Z)) + Zp+1 (D7>‘l7g7#7w7pf(z)) B p2
YD, pf () +a(l+7)p —p
o0
> P+ k) Pi(n, X, 0, 1w, p)apsp 2P
_ k=0 _ < 6
p(l - Oé)(l =+ 7) - VZ(p + k)(I)k(na )\7 g, M:va)ap+k22p+k
k=0
Since Re(z) < |z| for all z, it follows that
o0
Z(p + k)Qq)k(na A, 0, H, w7p)ap+k‘22p+k
Re +=0 = < B
p(]' - Oé)(l + f}/) - /YZ(p + kj)Qk(rr% )‘7 o, U, wap)ap+k22p+k
k=0
Now by letting z — 1~ through real axis, we obtain
o0
>+ E)p+k+ BYNPr(n, A 0, pyw, p)apk < Bp(1— a)(1+7)
k=0

Hence the result follows.

Corollary 2. If f(z) defined by (1) is in the class Hy(a, 5,7) then
Ar(1 —a)(1+7)
p+k)p+k+ B|®r(n, A o, p,w, p)
This result is sharp for the function f(z) given by
1 Ap(1 —a)(1+7) K
z)=—+ 2Pt

IO = 5% B + &+ Brluln, Ao o)

where ®p(n, \, o, p,w, p) is given by (11).

aptk < (

(15)

3. DISTORTION THEOREM

Theorem 3. If f(z) defined by (1) is in the class Hy(c, B,7) then for
0 < |z| =r <1 we have

1 Bp(1 —a)(1+7) » 1 Bp(1 —a)(1+7) »
' p(p+ B1)®o(n, A, 0, 1,0, p) s 7)< ot p(p+ B7)®o(n, X, o, i, 0, p)

(16)
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and
p Bp(1 —a)(1+7) -1 / p Bp(1 —a)(1+7) 1
- < < + P
T (p+ BY)@o(m, Aoy p) 7@l < P (p+ By)@o(n, A0, w0, p)
(17)
where

Dy (n, A, 0, p,w,p) = [(1 — w) + w[l +2p(c —pu+ (2p+ 1)Uu] n] (18)

The bounds are attained for the function f(z) given by
1 1—a)(1
flz) = — Bp(l —a)(1 +7) P
2 p(p+ By)Po(n, A, 0, pt,w, p)
Proof. In view of Theorem 1 we have

(19)

p(p + 57)(1)0(77‘7 >\a g, K, W,p) Z Ap+k < Z(p + k) [p + k + B7]¢k(n7 )\7 g, /’Lawap)ap-i-k
k=0 k=0

< fp(l —a)(1+1)

which is equivalent to

Bp(1 — a)(1 + 1)
Z Wk = 50+ B %ol Ao, D) (20)

Thus for 0 < |z] =7 < 1 we get

(2 )|<*+Za xR

< o +7’pzap+k (21)
k_

1 Bp(l —a)(1+7) P
rP p(p+/87)q)0(n7>\707ﬂava)

IN

and

1 o
= 55 = 3 apyr”

| V

— = Z ap ik (22)

l B Bp(l —a)(1+7) .
P p(p+ B7)Po(n, X, 0, pt,w,p)

v
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which together, yield (16). Furthermore, it follows from Theorem 1 that

o
Bp(l — a)(1 +7)
p+ k‘ a < 23
kzzo P (p 4 BY)®o(n, N 0, 1w, p) (23)
Hence
[o@)
< 3 0+ B)ap
k=0
p
< 2ot Sl s o
k=0
<P Bp(l —a)(1 +7) 1
Pt (p+ By)@o(n, A, 0, 1, w, p)
and
p o0
|f'(2)] > s Z(er k)appr? !
k=0
p
er+1 e 1Zp+kap+k (25)
k=0
S P Bp(1 —a)(1+7) 1

rpt (p+ﬁ/7)q>0(na)‘70-uu7w7p)

which, together, yield (17). It can be easily seen that the function f(z) defined by
(19) is extermal for Theorem 3.

4. RADIUS OF STARLIKENESS AND CONVEXITY

Theorem 4. Let the function f(z) defined by (1) be in the class Hy(c, B,7) then
f(2) is meromorphically p-valent starlike of order p(0 < p < p) in
0 < |Z‘ < T(n’ )\70-’/"l/7w7p7p7a7/37’}/)7 where

(p—p)®r(n,\, 0, p,w,p)(p+k)(p+k+By)| 2P+ E
Bp(l —a)(1+7)Bp+Fk—p)

r(n, A0, w, p, p v, B,7) = inf

(k> 0;p € N;n € Ny)

The result is sharp.
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Proof. 1t is sufficient to show that

(Zf’(Z})(:; pf(Z) ‘ <p—p f07" 0< ‘Z‘ < r(n7A707M,w7p7p,a,,8,’Y)
Note that
(24 & Pk
e epit) |2
f(2)

o0
2P + Z apy 2P
o
Z 2]7 + k’ +kT2p+k
< k=0

1-— Z a +kr2p+k

Theorem 1 ensures that

N (p+ k) [p+ k + By ®r(n, \, 0, 1, w,p)
Bp(1 —a)(1+7)

apyp <1,
k=0

in view of (28) it follows that (27) will be true if

(Bp+k—p) P20 < (p+k)p+k+ B9]Pk(n, A, 0, p,w, p)
(p—p) Bp(l—a)(l+7)

or if
1

o | 2= PPk A 0w p) P+ R) (P + k + 57) 2p+k
- Bp(1 —a)(1+7)3Bp+k—p)

(28)

(30)

Setting r(n, A, o, u, w, p, p, ., B,7) in (30) the result follows. The result is sharp for

the extermal function f(z) given by (15).
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Theorem 5. Let the function f(z) defined by (1) be in the class Hy(c, B,7) then
f(2) is meromorphically p-valent convex of order 0(0 < 0 < p) in

0< |Z‘ <r (n,)\,a,,u,w,p,e,a,ﬁ,'y), where
1
. (p— 0)Pr(n, A\, 0, p,w,p)(p+k+Bv) |20+ k
r n7)\’a7 ?w7p707a7/37 :lnf
( : M= [ Bp(1 —a)(1+7)(3p+k —0)

(31)
(k> 0;p € Nin € Ny)
The result is sharp.
Proof. Tt is sufficient to show that
(zf'(2)) +pf'(2) 0
; <

f'(z)
for 0 < [z] <7 (n, A, 0, u,w,p,0, 0, 8,7).
Note that

> (p+k)(2p + k)ap 2t T
(=f) +pf' ()| _| i
/ z o0
F'(z) —pz—(P+1) 4 Z (p+ k)ayx2P 1
k=0
Z p+k)(2p+ k)ay kr2p+k
< k=0
D— Z (p+Ek)a +k7‘2p+k
k=0
! / !
s |7/ 412 ‘ oo
f(2)
> k) 3 k 6
k=0
Theorem 1 ensures that
> k k P (n, A
(p+ )[p+ +B’Y:| k(n’ 70-7lu’7w7p)ap+ké 17 (33)

2 Bp(1—a)(1+7)
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in view of (33) it follows that (32) will be true if

(p+ k)(3p +k— 0)T2p+k < (p+ k)[p+ k+ ﬁv]@k(n,)\,a,u,w,p)

p(p—0) Bp(l —a)(1 + ) (34)
or if
o
p(p — O)Px(n, A\ o, p,w,p)(p+k+Bv) | 2P+ k
- Bp(l —a)(1+7)Bp+k —0) (35)

Setting r(n, A, o, p,w, p, 0, a, B,7y) in (35) the result follows.The result is sharp for
the extermal function f(z) given by (15).

5. CLOSURE THEOREMS

Theorem 6. Let
1

fra(s)= & (36)
and
1 Bp(1 —a)(1+7) ptk
= — k>0;peN;neN
Toril2) =25 % 0+ B)®(n. X 0, w0, 0) (p -k + ) (k2 0;p & Nim & No)
(37)
Then f(z) is in the class Hy(a, 5,7) if and only if it can be expressed of the form
f(z) = Z otk Sp+i(2) (38)
k=—1

where

oo
Cptk = 0 and Z Cprk =1
k=—1

o0 oo
Proof. Let f(z) = Z Cptk fprk(2) where cpip, > 0 and Z Cpk = 1, then
k=—1 k=—1

f(z) = Z otk Sptn(2)

k=-1

L Bp(1 —a)(1+7) "
=—+ c o
2P kzo p+k (P + k)‘l)k(n, )\,O',ILL,(,U’p)(p +k+ /3’)’)

oo

176



A. Ebadian, S.Shams, R. Asadi — A class of meromorphic multivalent ...

Since
ic k ﬁp(l—a)(l‘i"}/) (p+k‘)‘l)k(n,)\?a,l%w?p)(p_’_k+6,y)
i p+ (p+ k)Pr(n, A\, o, pt,w,p)(p+ k + ) Bp(l—a)(1+7)

o0
:Zcp+k:1—cp,1 <1
k=0

which by Theorem 1 shows f(z) € Hp(e, 5,7).
Conversely, suppose f(z) € H,(a, 3,7), then by Corollary 2 we have

Ap(1 —a)(1 +7)

Apik <
P (p+k‘)[p+k‘—l—ﬁv]@k(n,)\,a,u,w,p)

Setting

o Rk A 5 P(n A 0 pw,p)

btk Bp(1—a)(1+7) ree
and

cp-1=1~— Z Cp+k>
k=0

then

1 o0
flz)= 5+ > apizt
k=0

1 | Bp(1 —a)(1+7) %
= —+ CparZPT
2 ,;0 (p+E)p + k + B1]@k(n, A, 0, pow,p) 7

- 1
=571 Z(fp+k(z) - Zj)cp+k
k=0

1 o o
= (1 - cp+k) + D e forn(2)
k=0 k=0

1 o
= ot + Z otk Spth(2)
k=0

= > cprrforn(2)

k=-1

This completes the proof of Theorem 6.

177



A. Ebadian, S.Shams, R. Asadi — A class of meromorphic multivalent ...

Theorem 7. The class H,(a, 5,7) is closed under convex linear combinations.

Proof. Let each of the functions
1 o0
() = 5+ D apen 2 (apyrg > 035 =1,2) (39)
k=0

be in the class H,(«, 3,7). It is sufficient to show that the function h(z) defined by
h(z) = (1 =) fi(z) + tfa(2) (0 <t <1) (40)
is also in the class #H,(c, 8,7). Since

1 o0
h(z) = i Z[(l — 1) (apsn,1 + tapro)TF (0<E<T) (41)
k=0

with the help of Theorem 1 we have

>+ E)p+k+ BYNPr(n, A 0y w, p)[(L = t)apir1 + tapno]
k=0

WE

= (1 7t) (p+k)[erk+ﬁ7]¢k(n7Aaavﬂawap)ap+k,l

B
Il
o

+ t Z(p + k)[p + k + 67]4)]6(7% )\7 g, W, Wyp)ap+k,2
k=0

< (1=1)Bp(1 —a)(1+7) +t6p(1 —a)(1 +7) = Bp(l —a)(1 +7)

which shows that h(z) € Hp(c, 8,7). Hence the result follows.

6. CONVOLUTION PROPERTIES
Theorem 8. Let the functions fj(2)(j = 1,2) defined by (39) be in the class
Hp(a76a7)7 then (fl * f2)(z) € HP(¢7B77>; where

B pB(L+7)(1 — @)?
p(p + B7)Po(n, A, 0, p, w, p) (42)

o=

and ®o(n, A, o, 1, w, p) is given by (18). The result is sharp for the functions f;(z)(j =
1,2) given by
1 pB(1+7)(1—a)

fiz) =25+ p(p + B7)2o(n, N, 0, 1,0, p) - (43)
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Proof. Employing the technique used earlier by Schlid and Silverman, we will find
the largest ¢ such that

o0

(p+E)(p+k+ By)Pr(n, A, 0, 1, w,p)
— pB(1+7v)(1—9¢)

for fij(z) € Hpla, B,7)(j = 1,2). Since f;(2) € Hp(e, B,7)(j = 1,2), we readily see
that

(]

Aptk,10prk2 < 1 (44)

o0

S (p+k)(p+k+ By)Pr(n, A, o, 1, w, p)
pB(L+7)(1—«a)

By applying the Cauchy-Schwarz inequality, we obtain

aptry <1 (7 =1,2) (45)
k=0

[e.9]

k k @ 7A7 Y Y )
3 (p+K)(p ;ﬁ(ff%(f(_"a) TP i < 1 (46)
k=0

This implies that we need only to show that

Ap+k,10p+k,2 _ /Op+k,10p+k,2
’ < (47)
(1-9) (1-a)
or, equivalently, that
1-9¢
Vap+k10pik2 < i—a) (48)
Hence by the inequality (46) it is sufficient to prove the following inequality
1 1-— 1-—
pB(L+~)(1 - ) c1-9¢ (49)

(p+E)(p+k+BY)P(n, Ao, p,w,p) ~ 1—a
which it implies that

b<1- pB(1+)(1 - O‘)Z (50)

(p+k)(p+ k4 B7)®k(n, A, 0, 1, w, p)
Now define the function A(k) by

pA(1L+7)(1 — o)’
Ak)=1- o1
") (p+k)(p+k+ B7)Pk(n, A, 0, 1, w, p) o1
We note that A(k) is an increasing function of k, therefore we conclude that
_ B+ —a)
p(p + B7)®o(n, A, 0, 1, w, p)

which completes the proof of Theorem.

¢ < A0) =
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Theorem 9. Let the functions fi(z) and fao(z) defined by (39) be in the classes
Hp(a1, B,7), Hp(az, B,7), respectively. then (fi1* f2)(2) € Hp(n, B,7), where

pB(1L+7)(1 — a1)(1 — az)
p(p + Bv)®o(n, A, 0, pt,w, p) (53)

n=1-

and ®o(n, A, o, 1, w, p) is given by (18). The result is sharp for the functions f;(z)(j =
1,2) given by
1 pBl+v)(1 — )

flz) =25+ p(p + B7)Po(n, A, 0, p,w, p) 4 (54)

and

1 pB(1+7)(1 — a2)
fal2) = 2P p(p + By)Po(n, A, 0, p,w,p) < (55)

Proof. Using similar arguments to those in the proof of Theorem 8 we get the result.

1 [e.e]
Theorem 10. If fi(z) = o + Zap+k,lzp+k € Hp(a, B,7) and

1
fa(z) = —|— a k22p+ 0<apyr2 <1;k=0,1,2,..;p € N) then
o pt+ p+

z
k=0

(f1 % f2)(2) € Hp(ev, B,7).
Proof. Since

(p+E)(p+k+ By)Pr(n,\, 0, 1, w,p)

NE

Ap+-k,10p+k,2

prt pB(1+7)(1-a)
> k)(p+k+ B7)Pr(n, X, 0, 1, w,
SZ(” )(p (1+1))(1k(a) 0 p)ap%lgl

il
o

Then Theorem 1, implies that (f1 * f2)(2) € Hp(a, B,7).

Corollary 11. If f(2) € Hp(e, B,7), then the integral operator

zb+tc

Ferl2) = /Oztcﬂ“ﬂt)dt, c>0 (56)

is also in the class Hy(c, B,7).
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Proof. 1t is easy to check that

1 > c
_ D p+k> 57
Fep(2) f(z)*<zp+k:06+2p+kz (57)
Since 0 < ————— <1, then by Theorem 10 , the proof is trivial.

2—|—k:_

Theorem 12. Let the functions fj(z)(j = 1,2) defined by (39) be in the class
HP(‘LB/Y) and

p(p+ B7)®o(n, A, 0, p,w,p) = 2pB(1+7)(1 —a) 20 (58)
then the function h(z) defined by

o0

Py Z apj1 + Gpin) T (59)

belongs to the class Hy(a, 5,7), where ®o(n, A, o, 1, w,p) is given by (18).
Proof. Since fi1(z) € Hp(o, B8,7), we get

N (p+ k) (p+ k + By)Pr(n, 0, 1, w,p)

g < 1 60)
2 pB(L+7)(1 - a) Pt (
and so
- -2
— | P+ k) p+k+ By)P(n, Ao, p,w,p
> | e M a2 < (51)
2| pBL+7)(1 - )
Similarly, since fa(z) € Hp(a, 5,7), we have
- 42
- (p—l—k)(p—{—k:—l—ﬁ’y)q)k(n,)\,a, N,W,p) 2
<
2 PB4 — ) “pthz =1 (62
Hence
2
—1{(p+k)p+k+BY)P(n, A\ o, uwp
Z 2 ( . pB(1+v)(1—a) ! (k1 + Gpip2) <1 (63)
k=0

In view of Theorem 1, it is sufficient to show that

>

(p+k)(p+k+ By)Pr(n, A, 0, 1, w,p)
pB(1+7)(1 — )

] (a) apip1 + ap—i—k ) <1 (64)
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Thus the inequality (64) will be satisfied if, for k =0,1,2, ...

P+ F)p+k+ BY)Pk(n, Aoy pw,p) LI (p+K)(p+E+ By)Pk(n, A 0, 1y w0, p) i
pB(1+7)(1 - ) 2 pB(1+7)(1 — )
(65)
or if
(p+E)p+Ek+By)Pk(n, A\ o, p,w,p) —2pf(1+7)(1 —a) >0 (66)

for k =0,1,2,....The left hand side of (66) is an increasing function of k, hence it is
satisfied for all k if

p(p+ B7)®o(n, A, 0, p,w,p) = 2pB(1+7)(1—a) 20 (67)
which is true by our assumption. Hence the proof is complete.

Theorem 13. Let the functions fj(2)(j = 1,2) defined by (39) be in the class
Hp(o, B,7) then the function h(z) defined by (59) belongs to the class Hy(T, 5,7),
where

B4 —a)? (68)

p(p+ B7)®o(n, A, 0, 11, w, p)

and ®o(n, A, o, 1, p) is given by (18). The result is sharp for the functionsf;(z)(j =
1,2) defined by (43).

Proof. Noting that

[p+k' (p+k+ By)®r(n, A, 0, p, w, p)}2

Z 2 a12;+k,j (69)
k=0 P8O+ 7)1~ )]
2
— (P+K)(p+k+ B7)Pi(n, A, 0, 1w, p)
<1§% PB+ )~ ) “%4 =t
for fj(z) € Hp(a, 8,7)(5 = 1,2), we have

o [(erk)(p+k+67)@k(n,k,07u,w,p)r ) )

(ap+k,1 + ap—i—k;,Q) <1 (71)

= 2[pB(1 +)(1 - )]
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Therefore we have to find the largest 7 such that

1 _ (k)@ +k+ By, 01w, p)
1—7~ 2pB(1+7)(1 —)?

That is

o1 2pB(1+7)(1 — a)?
0 (p+E)p+k+BY)Pk(n, A\ o, p,w,p)

If we define L(k) by

2pB(1 +7)(1 — @)

Lk =1 = R0+ ¥ 5r)®nim, Aoy )

we see that L(k) is an increasing function of &, thus we conclude that

2pB(1+7)(1 — a)?

T<L0)=1-
(©) p(p + Bv)®o(n, A, 0, pt, w, p)

which completes the proof of Theorem.

7. NEIGHBORHOODS AND PARTIAL SUMS
Definition 2. For § > 0 and a non-negative sequence S = {s;}7>, where
(P+k)(p+k+ B1)Pk(n, A 0,y w, p)

pB(1+7)(1 - )
(k>0peN0<a<l,0<B<10<y<LAZ0,0<p<0)

S =

the 0-neighborhood of a function f € ¥, is defined by

1 oo oo
Ns(H) ={g€5, + 9(z) = 5+ bpens™ and Y sulbps — apeal < 0}
k=0

k=0

Theorem 14. Let f € H,(o, 8,7) be given by (1). If f satisfies

f(z)+ezP

e € Hp(a, 8,7) (e € C,le] < 4,6 > 0)

then

Ns(f) € Hp(a, B,7)
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Proof. 1t is not difficult to see that a function f € Hy(«, 3,7) if and only if

n !
2P+ (Dz\l,cr,u,&pf(z)) + 271 (Dﬁ,a,u,é,pf(z)) — p2
Byzrt1 (DY, 5o f(2)) + Ba(l+~)p — Bp

which is equivalent to

#v (veC,lv|=1) (80)

(f xh)(2)
— = 70 (81)
where
1 o0
h(Z) = ; + Z Cp+k2p+k
k=0
such that

c — (p-i—k)(p—i-k—l/ﬂ’y)@k(n,/\,a,u,w,p)
i pB(1+)(1 - a)

which implies

(p+k)(p+k+ By)Pr(n, A, o, 1, w, p)
pB(1+7)(1—a)

Furthermore, under the hypotheses (78), using (81) we obtain

|Cp+k‘ <

1 /f(z)+ex?
F}( 1+e *h(z)>#0 (82)
We have
1 (fxh)(z) € L | (Fxh)z)| el
1+e 2z7P 1+e| — |1+¢ z7P |1+ €
L |Uhe)| s
1494 z7P 146
For holding (82) we must have
LRG| 0
1406 z7P 146
Therefore (f*iflg(z) >4
z

Now if we let

1 (e.0)
9(z) =+ > bpr2?t e N5(f)
k=0
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then we have

(g % h)(2)

2P

((f —9)xh)(2)

2P

J —

S ’

o0

+k
= (aprk = bprr)cpriz™”
k=0
o0

Z |apr — b +k‘|cp+k|‘z‘2p+k
k=0

Z(p+k)p+k+ By)Pr(n,\ o, p,w,
N R By) @i ( 7 p)|ap+k_bp+k‘§5

2 B+ 7)1 —a)

h
Thus M # 0 which implies g(z) € Hp(a, 3,7) and the proof of the theorem

is completed.

Theorem 15. Let f € X, be given by (1) and the partial sums ko(z) and kq(z) be
defined by

1
ko(2) = P
and
1 =
ki(2) = 5+ D apeas™ (g > 0)
k=0
also suppose that
(o]
k=0

where

(p+E)p+Ek+ By)Pr(n, A\, 0,1, w,p)
pB(1+7)(1 - «a)

ep-i-k =

then, for ¢ > 0, we have

%{Ifq((?)} >191q (84)
and
%{ ]}q((j))} ~ 1 iqe (85)
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Proof. Under the hypotheses we can see from (83) that
Opirsr > Opap >1 (k=0,1,2,..)

Therefore by using (83) again we obtain

q—1 00 0o
ap+i + bq Z Aptk < Z Op+raprr <1 (86)
k=0 k=q k=0

Let

oo
2p+k
b, g apti2?
k=q

q—1
1 + Z ap+k;z2p+k
k=0

Applying (86) and (87) we find

qu ap+k22p+k qu Gp+k
‘w(z) -1 ‘ _ k=q < k=q <1
U}(Z) +1 qg—1 oo - q—1 0o -
2423 a2 4 0,3y 223 a0, api
k=0 k=q k=0 k=q
(88)

which shows that Rw(z) > 0. From (87) we immediately obtain (84).
Similarly letting

f(2) 1+6,

we can prove (85). This completes the proof.

p(z) = (1406,) {kQ(z) 0, }
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