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GENERALIZATION MEASURE FOR CONES AND SPHERES
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ABSTRACT. Let S5 be some the 2-dimensional figure and V5 be the 2-dimensional
measure of So. From this S5, the n-dimensional cone S;,, and the n-dimensional
measure V,, of S,, are considered. Applying the fractional integrals I f(x) of f(x),
we introduce the a-dimensional cone S, for & 2 3 and the a-dimensional measure
Vo of S,. Furthremore, the a-dimensional sphere S, (r) with the radius r and the
a-dimensional measure V, (1) of S, (r) are considered.
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1. INTRODUCTION

Let S9 be some the 2-dimensional figure with the 2-dimensional measure V5. For
such the 2-dimensional figure Ss, let S3 be the 3-dimensional cone with the height
h from the vertex and V3 be the 3-dimensional measure of S3. Similarly, we define
the n-dimensional cone S,, with the height x from the vertex for S,,_1 and the n-
dimensional measure V,of S,,. For the 3-dimensional cone S3, we denote by Va(x)
the area of the base Sa(x) which has the height = from the vertex and Sy « Sa(x).
Then we have that

Vo
(1.1) Va(z) = ﬁx2
Thus we get
h h
V; 2h
(1.2) Vs = / Va(x)de = 2 | 22de = S V.

Next, for the 3-dimensional cone S3, we say that Sy is the 4-dimensional cone which
has the height A from the vertex for S3. Denoting by V; the 4-dimensional measure
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of Sy, we consider the 3-dimensional measure V3(x) of S3(z) which is the height
(0 < x < h) from the vertex. Then we know that

V3
(1.3) Va(z) = ﬁﬁ,
and that
h h 2
V 2h
1.4 Vi= | WVa(@)de = = | 23de =2V,
3
0 B3 J, 41

Similarly, we have that the n-dimensional measure V,, of the n-dimensional cone
Sy is given by

h h n—2
Vi1 e 2h
(1.5) Va :/0 Vop—1dx = h”l/o 2" Ydr = " 5.

2. GENERALIZATION MEASURE FOR CONES

For a real number « such that o = 3, we consider the a-dimensional cone S,. we
also denote by V,, the a-dimensional measure of S,,. For a real number = such that
x#0,—1,—2,---, the gamma function I'(z) is defined by

o0
(2.1) [(z) = / et 1dt.
0
This gamma function I'(x) has the following properties

(2.2) D(x+1)=al(z) (x#0,-1,-2,---)

1
I'(1) =1 and F(i) = /7.
Furthermore, for x > 0 and y > 0, Bate function B(z,y) is given by

(2.3) Bl y) = /1 =11 )t
0

Then, we know that

I'(z)I'(y)
Iz +y)

Using I'(z), the fractional integral of order a I f(x) of f(z) is defined by

(2.4) B(z,y) = (x >0,y >0).

(2.5) I9f(z) = F(la) /Ox - f(tt))l_a it (a>0).
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The fractional calculus (fractional integral and fractional derivative) were defined
by Owa [1] and applied by Owa and Srivastava [2] and Srivastava and Owa [3].

For example, the fractional integral of order « for zP (p > 0) shows us that

1 x
Fﬂ:/t%w4f*ﬁ
0

v INGY)
xp—i—a 1
= w1 — w)Pdu r—1t=uzu
~f [ et wras @—r= )
ppte
(2.6) = fayBlap+1) = mﬂw

From the above, if we consider the a-dimensional cone S, with the height A for the
a-dimension and the a-dimensional measure V,, of S,, we have that

2h% 2
(2.7) V, = mvz (a=3).

7
If we take a = 2 then we obtain that

} =ty 7 vy L] ol
(2.8) wzwwm} :Pﬁ] == z? = 5
2 =0 h3 x=0 h3 F(%) 2=0 F(%)
(2.9)
1 =h rav; N\ e [T LT
M_W%@ﬂ = |I2 z2 = — 2o —Va,
] @ )| T Tr [te)" | T
and
(2.10)
1 z=h 19V, =h oV [ T(5) o 2h>
4 2 9
= (] = |2 ()] = et = ren®
= ’ = ’ 2 =0 2
Further, if we consider a = %, then we have that
1 =hoy o v re w2k
(2.11) %o:[@vym} :3P§ﬁ] =3 ] = A
3 =0 h3 x=0 h3 F(%) 2=0 F(lgj)
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and
(2.12)

Va.

3

:|£E=h_ ['(4)Vs |:I§x1§:|x:h 25

=0 ; h3r(%)

x=h
rid , _2K2
T(2)n?

3 2h%
T(5) " T

Consequently, if we consider the a-dimensional cone S, for a« = 3 and the a-
dimensional measure V,, of S,, then we say that V,, is given by

2
V= [Ig Vio ()

=0

2ha72
2.13 Vo= =————W.
(2.13) Tla+1)°

3. GENERALIZATION MEASURE FOR SPHERES

Let 5’2( ) be the 2-dimensional disk with the radius r. Then Sa(r) is given by
224192 = r2. If we write the 2-dimensional measure of Sz (r) by Va(r), then we know
that Va(r) = mr2.

Let S3(r) be the 3-dimensional sphere with the radius r and V3(r) be the 3-dimensional

measure of S3(r). Then, using 22 + 32 + 2% = r2, we have that

T T 4
(3.1) Va(r) = 2/ m(2? + y*)dz = 2/ m(r? — 2%)dz = §7TT3‘
0 0

Further, let Sy4(r) be the 4-dimensional sphere with the radius r and V4(r) be the
4-dimensional measure of Sy(r). Then using z2 + y* + 22 +w? = r?, we obtain that

(3.2) Vi(r) =2 /Or gw <\/x2 NPT Z2> dw = T (\/ﬂ _ w2)3 dw

3 Jo

= SWT / cos*0dh = =n%r?
3 Jo 2

with w = rsinf.

Similarly, we have that

8 1
Va(r) = 3570 Valr) = grtnt Vi) =

105 ’

1 32
Ve(r) = ﬂﬂ47"8> Vo(r) = %W47‘9

Therefore, if we consider the n-dimensional sphere S, () with the radius r and the
n-dimensional measure V,,(r) of S, (r), then we obtain that

(3.2) Va(r) = %er2m (n =2m)
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and

_22ml(m — 1)

(3.3) Vi(r) = Gm = 1) g 1p2m=l (n=2m—1).

Therefore, using the gamma function, we can write that
(3.4) Vi(r) = =1 (n=1,2,3,--)

Consequently, if we consider that the a-dimensional sphere S, () and the a-dimensional
measure Vy(r) of So(r) for o 2 2, then we can write that

(3.5) Va(r) = =——r%.
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